EXPANDING QUANTUM FIELD THEORY
USING AFFINE QUANTIZATI()N

What LS afﬁne quantzzatlan‘7

- Eliminating nonrenormalization

- An essential Fourier transform

v W John R. Klauder © @



CANONICAL QUANTIATIN —1
Basic variables and their relations
—0<p.g<oc ., pg —P(=P).Q(=0") . [QPl=ihl
p.q) = g4t otP QI o) . (0l@+ iPlw)| ) =

D) Dlrac Havmg 7/ (p q) = H(p q), requires Cartesian coordinates
in order to obtain physically correct operaters!

H(p,q) = (p,q| Z (P,Q)|p,q)
=<wl%(P+p,Q+q)|w>=?’/(p,q)+@(h;p,q)
do* =202l d|p. ) |* = |{p.qld|p.q)|’], F =S

= 1dp + o dq ©)
CQ — flat surface = constant Zero curvature := (0

_0_



CAN ONICAL QUANTIZATI()N 2

Classical physms
—0o<p,g <0

A = [[p(0) q(t) — H(p(1), q(0))] dt
Favored variables

p—P(=P) ., g-0(=0" : [QPI=inl
Schrodinger’s representation T
Q — X € IR . WW)

Schrodinger’s equation
ih dw(x,t)/ot = H(—ihd/ox,x) w(x,1) ®

Jfooo | w(x, 1) 1 dx < o



CAN()NICAL QUANTIZATI()N 3

Classmal physics
— 0 <P <0 ,0<g<%o , H(p.q) =I[p>+q°12
J[p(t) q(t) — H(p(1), q(0)] dt

Favored variables
p—>P(#P) , g—>0(=0">0) , [Q!P]=inl
Hamiltonian operator(s)
Hy = [PP"+ Q%/2 # [PTP + Q%]/2 = H,
Hamiltonian spectra“
E,=n[(0,2,4,6,..)+ 1/2] , E,=n[(1,3,5,7,...)+ 1/2]
E =n[(0,2,3,5,7,8,10...) + 1/2]




AFFINE QUANTIZATI()N 1

Basm Varlables and relatlons
—co<p<o, 0<g<o , pg—>P(#P)0(=0 >0

d=pg— (P'Q+QP2=D(=D" . [Q.D]= ihQ
;) = e e NPT b) | b11@ - 1) +iD/b]|b) =

Favored affine coordinates
H'(pq,q) ={p;q|Z'(D,0)|p;q) ¢g>0

= (0| Z'(D + pqQ,qQ)|b) = Z'(pq, q) + O'(h; p, g)
do® =207 dp;g) I = |{psq| dp;q)|"] = b~ q’dp> + b g *dg’
AQ — constant negative curvature : = — 2/b



AFFINE QUANTIZATION 2

Class1cal Varlables , , )
—o<p<o ,0<g<oo, H =[(pq)?lq*+ q*1/2

A= I{p(t)q(t)[q(t)/ g — H(p(®)q(®),q(1))} dt
Favored variables
p—P(#P")[but P'Q=PQ]l, g— Q0 (=0Q">0)
d = pg — (PQ+QP)/2 D (=D", [0,D]=ihQ
I [g*(X) f(X)]" dx = f [g*(x)’ f(X)+g*(X)f(x)]dx g*(b)f(b) g*(a)f(a)
g*(b) . g*@) f(b)=0,f(@)=0 zI 8 () f(x)dx——zf 8F WS’ dx

Schrodlnger S representatlon
O—->xelR", D-— —ih[(d/0x)x+ x(0/0x)]/2
Schrﬁdlnger S equation

ih dw(x,1)/ot = H'(—ih[(d/0 x)x + x(d/0 x)]/2, x) w(x, 1)

@ Master eq. (Me) : Dx_ : Jo w(x,)|*dx < o
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AFFINE QUANTIZATION — 3
The half — harmonic oscillator

—c0o<d=pg< oo , O<<oo

Classical Hamiltonian H'(d,q) = (d*/q” + g*)/2

Quantum Hamiltonian #7'(D, Q) = (DO~2D + 0?)/2

Schrodinger’s representation

O—->xelR", D—- —in[(0/dx)x+x(0/0x)]/2 (---)
Hamiltonian % = [—7°(0%/0x°) + (3/4)A%/x? + x?]/2
Eigenvalues 2#7[(0,1,2,..)+1] , (A[0,1,2,..)+1/2])

L. Gouba, arXiv : 2005.08696 @
7



CLASSICAL’I< FIELD THE()RY 1

classmal and |n|t|al quantum Issues

), o) , xER' (CO)
Hz @) = [{[26)? + (Vo)) +m* p()*1/2 + g p(x)'} dx

r = power of interaction term
n=s+ 1, number of spacetime dimensions

r<2nl/(n—2) » leﬂadls to réhormalizable behavior

= r>2nl/(n—2) leads to nonrenarmallzable behavior et

MC: @,: §”3T §D4l C” > (nf, f..f)
_domain(g =0) = domain(g >0)

_8—



CLASSICAL>I< FIELD THEORY 2

afflne and |n|t|al quantum Issues
K(X) = 72(X) p(x) @) 70 (AQ)

H'(k, @) = f{[K(X)2 P2 + (Vo) +m qﬂ(X)z]/ 2+8pW)} dx

r = power Of mtemctwn term

n=s+ 1, number of spacetime dimensions

MC: @) @31, ¢f 1. 9321 (f,nf,nf)
@  Alegitimate i ofclasicalaies ©



CLASSICAL>I< FIELD THE()RY 3

afflne and canonlcal quantum Issues

AQ) k() = 7(x) p(x) , @) #0

H'(k, ) =

[ {[K(x)? co(X) +(V(p(x))2+m P()?

P()#0 >0 <px) > <00 > 0<|pW]

REN ORMALIZABLE

12+ g o)} dx

<oo

{ [p(x)" d@c}%’ <or=or> { j [( Vgp(x))z + m?p(x)*]/2 d'x)

leads to

(CO) TS 2n/(n —2) renormalizable

r > 2nl/(n—2) nonrenormalizable

—10—



QUAN TUM FIELD THE()RY 1

Schrodlnger representatlon

K(x) = — ihp(x) (d/ 060(36)) + (0/ 060(96)) CD(X)]/ 2
such that K(x) qo(x)_l/2 ,

()™ - qo(x)‘“2 Y Ica(y) 1’2> - Hyco(y) 17

Selected wave functlons y € IR*

D(p) =11, [ v(p(y) @)~ dy
() =11, [wip(y) e()~"* dy

I(D((ﬂ)* lP((p) 9(40) 1, J V((p(y))* W((p(y)) (p(y) 1a’(p(y)

—11-—



QUANTUM FIELD THEORY — 2
A regularized representation k€ aZ'

< Kk 60]{ — O o ]/(\'k Hl qﬂl_llz — O Me <)

Selected regularized wave functions; (ba’)

(D(qﬂ) — Hk V(¢k) qpk—(l—ZbaS)Q ,

11 J D(p)* V() do, = 11 kf V(@)™ wlgy) Q. (1=2ba’) do,

\P((ﬂ) — Hk W(wk) qﬂk—(l—ZbaS)Q

—12—



QUANTUM FIELD THEORY 3

Schrodlnger S equatlon
in(d/lot) Y(p,t) = Z(K,p) P(p,1)
A reqularized and normalized | solution |
L =T ba* [{ [w(g)]? 1o |77 dep, )
@ Introduction of a Fourler transform )
©  F) =T ba [{ 5o |wig) P g |05 dgy ) @

@ FO) =TI, ba* [{ |wp)]® @)™ do, } ©

—13—



QUANTUM FIELD THEORY - 4
P(p) = I, w(g,) (ba®)"? @ (1720a)2

FO)=1=1I; {ba f |W((Pk) |2 |¢k|_(1_2bas) do, }

F(f) =L {1— ba’® [(1 — &2 ?%) [w(p) |* | @ |~ doy )

@ The continuum limit: a - 0 ©

@ F(f)=exp{ —b[dx [(1 -2 OY 1w > |27 dA}  ©

This is a Poisson distribution

— 14—



QUAN TUM FIELD THEORY 5

Thls IS an example of the
CENTRAL LIMIT THEOREM

F(f) =exp{ =b[d% [(1 — eIV Y 1w |* |17 dA )
©) NOTE If ¢ =0, F(f)is NOT a Gaussian! D)

A legitimate pair of quantum variables
K(x) & @px) = @) #0

© POF0-0<90) <0 =0<]pW| <o &

0<|wd)]* < oo
@  NO NONRENORMALIZABILITY @

—15—



QUAN TUM FIELD THEORY 6

What Ieads to the flnal AQ result’?
Normalization: 1= 11, [{ ba*|w(g)|” | 0|7 " dg, }

Components:
d| . |7 =2ba* |, |""' ) de, (positive derivative)

0< \w(gak)\ < 0 (well behaved)

F(f) = I ba® [{ 50 | wig) | || ™" 7" dp, } (initial)

© @ F(f)y=exp{ =b[d%x [(1 =PIy |w)|* |47 dA } (final)

Bonus: NO NONRENORMALIZABILITY

— 16—



Suppose we choose «'(x) = z(x) (p(x)> = 1)

H'(, ) = [{[K(xX)*(px)*— 1)+ (qu(X))2+m w(X)Z]/2+g(¢(X)2 1)} dx
To quantize this we use o) — o(x)
R(x) = [2(x) (p(¥)> = 1) + (@(x)* — 1) 2(x)]/2
HR,0) = [([RE) (@) = 2R + (Vo))
+ m* p(x)*1/2 + g (px)* — 1)} d%
This now requires that (p(x)*— 1) # 0
0 < (q)(x)z— 1)— <o — 0< \(qﬂ(x)z— 1)\ < o0

@ N () NONREN ORMALIZABILITY @

—17—




- THANK YOU -
P.S. Another Fourier tranformation is desired
to see the results in proper coordinates.

G(p) = [ ™00 @ F(£) ()

This task is open for others to contribute.

—18—



Suggested Publications

1 — affine quantization
arXiv : 2006.09156

2 — half — harmonic oscillators
arXiv : 2005.08696 (P> +4%) . ¢>0

3 — quantizing a special field o’
arXiv : 2012.09991. 4

© 4 — quantizing more fields (—, 2 _ {1
arXiv 211005952 [P @~ 1]

john . klauder @ gmail . com

Q. D] =inQ



SOME FALSE HAMILTONIANS

The classical Hamiltoian

H(p,q) = (p*+q3)/2 ,

q>0 — PT#P

False self — adjoint quantum Hamlltonlans

7P, P,Q) = [2 P

P)?*/4

%I//l(PT,P, Q) — [(PT 4+n/P2+n
with n=0,1,2,3,...

—20—

Q°1/2

- P)2P-PH+0%/2

4+ PHYPT2AmY 10 4 02)/2



SPIN QUAN TIZATION

Spln variable propertles
[S,,8]=ihrS; , S;+S5+S;=ns(s+ Db, , s€(1/2){1,2,3,-}

S;ls,m) =mh|s,m) , me {—s,---,s—1s} , (§+iS,)]|s,s) =
Spin coherent states

0, ) = e~ #SIhe=i0IN | g o
D,q) = o —i(a/(s)*)S3/h ,—icos™ (pl(sh)"*)S,/h s, 5)
_n(sh)"? < g < a2 . = (sh)? <p< (sh)!2
do* = 2h[ |10, @) " = 1(0. 9| d10,0) "]
= (sh)[d6’2 + sm2(9)2 do?] @
= (1 —P /Sh) dp +(1 —P /sh)dq &

SQ — constant Qosmve curvature := (sf)”!

_21—



ADDED : — CANONICAL & AFFINE PATH INTEGRLS

BOOK: 2010 ( Birkhauser)

"A Modern Approach to Functional Integration”

Chapter 8:

Continuous-Time Regularized Path Integrals

Sec 8.1: Wiener Measure Regularization of
Phase Space Path Integrals

Sec 8.3: Continuous-Time Regularization of
Affine Variable Path Integrals &

Author

John R. Klauder
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FAVORED COORDINATES 2
Dirac: Cartesian coordinates should lead to ?/ (p, q) = H(p, g)

p,q) = e e w) . (0Q +iP)|w) =

H(p,q) = (p.q| Z(P,D)|p.q) . ()
= (wl%(P+p 0+ q) a)) =X (p,q) + O(h;p, q)
20 dp. ) 1> = | {p.q dp,q) "] = 0~ 'dp* + w dg?

i) = PO O | by (@ — 1)+ iDIB] | ) =0 1/2b
H'(pq,q) = (p;q| Z'(D,0)|p;q), qg>0

= (b |Z'(D+ pqQ,qQ)|b) = Z'(pq,q) + O'(h; p, q)
20l dp; @) 17 = |{p;q| d p; q)|°1 = b~ 'q*dp® + bqg~dq>

@ CQ-flat , @ AQ — constant negative curvature

— 24—



