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Problunim given F -

- { f . . . . . ..fm} , fi e H , MD

find a su@ subspace VEH that

is " close " to F
. Meaning that

Elv, F) : -
- fi, " fj - Pu fill' is as

small as possible among all
subspaces with#properties

.

How can I chose an adequate V ?



MSN.jp : we say that a class G

of subspaces of H has the Minimal

Subspace Approximation Property
if for any F -

- { fi . . . .. fuel, there exists
Vo e le l E Wo Tt) e E wit )

N V e b
.

A ldroubi + Tessera gave necessary andsufficientconditions for le in order to have MsAP



Example 1 : H -- RN
,
N huge ( 10242)

mmmm

fee { rubs paces of dimension l } leN

given { fi . - - - ifmy E RN, find the
subspace of dimension El that best

-

- fits the data f , or minimizes
[ Il fi - projv fill

over all V e tee .



Solution in german!
mum

:

* Eckard - Young 11936) or Schmidt isat

singular Value Decomposition :
F
= ( f . I . . - l fan] c. RN " m

.

G
r.
= F
't f fmxm)

Gr
.

= U IS U 't with A -

- f -

iE) a.¥.

U = [u . I . - - I am) unitary in Rm x m

I f t j : = of .⇐ uj lil fi , of = Lti" life
Then Vo = span {Tiff " orthonormal"



V. satisfies
[ Kfi - prog v.fill

'

E [ Hfi - projvll
'

for any V
, subspace of dimension

E l and furthermore
{ 9 , i - - nile ) are an orthonormalruns

basis
me

a



In general : { f . . . . - , f m ) e H , bum

Gf ÷ ( L fi , f j >I iii. , is a selfadjoint
positive semi definite matrix in Emm

Gr
.

= U IS U * with A -

- f'd :?) risk. "
U = (u . I . - - I am) unitary in Rm × m

I f t j : = of .⇐ uj lil fi , of = Lti" life
Then Vo = span {TITLED " orthonormal

"



Example :
l
,
(2) I:{ a ' . - - i am} sequences .

mm

The
" best

"

subspace of dimension El
is given by V

.
= span { e '

. . . .

.ee}
with it

. o; Ein uj Ci) ai with
of = Lii

" "in and
0 else

/
.

V -
- [u . I - - - I um] is such that Gr; UNU

*

and A = diag f x.Her . . -Hm)



It = E LR
") F -

- L f . . . . . . .fm 'srunners

be : = { V E E (N) : Vis shiftiwariant
and has at most l gougers}



A Shift Invariant Space (si s ) in L2 (nd)
ramus

is a closed subspace VEE CRD) with the

property that f EV# Znof eV, he 7L 2
.

where 7. no f (x) = f (x -k) .



A SHE¥dmpace Csi s ) in L2 (nd)

is a closed subspace VE E CRD) with the

property that f EV⇐o Zerof e V, he Id
where Z no f (x) = f (x -k) . 2

.

{ e . l
,
is a set of generators of V ifI "tspou { zone; : he Id

, j e T 's
The length of V , is defined as
l (V) = mine {l c- IN : Fl . . . . . . le generators for}



A SHEdmpace Csi s ) in L2 (nd)

is a closed subspace VE E CRD) with the

property that f EV⇐o Zerof e V, he Id
where Z no f (x) = f (x -k) . 2

.

{ e . l
,
is a set of generators of V if

v
' "

ipa-ns.ITt2!
The length of V , is defined as
l (V) = mine {l c- IN : Fl . . . . . . le generators for}
If the length is 4 we say VisfLt⑦fd



It = ELR
") F -

- L f . . . . . . .fm 'srunners

be : = { V E E (N) : Vis shiftiwariant
and has at most l gougers}

Does fe have the M S A P ?

I



We have :

↳ The
O

and hence lee hapu the M S A P



Solution : Use the rangefinders
T: V → oh, each) r -

- *
- -
- -

-

Tlfkw) = { Flw '- ht 's a. a -
,

V = repair { Ena fi : ite f .
he 2)⇒

Tlv) = rpan{e¥ikTgz3
e#

ft V 0=0 T (f) ( w) c- span {Tcolilw) : ie JJ
a.e . W E R

This is now finite dimensional !



Define Jlw) : -- spin IT lwliie f) Eltz)
we [Oil)

w i→ flw)
Cea) → subspace of 142) is called

nanny function Vi ( Ibd) we lay
f e V ⇒ T[ g) Lw) e Jcw) a.e. w

( Hilson 1962 - Bownih 20 ? )



We use Flw) = { If,) (wl . . . . . . Tqm]
and solve as before :

Fj- g. ( w) ujcikwlfjlwthj.ie
with q. ( u) = { C. j KD

- "
Z x ; Iwl to

( o else

and Gnflw) = U Iwm) Ny) U
*

Cwm)

(Gg lulls
, ⇐

= 4TH ' TEH
eye,



V
.
= spat { 9. . . . . . Tel, is S IS

such that :

V
.
is minimizer in be*

mum

* {4 . -. . . le 's is Parseval framerun

for Va
* EH , leet : I.e

. .
hk do



SIS are good models for images
with .la#ormi's :
symmetries



Motivation II: symmetries in data - non abelianeggBtdggEEsEy



Can we find a better model than sis?
Nou abelian group - invariant spaces :
For example : crystal groupsmm mum





We consider :
(nd )

mum
R second countable LCA group

G a non- commutative group of
automorphisms of R (notations)

N a discrete uniform lattice ofR
Li - e

. RIA compact) led)
M = A- x G the semidirect product
M acts on th by Tx = g x + k ( r = (h . g) er)



We consider :
(nd )

mum
R second countable LCA group

G a non- commutative group of
automorphisms of R (rotations)

N a discrete uniform lattice ofR
Li - e

. RIA compact) led)
M = A- x G the semidirect product
M acts on th by Tx = g x + k ( r = (h . g) er)
Also : is g A = I f g e G

iit t r. E Bless , g
"

Bord section "

Example : splitting crystal groups .



r invariant subspaces of L'LR)
nvm my

S e L' CR) is r - invariant if S

is closed and Th Rg f e S f f e s

( k , g) e r .

Consider It i :{ d . . . .. . Ion ) e L'CR) Define
Sr lot ) = spin {Tn Rg di : die OI.lk ,g) er)

Sr lot ) is r invariant ( finitely generated)
lls n) minimum number of generators .



Taymiyyah R =
ti
,
A = 22

G = { rotations by The , IT , 3Th , I}
- he

⇒on.

Note : Sp left = man {Tn Rg di : die § , hee. A .ge G)



Taymiyyah R =
ti
,
A = 22

6 = { rotations by The , IT , 3Th , I}
- he

⇒on.

Note : Sp let ) = man {Tn@gold: die of , hee A.geG)
= sis ( Rg di : die E , are G) ! !



So Sp is also A invariant !

Among all AmEut spaces
which are the ones that are I
ius ?

Thin V e t CR) is r - in variant

if and only if it is LI
- invariant

and its range function satisfies
ng f Laf w ) = Tho)



or Hg*w) -- rgiycw)

4g Ca) ) ( k) -- a. ( g*k)

rein "



Define : le ! -

- Esp e L'(R) : Usn) e e}
We ask : Does help have the MS A P ?

rn



Define : le ! -

- Esp e L'(R) : Usn) e e}
We ask : Does help have the M S A P ?

rn

theorem : given date F -

- { f. . - - ifwe}
E L' CR) and e > 0 , there exists

V e fer
such that V - sp (4.) with
tf--{ 4. in . . , Ye } a Parswal frame generator
and E Gr te) if) e Elsploy , I) f de le!
B



HEY,proof : I = Lf. . . - - ifwe}
F- = Lrgfi 's geo

→ TIF)
approximate forwin .

Then forge the generators to
satisfy yCg*w) -- rg . . Jcw)
⇒ we have group invariant genu



Examples by Davide Barbierimurre

Original images from
image - net

.

sooo images
d- 345 x 345 pixels (345--23×15)
iii.: TIEiiiitiiiiiiinil"
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Thank you !
run run

and

Happy birthday John ! !

O-
> lama !
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