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Transports Transform

Transforms: Fourier Transform, Wavelet transform, Zak
Transform, Shearlets, Scattering ‘“transform,” ...
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Transports Transform

Transforms: Fourier Transform, Wavelet transform, Zak
Transform, Shearlets, Scattering ‘“transform,” ...
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Transport Transforms: Non-linear transforms based on
transport theory: Monge and Katorovich Transport theory
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The Monge Problem (1781)

The Monge Problem Let i be a pile of sand on X C R"”, find
the "most efficient way"’ to transport it to the hole in the
ground v on X C R".
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The Monge Problem (1781)

The Monge Problem Let i be a pile of sand on X C R"”, find
the "most efficient way"’ to transport it to the hole in the
ground v on X C R".

Let u, v be probability measures on R” find a map 77 : R* — R”
such

T'=arg min [ |z —T(z)| du(z),
v=Tpp JRn

where v(B) = u(T'(B)) for all measurable measurable sets B.
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The Monge Problem (1781)

The Monge Problem Let i be a pile of sand on X C R"”, find
the "most efficient way"’ to transport it to the hole in the
ground v on X C R".

Let u, v be probability measures on R” find a map 77 : R* — R”
such

T'=arg min [ |z —T(z)| du(z),
v=Dup JRn

where v(B) = u(T'(B)) for all measurable measurable sets B.

Weak version of the Monge problem: The Kantorovich
problem (1939).

— Typeset by FoilTgX — Akram Aldroubi



Jubilee- 2019

Brenier's Theorem (1991)

(Brenier's Theorem) Let u,v be two probability measures on
R™ (finite 2nd moments) that are absolutely continuous w.r.t
L ebesgue measure. Then there exists a map 77 : R* — R™ such
that

T'=arg min [ |z —T(z)| du(z),
v=Dup JRn

where v(B) = u(T'(B)) for all measurable measurable sets
B. Moreover, TT is unique. (Generalization by Gangbo and
McCann 1996, Villani 2006)
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Brenier's Theorem (1991)

(Brenier's Theorem) Let u,v be two probability measures on
R™ (finite 2nd moments) that are absolutely continuous w.r.t
L ebesgue measure. Then there exists a map 77 : R* — R™ such
that
T'=arg min [ |z —T(z)| du(z),
v=Tpp JRn

where v(B) = u(T'(B)) for all measurable measurable sets
B. Moreover, TT is unique. (Generalization by Gangbo and
McCann 1996, Villani 2006)

The transport transform: Let du(x) = s(z)dzr and dv(x) =
so(x)dx, where r is a fixed reference signal, then the transform
s of s is the unique solution to the Monge problem above, i.e.,
§="T7".
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The CDT transform

Let s a smooth probability density function on [0,1] C R, and
so a reference probability density function on [0, 1] C R.

T he Cumulative Distribution Transform

5/@3(5)(15—/:0(5)(15, z € [0,1].
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The CDT transform

Let s a smooth probability density function on [0,1] C R, and
so a reference probability density function on [0, 1] C R.

T he Cumulative Distribution Transform

5/@3(5)(15—/:0(@(15, z € [0,1].

Typically so = x[0, 1].
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The CDT transform

Let s a smooth probability density function on [0,1] C R, and
so a reference probability density function on [0, 1] C R.

T he Cumulative Distribution Transform

5/@3(5)(15—/:0(@(15, z € [0,1].

Typically so = x[0, 1].

Inverse Transform:

§'(x)s(58(x)) = so(x).
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CDT and its inverse

signal (pdf) transform
i miatch to fixed
[ \ referance
s(z) [\ S0 s(z) = f(z)
| I'. 'l__! _ 1. R
|I -", |I II-I .'.. I.'. .:l.- L P
' A so(x) = f (z)s(f(z)) .
L - I
nonlinear map
prward
(x) = 5 (x)
[smooth]
Probability [ ] Diffeamnorphisms
density functions
imverse
glxh= (& g '||'l

[Park, Kodouri, Kundu, Rohde, ACHA 2018)
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Radon-CDT

e

Radon Transform W
' " ﬂgﬂ - - _a '..

Ri(8,t) = JI[I]ILE[E; —w-z)dr
w = [sind, cos d]7

R;\(z) = [5 (RI(,6) xn()) o (= 6)d8

Radon Cumulative Distribution Transform

Iiz) Re(0.8) "
= F

E Rador ]l_ COT
16 D —

g

- &

projection CoT

[Kalouri, Park, Rahde, IEEE TIP 2015
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Convexification properties
Ts: R — L*(R): Ty(p)(x) = su(z) = s(x — p).

4  Signal (PDFs) % . - " CDT transform
| f,(x) =5 ()
s{x) i ] s5,(x) S|y 1Su(x) i
3(x) =5"1(x)
4 % 3

A B

A nonlinear manifold Linear in COT spacs
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Convexification properties

________________________________________________________________________________________

: . .
T T :: T
h
h
> > > -
Pulx)=polz—plipER gu(x) =golz—pli pER li Pulz)=pplx)+u; peR fulz) = Golx)+p; pek
___________________________________________ e e e e e e e v e e e e e N L e e e e
Signal space Transform space
a 100
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Convexification properties

Nonlinear signal transform nonconvex,
nonlinear

®

| | ’

[Wang, et al, UCV, 2014]

e *  [Basu et al, PNAS 2014)
o i nsform *  [Kolouri et al IEEE TIP 16
smooth PDFs diffeomorphisms I 5 Emlnz:: et:I Pat. Rec 11‘,]
*  [Park et al, ACHA 18]
+  [Kalouri et al. IEEE SPM 17]
*  Imagedatascience.comytransport
cOnvex,

linearly separable
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wasserstein distance between two measures

Let II(u,v) be the set of all probability measures on R" x R"
with marginals © and v.

2-Wasserstein distance between ;, and v:

W2(uv) = min [ |z — ylPdn(z,y).
m€ell R
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wasserstein distance between two measures

Let II(u,v) be the set of all probability measures on R" x R"
with marginals © and v.

2-Wasserstein distance between ;, and v:
Wi(p,v) =min | |z — y|’dr(z, y).

Existence of a minimizer is due to Kantorovich.
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wasserstein distance between two measures
Let II(u,v) be the set of all probability measures on R" x R"
with marginals © and v.

2-Wasserstein distance between ;, and v:

W2(uv) = min [ |z — ylPdn(z,y).
m€ell R

Existence of a minimizer is due to Kantorovich.

The solution TT of the transport map of the Monge problem
give rise to the minimizer to the Kantorovich problem:

d(p(x)d(y = T'(x)) € II and minimizes W (u, v).
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wasserstein distance between two measures

Theorem (Kolouri, Rohde ) Let s; and sy be two signals
(PDFs) and 51,5, be their CDT transform with respect to
fixed reference sy. Then

182 — 3111220 = Wolp,v) = min [ |l — y|%dn(z, y)
WGH Rn

where du(x) = si(x)dx and dv = sy(x)dz.
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geodesics

signal space < 3
E P ek i transform space
Wasserstein : - i ; ;
f i i . Euclidean gecdesics

[alouri, Rohde, CVPR 16]
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Applications

Example: classifying facial expressions

Radon Cumulative Distribution Transform
Image space Transform space

Class I --- -

Clazs |
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I"m_:n::s:tmn of the data onto a 2-dimensional Projection of the transformed data onto a
discriminant subspace L 2-dimensional discriminant subspace
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Applications

i
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Applications

Application: single image super-resolution

Model: M, = Dga(z)lo(fal2))  fo(z) =) ardr(z)
1 k ]

low-res data

e N 2 Transport PCA
Fit: mum 11 EM“” trained on high
degradation res database

5xb pixels!

S5IM=0.36  55IM=0.32 S5IM=0.58 S55IM=0.39 55IM=0.74 S5IM=I1

-
&

Input low- B-spline compressed  K-means Kernel PCA transport ground
res data interp. sensing nonlinear method truth
mapping

Kolouri, Rohde, Comp. Vision & Pattern Rec., 2015.
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Happy Birthday Caro



