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Motivation: Compressed sensing
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Motivation: Compressed sensing

Underdetermined system:

»

– Φ

fi

fl

»

—

—

—

—

–

x

fi

ffi

ffi

ffi

ffi

fl

“

»

– y

fi

fl

But! x has a lot of zero entries

Try a linear program:

Minimize }x}1 subject to Φx “ y
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Motivation: Compressed sensing

Rescale so the columns of Φ have unit `2-norm:

Φ “

»

–

| | ¨ ¨ ¨ |

ϕ1 ϕ2 ¨ ¨ ¨ ϕN

| | ¨ ¨ ¨ |

fi

fl

The coherence is
µpΦq :“ max

i‰j
|xϕi , ϕjy|.

Theorem (Donoho, Elad ’03)

If Φx “ y and x has no more than

1

2

ˆ

1`
1

µpΦq

˙

nonzero entries, then x is the unique solution to the linear program

Minimize }x}1 subject to Φx “ y .
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Goal

Let F be either R or C. Given a dimension M and a number N ě M, find
a collection of unit norm vectors Φ “ tϕiu

N
i“1 in FM with minimal possible

coherence.

The Welch bound says that

µpΦq ě

d

N ´M

MpN ´ 1q
.

A collection of unit vectors Φ “ tϕiu
N
i“1 has coherence equal to the Welch

bound if and only if Φ is an equiangular tight frame.
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Equiangular tight frames (ETFs)

Definition

Let M ď N be positive integers, and let F be either R or C. The
synthesis operator of a sequence of vectors tϕiu

N
i“1 in FM is the M ˆ N

matrix Φ with the ϕi ’s as its columns:

Φ “

»

–

| | ¨ ¨ ¨ |

ϕ1 ϕ2 ¨ ¨ ¨ ϕN

| | ¨ ¨ ¨ |

fi

fl

The sequence tϕiu
N
i“1 is called an equiangular tight frame (ETF) if

Inner products of distinct columns of Φ have constant modulus

|xϕi , ϕjy| “

#

1 i “ j

µ i ‰ j

The rows of Φ are orthogonal and equal norms: ΦΦ˚ “ AI
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Equiangular tight frames (ETFs)

Some applications:

Compressed sensing

Quantum information theory

Wireless communication

Phase retrieval

Algebraic coding theory

Signal processing

Digital fingerprinting



The Gram matrix

Let Φ be as before, then the Gram matrix is

Φ˚Φ “

»

—

—

—

–

xϕ1, ϕ1y xϕ2, ϕ1y ¨ ¨ ¨ xϕN , ϕ1y

xϕ1, ϕ2y xϕ2, ϕ2y ¨ ¨ ¨ xϕN , ϕ2y
...

...
. . .

...
xϕ1, ϕNy xϕ2, ϕNy ¨ ¨ ¨ xϕN , ϕNy

fi

ffi

ffi

ffi

fl

The collection tϕiu
N
i“1 is an ETF if and only if

1 ΦΦ˚ is a multiple of the identity .

2 Φ˚Φ has constant diagonal and constant modulus off-diagonal
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Example: Harmonic ETF

Start with the DFT over Z7.

»

—

—

—

—

—

—

—

—

–

1 1 1 1 1 1 1
1 ω ω2 ω3 ω4 ω5 ω6

1 ω2 ω4 ω6 ω ω3 ω5

1 ω3 ω6 ω2 ω5 ω ω4

1 ω4 ω ω5 ω2 ω6 ω3

1 ω5 ω3 ω ω6 ω4 ω2

1 ω6 ω5 ω4 ω3 ω2 ω

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

Φ is an ETF, as we can tell from its Gram matrix

Φ˚Φ “

»

—

—

—

—

—

—

—

—

–

3 x x y x y y
y 3 x x y x y
y y 3 x x y x
x y y 3 x x y
y x y y 3 x x
x y x y y 3 x
x x y x y y 3

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

x “ ω ` ω2 ` ω4

y “ ω3 ` ω5 ` ω6

“ x
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x “ ω ` ω2 ` ω4 y “ x “ ω3 ` ω5 ` ω6

Φ˚Φ “

»

—

—

—

—

—

—

—

—

–

3 x x y x y y
y 3 x x y x y
y y 3 x x y x
x y y 3 x x y
y x y y 3 x x
x y x y y 3 x
x x y x y y 3

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

A0 “

»

—

—

—

—

—

—

—

–

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

, A1 “

»

—

—

—

—

—

—

—

–

0 1 1 0 1 0 0
0 0 1 1 0 1 0
0 0 0 1 1 0 1
1 0 0 0 1 1 0
0 1 0 0 0 1 1
1 0 1 0 0 0 1
1 1 0 1 0 0 0

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

, A2 “

»

—

—

—

—

—

—

—

–

0 0 0 1 0 1 1
1 0 0 0 1 0 1
1 1 0 0 0 1 0
0 1 1 0 0 0 1
1 0 1 1 0 0 0
0 1 0 1 1 0 0
0 0 1 0 1 1 0

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

A1A2 “ A2A1 “ 3A0 ` A1 ` A2

AT
1 “ A2



x “ ω ` ω2 ` ω4 y “ x “ ω3 ` ω5 ` ω6
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»

—

—

—

—

—

—

—

—

–

3 x x y x y y
y 3 x x y x y
y y 3 x x y x
x y y 3 x x y
y x y y 3 x x
x y x y y 3 x
x x y x y y 3

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

A0 “

»

—

—

—

—

—

—

—

–

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

, A1 “

»

—

—

—

—

—

—

—

–

0 1 1 0 1 0 0
0 0 1 1 0 1 0
0 0 0 1 1 0 1
1 0 0 0 1 1 0
0 1 0 0 0 1 1
1 0 1 0 0 0 1
1 1 0 1 0 0 0

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

, A2 “

»

—

—

—

—

—

—

—

–

0 0 0 1 0 1 1
1 0 0 0 1 0 1
1 1 0 0 0 1 0
0 1 1 0 0 0 1
1 0 1 1 0 0 0
0 1 0 1 1 0 0
0 0 1 0 1 1 0

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

A1A2 “ A2A1 “ 3A0 ` A1 ` A2

AT
1 “ A2



x “ ω ` ω2 ` ω4 y “ x “ ω3 ` ω5 ` ω6
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»

—

—

—

—

—

—

—

—

–

3 x x y x y y
y 3 x x y x y
y y 3 x x y x
x y y 3 x x y
y x y y 3 x x
x y x y y 3 x
x x y x y y 3

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

A0 “

»

—

—

—

—

—

—

—

–

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

, A1 “

»

—

—

—

—

—

—

—

–

0 1 1 0 1 0 0
0 0 1 1 0 1 0
0 0 0 1 1 0 1
1 0 0 0 1 1 0
0 1 0 0 0 1 1
1 0 1 0 0 0 1
1 1 0 1 0 0 0

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

, A2 “

»

—

—

—

—

—

—

—

–

0 0 0 1 0 1 1
1 0 0 0 1 0 1
1 1 0 0 0 1 0
0 1 1 0 0 0 1
1 0 1 1 0 0 0
0 1 0 1 1 0 0
0 0 1 0 1 1 0

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

A1A2 “ A2A1 “ 3A0 ` A1 ` A2

AT
1 “ A2



Association schemes

Definition

A set of N ˆ N matrices X “ tA0, . . . ,Adu with entries in t0, 1u is called
an association scheme if the following three conditions hold:

A0 “ I

A0 ` ¨ ¨ ¨ ` Ad “ J, where J is the all 1’s matrix

A “ spanX forms a ˚-algebra under matrix multiplication.

It’s a commutative scheme if A is a commutative algebra.

A0 “

»

—

—

—

—

—

—

—

–

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

, A1 “

»

—

—

—

—

—

—

—

–

0 1 1 0 1 0 0
0 0 1 1 0 1 0
0 0 0 1 1 0 1
1 0 0 0 1 1 0
0 1 0 0 0 1 1
1 0 1 0 0 0 1
1 1 0 1 0 0 0

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

, A2 “

»

—

—

—

—

—

—

—

–

0 0 0 1 0 1 1
1 0 0 0 1 0 1
1 1 0 0 0 1 0
0 1 1 0 0 0 1
1 0 1 1 0 0 0
0 1 0 1 1 0 0
0 0 1 0 1 1 0

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

A1A2 “ A2A1 “ 3A0 ` A1 ` A2

AT
1 “ A2



The spectral basis

Let X “ tA0, . . . ,Adu be a commutative association scheme.

Big idea

Find tight frames via their Gram matrices in spanX.

By the spectral theorem there is a set of mutually orthogonal projections

X̂ “ tE0, . . . ,Edu

onto the maximal eigenspaces of X.

The projections in spanX are exactly the sums of Ej ’s.
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Example: The spectral basis for our scheme

A0 “

»

—

—

—

—

—

—

—

–

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

,A1 “

»

—

—

—

—

—

—

—

–

0 1 1 0 1 0 0
0 0 1 1 0 1 0
0 0 0 1 1 0 1
1 0 0 0 1 1 0
0 1 0 0 0 1 1
1 0 1 0 0 0 1
1 1 0 1 0 0 0

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

,A2 “

»

—

—

—

—

—

—

—

–

0 0 0 1 0 1 1
1 0 0 0 1 0 1
1 1 0 0 0 1 0
0 1 1 0 0 0 1
1 0 1 1 0 0 0
0 1 0 1 1 0 0
0 0 1 0 1 1 0

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

E0 “
1
7

»

—

—

—

—

—

—

—

–

1 1 1 1 1 1 1
1 1 1 1 1 1 1
1 1 1 1 1 1 1
1 1 1 1 1 1 1
1 1 1 1 1 1 1
1 1 1 1 1 1 1
1 1 1 1 1 1 1

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

,E1 “
1
7

»

—

—

—

—

—

—

—

–

3 x x y x y y
y 3 x x y x y
y y 3 x x y x
x y y 3 x x y
y x y y 3 x x
x y x y y 3 x
x x y x y y 3

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

,E2 “
1
7

»

—

—

—

—

—

—

—

–

3 y y x y x x
x 3 y y x y x
x x 3 y y x y
y x x 3 y y x
x y x x 3 y y
y x y x x 3 y
y y x y x x 3

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

Φ˚Φ “ 3 A0 ` x A1 ` y A2 “ 7E1



Schemes from group actions

Let g1 “ p1, 2, 3, 4, 5, 6, 7q and g2 “ p2, 3, 5qp4, 7, 6q, and let
G “ xg1, g2y ď S7. It acts on r7s ˆ r7s:

g ¨ pm, nq “ pg ¨m, g ¨ nq for g P G and m, n P r7s.

Light up the orbits as arrays. We get our scheme!

»

—

—

—

—

—

—

—

–

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

1 2 3 4 5 6 7
1
2
3
4
5
6
7

»

—

—

—

—

—

—

—

—

–

0 1 1 0 1 0 0
0 0 1 1 0 1 0
0 0 0 1 1 0 1
1 0 0 0 1 1 0
0 1 0 0 0 1 1
1 0 1 0 0 0 1
1 1 0 1 0 0 0

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

»

—

—

—

—

—

—

—

–

0 0 0 1 0 1 1
1 0 0 0 1 0 1
1 1 0 0 0 1 0
0 1 1 0 0 0 1
1 0 1 1 0 0 0
0 1 0 1 1 0 0
0 0 1 0 1 1 0

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl



Schemes from group actions

Let g1 “ p1, 2, 3, 4, 5, 6, 7q and g2 “ p2, 3, 5qp4, 7, 6q, and let
G “ xg1, g2y ď S7. It acts on r7s ˆ r7s:

g ¨ pm, nq “ pg ¨m, g ¨ nq for g P G and m, n P r7s.

Light up the orbits as arrays. We get our scheme!

»

—

—

—

—

—

—

—

–

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

1 2 3 4 5 6 7
1
2
3
4
5
6
7

»

—

—

—

—

—

—

—

—

–

0 1 1 0 1 0 0
0 0 1 1 0 1 0
0 0 0 1 1 0 1
1 0 0 0 1 1 0
0 1 0 0 0 1 1
1 0 1 0 0 0 1
1 1 0 1 0 0 0

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

»

—

—

—

—

—

—

—

–

0 0 0 1 0 1 1
1 0 0 0 1 0 1
1 1 0 0 0 1 0
0 1 1 0 0 0 1
1 0 1 1 0 0 0
0 1 0 1 1 0 0
0 0 1 0 1 1 0

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl



Schurian schemes

Proposition

Let G be a finite group acting transitively on a set X . Let A0, . . . ,Ad be
the X ˆ X matrices that light up the orbits O0, . . . ,Od of G on X ˆ X
with 1s. Then X “ tA0, . . . ,Adu is an association scheme, called a
Schurian scheme.

Note: Let H be the stabilizer of a point. WLOG, X “ G{H. We write
X “ XpG ,Hq.

Definition

We call pG ,Hq a Gelfand pair if XpG ,Hq is commutative.
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Spherical projections for Schurian schemes

Let G be a finite group acting transitively on a set X “ G{H, with H the
stabilizer of a point. The permutation character is given by

χpgq “ |tkH P G{H : gkH “ kHu|.

It decomposes into irreducibles

χ “ m1χ1 ` ¨ ¨ ¨ `mnχn.

Theorem

Each constituent χj determines a projection Ej in A “ spanXpG ,Hq by
the formula

pEjqgH,kH “
χjp1q

|G |

ÿ

hPH

χjpg
´1khq.

Any sum of Ej ’s is again a projection in A . If pG ,Hq is a Gelfand pair,
this accounts for all projections in A .
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Frames from group actions

Corollary (I., Jasper, Mixon)

Every transitive action of a finite group determines a finite number of tight
frames through the spherical projections in XpG ,Hq.

Discrete world Continuous world

transitive actions
of finite groups

Schurian schemes

optimal line
packings

projections with
symmetries and

few distinct entries

GAP code: github.com/jwiverson/action-packings

Observation: Lots of these frames have optimal coherence

github.com/jwiverson/action-packings


Homogeneous frames

Let G be a finite group, and let π be a unitary representation of G on FM .
Suppose the orbit of a vector ϕ P FM is a frame. If

H “ th P G : πphqϕ “ ϕu,

then
Φ “ tπpgqϕugHPG{H

is a homogeneous frame, or a pG ,Hq-frame.

Theorem (I., Jasper, Mixon)

Let G be a finite group, and let H ď G . The positive semidefinite matrices
in spanXpG ,Hq are precisely the Gram matrices of pG ,Hq-frames.



Example: Affine action on lines of F3
2

Let G “ AGLpF3
2q “ GLpF3

2q˙F3
2. It acts transitively on X “ tlines in F3

2u.



Example: Affine action on lines of F3
2

A0 “ A1 “

A2 “ A3 “

One of the spherical projections describes a 7ˆ 28 real ETF.



Example: Affine action on lines of F3
2

E “
1

12

»

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

–

3 ´ ´ ´ ` ´ ` ´ ´ ` ´ ` ` ` ´ ´ ` ` ´ ´ ` ` ´ ´ ´ ´ ` `

´ 3 ´ ´ ` ´ ` ´ ` ´ ` ´ ´ ´ ` ` ´ ´ ` ` ` ` ´ ´ ` ` ´ ´

´ ´ 3 ´ ´ ` ´ ` ` ´ ` ´ ` ` ´ ´ ` ` ´ ´ ´ ´ ` ` ` ` ´ ´

´ ´ ´ 3 ´ ` ´ ` ´ ` ´ ` ´ ´ ` ` ´ ´ ` ` ´ ´ ` ` ´ ´ ` `

` ` ´ ´ 3 ´ ´ ´ ` ` ´ ´ ` ´ ` ´ ´ ` ´ ` ` ` ´ ´ ` ´ ´ `

´ ´ ` ` ´ 3 ´ ´ ` ` ´ ´ ` ´ ` ´ ` ´ ` ´ ´ ´ ` ` ´ ` ` ´

` ` ´ ´ ´ ´ 3 ´ ´ ´ ` ` ´ ` ´ ` ` ´ ` ´ ` ` ´ ´ ´ ` ` ´

´ ´ ` ` ´ ´ ´ 3 ´ ´ ` ` ´ ` ´ ` ´ ` ´ ` ´ ´ ` ` ` ´ ´ `

´ ` ` ´ ` ` ´ ´ 3 ´ ´ ´ ` ´ ` ´ ` ´ ´ ` ` ´ ´ ` ` ` ´ ´

` ´ ´ ` ` ` ´ ´ ´ 3 ´ ´ ` ´ ` ´ ´ ` ` ´ ´ ` ` ´ ´ ´ ` `

´ ` ` ´ ´ ´ ` ` ´ ´ 3 ´ ´ ` ´ ` ´ ` ` ´ ´ ` ` ´ ` ` ´ ´

` ´ ´ ` ´ ´ ` ` ´ ´ ´ 3 ´ ` ´ ` ` ´ ´ ` ` ´ ´ ` ´ ´ ` `

` ´ ` ´ ` ` ´ ´ ` ` ´ ´ 3 ´ ´ ´ ` ` ´ ´ ´ ` ´ ` ´ ` ´ `

` ´ ` ´ ´ ´ ` ` ´ ´ ` ` ´ 3 ´ ´ ` ` ´ ´ ` ´ ` ´ ` ´ ` ´

´ ` ´ ` ` ` ´ ´ ` ` ´ ´ ´ ´ 3 ´ ´ ´ ` ` ` ´ ` ´ ` ´ ` ´

´ ` ´ ` ´ ´ ` ` ´ ´ ` ` ´ ´ ´ 3 ´ ´ ` ` ´ ` ´ ` ´ ` ´ `

` ´ ` ´ ´ ` ` ´ ` ´ ´ ` ` ` ´ ´ 3 ´ ´ ´ ` ´ ´ ` ´ ` ` ´

` ´ ` ´ ` ´ ´ ` ´ ` ` ´ ` ` ´ ´ ´ 3 ´ ´ ´ ` ` ´ ` ´ ´ `

´ ` ´ ` ´ ` ` ´ ´ ` ` ´ ´ ´ ` ` ´ ´ 3 ´ ´ ` ` ´ ´ ` ` ´

´ ` ´ ` ` ´ ´ ` ` ´ ´ ` ´ ´ ` ` ´ ´ ´ 3 ` ´ ´ ` ` ´ ´ `

` ` ´ ´ ` ´ ` ´ ` ´ ´ ` ´ ` ` ´ ` ´ ´ ` 3 ´ ´ ´ ` ´ ` ´

` ` ´ ´ ` ´ ` ´ ´ ` ` ´ ` ´ ´ ` ´ ` ` ´ ´ 3 ´ ´ ´ ` ´ `

´ ´ ` ` ´ ` ´ ` ´ ` ` ´ ´ ` ` ´ ´ ` ` ´ ´ ´ 3 ´ ` ´ ` ´

´ ´ ` ` ´ ` ´ ` ` ´ ´ ` ` ´ ´ ` ` ´ ´ ` ´ ´ ´ 3 ´ ` ´ `

´ ` ` ´ ` ´ ´ ` ` ´ ` ´ ´ ` ` ´ ´ ` ´ ` ` ´ ` ´ 3 ´ ´ ´

´ ` ` ´ ´ ` ` ´ ` ´ ` ´ ` ´ ´ ` ` ´ ` ´ ´ ` ´ ` ´ 3 ´ ´

` ´ ´ ` ´ ` ` ´ ´ ` ´ ` ´ ` ` ´ ` ´ ` ´ ` ´ ` ´ ´ ´ 3 ´

` ´ ´ ` ` ´ ´ ` ´ ` ´ ` ` ´ ´ ` ´ ` ´ ` ´ ` ´ ` ´ ´ ´ 3

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl



Example: Projective reduction

Let G – A5 be the symmetry group of the icosahedron, acting on the set
X of vertices.

E “ 1
4

»

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

–

1 ´1 x ´x ´x x ´x x x ´x ´x x
´1 1 ´x x x ´x x ´x ´x x x ´x
x ´x 1 ´1 ´x x x ´x ´x x ´x x
´x x ´1 1 x ´x ´x x x ´x x ´x
´x x ´x x 1 ´1 x ´x x ´x ´x x
x ´x x ´x ´1 1 ´x x ´x x x ´x
´x x x ´x x ´x 1 ´1 ´x x ´x x
x ´x ´x x ´x x ´1 1 x ´x x ´x
x ´x ´x x x ´x ´x x 1 ´1 ´x x
´x x x ´x ´x x x ´x ´1 1 x ´x
´x x ´x x ´x x ´x x ´x x 1 ´1
x ´x x ´x x ´x x ´x x ´x ´1 1

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

x “ 1?
5

Source: en.wikipedia.org/wiki/Platonic_solid

en.wikipedia.org/wiki/Platonic_solid
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ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi
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Example: Projective reduction

Let G – A5 be the symmetry group of the icosahedron, acting on the set
X of vertices.

E “ 1
4

»

—

—

—

—

—

–

1 x ´x ´x x ´x
x 1 ´x x ´x ´x
´x ´x 1 x x ´x
´x x x 1 ´x ´x
x ´x x ´x 1 ´x
´x ´x ´x ´x ´x 1

fi

ffi

ffi

ffi

ffi

ffi

fl

x “ 1?
5

Now it’s an ETF!

Source: en.wikipedia.org/wiki/Platonic_solid

en.wikipedia.org/wiki/Platonic_solid


Example: Mutually unbiased bases (MUBs)

Let G0 ď SLp2, 5q be the normalizer of a Sylow-2 subgroup.

The affine action of G :“ F2
5 ¸ G0 on F2

5 is doubly transitive.

Hence, G acts transitively on

X “ tpx , yq P F2
5 ˆ F2

5 : x ‰ yu.
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Example: Mutually unbiased bases (MUBs)

Take some spherical projections and projectively reduce to get. . .

Three MUBs in R4:
»

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

–

2 0 0 0 ´ ` ` ` ´ ´ ´ ´

0 2 0 0 ´ ´ ` ´ ` ´ ´ `

0 0 2 0 ´ ´ ´ ` ` ` ´ ´

0 0 0 2 ´ ` ´ ´ ` ´ ` ´

´ ´ ´ ´ 2 0 0 0 ´ ` ` `

` ´ ´ ` 0 2 0 0 ´ ´ ` ´

` ` ´ ´ 0 0 2 0 ´ ´ ´ `

` ´ ` ´ 0 0 0 2 ´ ` ´ ´

´ ` ` ` ´ ´ ´ ´ 2 0 0 0
´ ´ ` ´ ` ´ ´ ` 0 2 0 0
´ ´ ´ ` ` ` ´ ´ 0 0 2 0
´ ` ´ ´ ` ´ ` ´ 0 0 0 2

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

Three MUBs in C2:
»

—

—

—

—

—

–

2 0 ´1 ` i 1 ` i ´1 ´ i ´1 ´ i
0 2 ´1 ´ i 1 ´ i 1 ` i ´1 ´ i

´1 ´ i ´1 ` i 2 0 ´1 ` i 1 ` i
1 ´ i 1 ` i 0 2 ´1 ` i ´1 ´ i
´1 ` i 1 ´ i ´1 ´ i ´1 ´ i 2 0
´1 ` i ´1 ` i 1 ´ i ´1 ` i 0 2

fi

ffi

ffi

ffi

ffi

ffi

fl



Example: A new record

The Mathieu group M11 acts doubly transitively on the 12 points in the
Witt design W12.

Take its transitive action on X “ tpp, qq PW12 : p ‰ qu.

Adding up some of the spherical projections (and projectively reducing),
we get a tight frame of 66 vectors in R11 with coherence µ “ 1{3.

It beats the record in Neil Sloane’s database!

Open problem

Prove this is the optimal coherence.
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Example: Hoggar’s lines

Let

T “

„

0 1
1 0



and M “

„

1 0
0 ´1



.

The Heisenberg group over Z3
2 is H “ xTb3,Mb3y.

Fix a certain subgroup G0 ď NUpC8qpHq with G0 – PSUp3, 3q. Then
pH ¸ G0,G0q is a Gelfand pair.

Projectively reduce one of its spherical projections to get an ETF of 64
vectors in C8. (A SIC-POVM!)
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Outline

1 Motivation

2 Tight frames from group actions

3 ETFs with Heisenberg symmetry



Long-term goal: SIC-POVMs

Zauner’s conjecture

For every N, the Heisenberg group over Z{N produces an ETF of N2

vectors in CN . The ETF comes from taking the orbit of a special vector in
CN under the Schrödinger representation, and then projectively reducing.

Fundamental problem in quantum information theory

Open since 1999

Tons of numerical evidence

Very little theoretical progress



The Heisenberg group

Let A be a finite abelian group of odd order, with Pontryagin dual group
Â. Let K “ Aˆ Â, with additive notation.

The symplectic form on K maps r¨, ¨s : K ˆ K Ñ CexppAq,

rpa1, α1q, pa2, α2qs “ xa2, α1yxa1, α2y
´1

´

ai P A, αi P Â
¯

.

The Heisenberg group over A is H “ K ˆ CexppAq (as a set).
Multiplication in H is given by

pu1, z1q ¨ pu2, z2q “ pu1 ` u2, z1z2ru1, u2s
1{2q

`

ui P K , zi P CexppAq

˘

.
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The symplectic group

The symplectic group is

SppK q “ tσ P AutpK q : rσpuq, σpvqs “ ru, v s for all u, v P Ku.

It acts on the Heisenberg group H “ K ˆ CexppAq by automorphisms:

σ ¨ pu, zq “ pσpuq, zq
`

σ P SppK q, u P K , z P CexppAq

˘

.

Theorem (I., Jasper, Mixon)

pH ¸ SppK q,SppK qq is a Gelfand pair.



The symplectic group

The symplectic group is

SppK q “ tσ P AutpK q : rσpuq, σpvqs “ ru, v s for all u, v P Ku.

It acts on the Heisenberg group H “ K ˆ CexppAq by automorphisms:

σ ¨ pu, zq “ pσpuq, zq
`

σ P SppK q, u P K , z P CexppAq

˘

.

Theorem (I., Jasper, Mixon)

pH ¸ SppK q,SppK qq is a Gelfand pair.



The symplectic group

The symplectic group is

SppK q “ tσ P AutpK q : rσpuq, σpvqs “ ru, v s for all u, v P Ku.

It acts on the Heisenberg group H “ K ˆ CexppAq by automorphisms:

σ ¨ pu, zq “ pσpuq, zq
`

σ P SppK q, u P K , z P CexppAq

˘

.

Theorem (I., Jasper, Mixon)

pH ¸ SppK q,SppK qq is a Gelfand pair.



Sketch of proof

Theorem (folk)

The adjacency algebra A “ spanXpH ¸ K ,K q is isomorphic to
L2pHqSppKq under convolution.

New goal: Show that L2pHqSppKq is commutative.

Lemma

The orbits of SppK q ď AutpK q on K coincide with the AutpK q-orbits.

Proof.

Dutta and Prasad ’11: Detailed description of AutpAq-orbits on A.
Dutta and Prasad ’15: Detailed description of SppK q-orbits on K .
Observe that they coincide when we replace A with K in the first one.



Sketch of proof

Theorem (folk)

The adjacency algebra A “ spanXpH ¸ K ,K q is isomorphic to
L2pHqSppKq under convolution.

New goal: Show that L2pHqSppKq is commutative.

Lemma

The orbits of SppK q ď AutpK q on K coincide with the AutpK q-orbits.

Proof.

Dutta and Prasad ’11: Detailed description of AutpAq-orbits on A.
Dutta and Prasad ’15: Detailed description of SppK q-orbits on K .
Observe that they coincide when we replace A with K in the first one.



Sketch of proof

Theorem (folk)

The adjacency algebra A “ spanXpH ¸ K ,K q is isomorphic to
L2pHqSppKq under convolution.

New goal: Show that L2pHqSppKq is commutative.

Lemma

The orbits of SppK q ď AutpK q on K coincide with the AutpK q-orbits.

Proof.

Dutta and Prasad ’11: Detailed description of AutpAq-orbits on A.
Dutta and Prasad ’15: Detailed description of SppK q-orbits on K .
Observe that they coincide when we replace A with K in the first one.



Sketch of proof

Let f1, f2 P L
2pHqSppKq be characteristic functions of SppK q-orbits in H.

Then there are SppK q-orbits O1,O2 Ă K such that

fi “
ÿ

uPOi

δpu, zi q pi “ 1, 2q.

Hence,

f1 ˚ f2 “
ÿ

uPO1

ÿ

vPO2

δpu, z1q¨pv , z2q

“
ÿ

uPO1

ÿ

vPO2

δpu`v , z1z2ru,vs1{2q.
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Sketch of proof

For pw , zq P H, we get

pf1 ˚ f2qpw , zq “
ˇ

ˇ

ˇ
tpu, vq P O1 ˆO2 : u ` v “ w and z1z2ru, v s

1{2 “ zu
ˇ

ˇ

ˇ
.

Let σ P AutpK q be given by σpa, αq “ p´a, αq. It satisfies

rσpuq, σpvqs “ rv , us pu, v P K q.

By the lemma, there is some σ1 P SppK q with σ1pwq “ σpwq.

Since σ restricts to bijections on O1 and O2,

pf1 ˚ f2qpw , zq “ pf1 ˚ f2qpσ
1pwq, zq

“

ˇ

ˇ

ˇ
tpu, vq P O1 ˆO2 : σpuq ` σpvq “ σpwq and z1z2rσpuq, σpvqs

1{2 “ zu
ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ
tpu, vq P O1 ˆO2 : u ` v “ w and z1z2rv , us

1{2 “ zu
ˇ

ˇ

ˇ

“ pf2 ˚ f1qpw , zq.
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ETFs with Heisenberg symmetry

Let π : H Ñ UpL2pAqq be the Schrödinger representation. Define a
representation ρ of H on HSpL2pAqq through operator multiplication

rρpu, zqspT q “ πpu, zq ¨ T
`

T P HSpL2pAqq; pu, zq P H
˘

Theorem (I., Jasper, Mixon)

Let P be orthogonal projection of L2pAq onto the space of even functions.
After projective reduction, the orbit of P under ρ forms an ETF for its
span.

Moreover, the Gram matrix of the full orbit lies in the adjacency algebra
for XpH ¸ SppK q,SppK qq.

Note: We get redundancy « 2, not a SIC-POVM.
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Thanks for your attention!

Paper: “Optimal line packings from finite group actions”
J.W.I., J. Jasper, D.G. Mixon
arXiv:1709.03558

GAP code: github.com/jwiverson/action-packings

 arXiv:1709.03558 
 github.com/jwiverson/action-packings 


Questions?

Source: www.sideshowtoy.com

www.sideshowtoy.com
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