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@ RDECOM™  (Qyerview ARL(

How do we combine variational inference and deep generative
modeling into a common algorithm?

Auto-Encoding Variational Bayes

Diederik P. Kingma Max Welling
Learning G Machine Learning Group
Universiteit van Amsterdam
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] @ RDECOM' | atent variable model ~ ARL (%))
N

6 Directed probabilistic model
X|Z ~ fx)z(x|z; 0)
Prior
Z ~ fz(z)
Posterior density
X € R" is an observed fx z(x|z:0)fz(2)
. Jgm fx1z(x]2;0)fz (2" )dz’
random variable Rfmz(x\z:ﬁ) f(2)
Z € R™ is a latent random 23N fz(x|zii0)

variable
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] @ RDEGOM"  \/ariational inference ARL (%))
&f_'//'/

What if we can accept an approximation of the true posterior?

0

-----_-'

q" = argminR(¢,0)
qeF ()

R(6.0) = EoL(,0) }
L(¢,0) = Die (a(zlx: 9)llfzx(2]x: 6))
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] @ BRDEGOM'  \/ariational inference ARL (%))
Bt/

q" = argmin R (¢, 0)
qeF ()

= argminE, ., D (9(z]x; 9)|fzx(2]x: 0))
qeF ()
: q(z|x; ¢)
=argminE,; E, qlog ————F—
GEF () ey fz1x(z]x; 0)

: q(zlx; ¢)fx(x)
=argminE,f E. g l0g
were) TR L 2 (xlZ 0)f (2)

: q(z|x; ¢)
=argminE, 5 E, g log
aere) TS 2 (x|Z: 0) 2 (2)

: q(z|x; ¢)
=argminE, £ E, g l0g
q€F(9) xTeba TS 2 (X2 0) 2 (2)

+ ]EXNfX Iog fx(X)
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%} @ RDECOM™  \/ariational inference ARL((2%)
N

Variational inference objective function:

: : q(z|x; ¢)
g =argminE, rE, . ,log
GEF(4) 0TS 2 (x[2:0)fz(2)

Log Evidence Lower Bound

Relationship to autoencoders:

9" = arg¢min Exnt | ~Ezjxnq log fx|z(x|2;0) + Dri(a(z]x; 0)|12(2))

Vv
encoding-decoding loss regularization
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] @ ROECOM  Gradient estimation ARL (2]
3 y,

We want to use stochastic optimization techniques which require
only gradient evaluations:

q(z|x; @)
V EXNfEZXN |Og
‘ e fx|z(x|z; 0)fz(2)
q(z|x; @)
EXN IEz X~ Vg lo

# fxz|x~q V ¢ 108 fX|Z(X|Z; H)fZ(Z)
= EXNfXEZ|XNqV¢) |Og q(z X; ¢)

1 LM
. NM;;V(}S log q(zj|xi: @), xi ~ fx, zj|x ~ q

i=1 j=
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@ goEcom’  Direct computation ARL (22

We can use the score method to form the gradient as an
expectation:

VsEeg(x, $)
=V [ elx.0)f(x o)x

= [ Vlstx )i )] o
- / (Vag(x 8)) F(; 8) + £(x, §)VoF (x; 8)dx

— [ (Vo) f(x:6) + 8(x.6) (Vo log £(x ) i 6) e
=E4[Vyg(x, )+ g(x, 0) Vg log f(x; ¢)]
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@ roEcom  Direct computation
(UsamY)"

This results in a "high-variance” gradient estimator:

a(zlx; 0)
%8 (K12 0)2(2)

_ lo) (Z|X; ¢) 0O, Z\|X,
= BetBalig [(1 o8 (e 9)fz(z)> VR .¢)]

v<z>IE><fvi"]Ez|x~q

Q

1 q(z|xi; ¢)
— 1+lo Vs log q(zj|xi; )
i 2 2 ezl 0)fz(z) | ¢ B IEP0)

correction term

xi ~ fx,zj|x ~ q
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Alternatively, we could use a change of variable to remove the
dependence of £, 4 on ¢:

q(z|x; ¢)
log fiz(x|7:0)f2(2)

: a(z)c; )
= VaBions (o1 7 A o) ()
: a(z)x; )
=B Vs (I8 2L 08 )

ek ,
Mzzv (Iog o g) (W),

i=1 j=1

vd)]Exwsz|x~q

Xj ~ fx, WJ|X ~ fW
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* @RDEGOM Re-parameterization ARL (%)

us ARMY

Theorem: Change of variable

Let U,V C R" be open sets and g : U — V be an invertible map
for which g, g1 € C!. Then, for an absolutely integrable function,
f:V—=R,

/ f(x)dx = / fog(y)dye(y')dy
1% U

provided that the Jacobian does not vanish on more than a set of
measure zero.
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@ RDEcom  Re-parameterization ARL (%)

Corollary: Change of variable (expectation)

Let W € R” be a random variable and g : R” — R" be an
invertible map for which g,g= € C!. Let Z = g(W). Then, for
any absolutely integrable function, h: R" — R,

Ewety(ho g)(W) =E.r,h(Z)

where fz(Z') = (fw 0 g 1)(2')J.g~1(Z’), provided that the
Jacobian does not vanish on more than a set of measure zero.
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@ RDEcom’  Re-parameterization ARL(
(TS mw) g

Consider a random variable, W € R™, and an invertible map,
85 : R™ — R™. Then, we want a model distribution:

qa(Z'|x; ¢) = (fw o &, ')(') )8, (2).
where

W ~ fw(W)
Z = gy(W)
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@ ROEcom  Re-parameterization
[Imp

Location-scale family

W ~ N(w;0,1)
1 ZNN(Z;:UaZ)
Z=p+3xX2W

Inverse cumulative distribution function

W ~ (0,1)

Z ~ exp(A
Zz—%log(l— W) P(Y)

Transformations

W ~ N (z; p, o?)

L2
Z = exp(W) }Z N(log z; pi, o%)
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@ ROEcom  Re-parameterization
[Imp

Given q(Z'|x; ¢) = (fw o g, " )(2') -8, (2):

q(z|x; )
StBeea O L Tz 0 (2)
(Fw 0 87)(2) o5 2 (2)
fx|z(x|z: 0)fz(2)

> (W) (85 0 8)(W)
= B rBwnr OB lga(w): 6)(7z o 2) (W)

fw(W/)
x|gyp(w'); 0)(fz o gg) (W) Jwgs(wW')

— EXNsz\XNq log

= EyxrE,/rlog fX\Z(
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N @ RDEcom’  Re-parameterization ARL (%)
= N

Now, we can move the gradient inside of both expectations for
gradient estimation:

~f log fv (W)
fx|z(x|gp(W'); 0)(fz o go) (W) Jwgy(w')
fw(w')
x|gs(w'); 0)(fz o gy) (W) Jwgsp(w')
= —Exr Bwinr Vg log [fxz(x1gs(w'); 0)(fz 0 g85)(W') Jwgs(w')]

N M
= 30D Vg iz (ln(w): O)(F7 © 86) () o)
i=1 j=1

NN oW

= EXNfXEW/NfV¢ Iog leZ(

xi ~ fx, w; ~ fyy
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] @ BDECOM  Non-linear models ARL (%)
%

N

We incorporate conditional dependence and deep non-linear
functions into the statistical model, q(z|x; ¢) = q(z; ¢(x; ¥)),
through the parameters

¢(X;p) = o(by + Ara(-- - o(by + A1 X)))
Tﬂ: {b,,A,‘I: 1,...,[’}

where o : R — R is a non-linear function applied element-wise.

We can do the same for fx|z(x

z;0) = fX|Z(X; 0x(2)):

Q(Z,)\) _ O'(Cr S Dro'(‘ . 'O'(Cl aF DIZ)))
A=A{c,Djli=1,...,r}
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@ RDECOM"  Non-linear models

Example: supervised learning

Given iid observations {(X1, Z1),...,(Xn,Zn)} and an
approximate distribution,

Z]_|X1 NN(Z;H(X;ALAZa b17b2)7 I)
w(X1) = b2 + Axo (b1 + A1 X1)

the maximum likelihood estimate is

N
1 )
A17A2)b17b2: argmin  —— Zi_ X;A17A27b1ab2
Emin oN ; 1Zi = 1( |
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@ RbEcom  Example

Variational inference objective

oF,0F = arg(br;win —Esntwefiy [Iog fx|z(x; 0)

+ log(fz o gd))(W) + log Jwg¢>(W)]

For an observed random variable and an approximate inference
X € R", consider a latent model, g,
variable model
Z|X ~ N(z|v,X)
X|Z ~ N(x; p, ) s Follo]
Z ~N(z;0,1)
with Z € R™,
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@ RbEcom  Example

Variational inference objective

oF,0* = arg(pr;win —Exn i, wefiy [Iog fx|z(x; 0)

+log(fz o g4)(w) + log Jwgy(w)]

For an observed random variable and an approximate inference
X € R", consider a latent model, (fw o g 1)(2)J.g71(2),
variable model
W ~ N(w;0,/)
X|Z ~ N(x; p,v1) g(W) = v+ 55w
Z ~N(z;0,1) m
1
JpgW) =122 = [T o
with Z € R™, (W) = 22| .Uaf
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* @RDEGOM Example

lIS ARMY

Variational inference objective

v, 0% ut = argmin —Ey g wer, [log fxjz(x; 1)
V0,1

-+ IOg(fZ o gV,O')(W) + |Og JWgV,U(W)]

For an observed random variable and an approximate inference
X € R", consider a latent model, (fw o g 1)(2)J.g71(2),
variable model
W ~ N(w;0,1)
X|Z ~ N (x; p, 1) g(W) = v+ 55w
Z ~N(z;0,1) m
1
Jug(W) = 22| =[] o
with Z € R™, (W) =[z?| 1;[0’
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@ roEcom  Example ARL
() X

Bt wnfy [108 fxz(x; 1) + log(fz © gu,0) (W) + log Jugu,o(w)]

m
1
= —Exntwefy |l0g fxz(x; 1) +log fz(v + Z2w) + IogH of
j=1

1 1 1 .
~ B [ty [l w4 3l + Thwl] = 3 togos |+
j=1

1 1 1 =
= Exsy ngwaHX_NHz"'EHVH2+§HUH2_Zlc’goj +C

j=1
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roEcom  Example ARL (%)

Variational inference objective

1

* % % - 2

v ot pt =argmin —Exof o wefy | 2 Ewesy [|X — ]
V,0, 1 2'7

1 1 m
+§IIVH2 + §||0H2 - Z log o
j=1
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. @ rbEcom  Example

lIS ARMY

Now, we can include non-linear statistical models, p = py(z),
v = vy(x), and 0 = oy(x).

Variational inference objective
2

1
P, N =argminEy g, | =—Ew~f, ||x — pa ( (x)+ X2 (X)W>
DA 2y

1
+§HV¢(X)

1 m
1>+ EII%(X)H2 — ) "logoy,j(x)
j=1
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@ roEcom  Example ARL
() X

Finally, we can estimate gradients by finite sampling:

1 2
Vo aExn i Z}Ewwfw

x = (00 + EfCow )

1 1 =
+§HV¢;(X)H2 + 5\\%(X)!!2 — Z log oy j(x)
j=1

1 N M 2
~ g 2 D Ve

=1l (=i

Xi — <V¢(Xi) + Zi(xi)WJ)

1
2y

1 1 il
+ S G2 + S llow ()2 = D log ()
j=1

UNCLASSIFIED; APPROVED FOR PUBLIC - -
RELEASE:; DISRIBUTION UNLIMITED The Nation’s Premier Laboratory for Land Forces



UNCLASSIFIED; APPROVED FOR PUBLIC RELEASE; DISRIBUTION UNLIMITED

@ RbEcom  Example

MNIST data set

60, 000 training
examples of
handwritten digits

X e R28X28, = RIO

Stochastic gradient

descent (Adam)

(ax = 225)

NVIDIA Quadro
M3000M (4GB)

TensorFlow t-distributed stochastic neighbor
embedding generated in TensorFlow
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@ roEcom’  Significance ARL
(UsAmHY)’ g

How do | evaluate fx(x)? (likelihood)
7 (Ezxng [Z1X = X])

How do | generate realizations of X7 (sampling)
fx|z(x|z;0), z ~ fz(2)

How do | generate realizations of X like x;? (characterizing)
fx1z(X|Z = Egxng [Z|X = x| + 6;0)
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] @ RDECOM’  Aytoencoder formulation ARL (%))
Nt/

arg min Ex g Dic (a(2l: ) (21 6)) + Do (<) )

— arg min B | D (a(zlx: 6) [ p(x]2: 0)p(2))

¢,0
fx (x)
p(x;0)
= arg min E..s, [Dki(q(z|x; ¢)l|p(x|z; 0)p(2)) + log fx(x)]

= argmin B, D (a(z]x; ¢)l| p(x|2; 0)p(2))

¢70

+log p(x; 0) + log
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