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Spectral Analysis

Let M be an n X m matrix with elements on R. Then the Singular Value
Decomposition of M is,
M=UzvVT.

Let G = M7 M be an m x m symmetric matrix with elements on R.
Then the Eigen-decomposition of G is,

G=VAVT.
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Spectral Analysis

Definition (Condition Number)

We define the condition number of an n X n matrix G to be,

> |If the smallest eigenvalue value is 0, we take the condition number
to be co.

» We shall extend this definition of condition number to apply to
non-square matrices using the singular values.

» The condition number of a n X m matrix M, is defined to be the
square-root ratio of the largest and min(n, m)th eigenvalues of
MTM.
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Frame Definition

A finite frame for R" is a set
® = {pr}, C R" such that
there exist positive constants
0 < A < B < oo for which

All£13 <D 1) < BIIFI
k=1

for all f € R™.
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Synthesis\ Analysis

Synthesis Operator

Given a frame ® C R™, we denote, again by ®, the n X m matrix whose
K" column is the vector . For a given set of coefficients {cj }7%,, we
can construct/reconstruct a signal f,

m
=Y crpr
k=1

Analysis Operator

The adjoint of the frame ®7 denotes the analysis operator, that allows
for the decomposition of signals into frame coefficients,

C = {extiir = {{on, [)}it
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Preliminaries

Dual Frames, Tight Frames, and the Frame Operator

Dual Frames
Given a frame ®, we define the dual of ® to be a frame V¥ such that

ouT =],

Frame Operator
Given a frame ®, we define the frame operator to be

S =pT.

Tight Frames
A frame @ is called tight if the frame operator is A times the identity,

T
S=0d" = Al
Norbert Wiener Center
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Scalable Frames Definitions

Scalable frames were introduced in [KOPT13, KOP] as a way to create
tight frames without changing the structure of the frame itself. More
precisely:

Definition
Let m > n be given. A frame ® = {¢;}}"; C R™ is scalable if there

exist a subset ® ; = {¢k }res with J C {1,2,...,m}, and positive scalars
{1 }res such that the system ®; = {xrpk tres is a tight frame for R™.
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Characterization

» We can write the analysis operator of the scaled frame as a product
of the original frame and a diagonal matrix X,

XoT.
» The frame operator then becomes

S=0XTxoT = oX20T = AJ

» We can then rescale the coefficient matrix X so that A = 1.
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Preliminaries

Characterization (cont.)

» One can covert the equation ®X2®T = AT into a linear system of
equations in m unknowns: :1:%

» we need the following function: F': R™ — R? (called the Reduced
Frame Transform)given by,

F(p) = [Fo(9), F1(#), -, Faca1(9)]",

PkPk+1
Pk P42
Frl(p) = .
PEPn
and Fy(p) € R"1, Fi(p) € R”kk;—12... n —1, where

d— (n— )2(n+2)
> Let F(®) be the d x m matrix given by

Norbert Wlener Center
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Preliminaries

Previous Result

Proposition

[KOP, Proposition 3.7] Given a frame ® C R™. ® is scalable if and only
if there exists a non-negative u € ker F'(®)\{0}. Moreover, the scaling
matrix X is a diagonal operator where the elements are the square-roots

of the solution w.
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Preliminaries

Convex Geometry

> First consider the sets S; and Sy given by
S ={ueR"|F(@)u=0,u>0,u#0},

and
Sy ={veR™|F(®)v=0,v>0, vl =1}

» S is a subset of the null space of F(®), and each u € & is
associated a scaling matrix X, defined as

Xy = (Xij)u = {‘/UT ifi=j

0 otherwise.
> Sy C S; N By1, where By is the unit ball under the ¢ norm.
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Preliminaries

Generating Frame Scalings through Optimization

Theorem
Let @ = {pi}}; CR™ be a frame, and let g : R™ — R be a convex
objective function. Then the program

minimize: g(u)
subject to: F(®)u =0
Juflh =1
u>0

has a solution if and only if the frame ® is scalable.

vvvvvvv

Frames and Graph Structure



Proof Sketch

Proof.
Any feasible solution u* is contained in the set Sy, which itself is
contained in &1, and thus corresponds to a scaling matrix X,,.

Conversely, any u € S1 can be mapped to a v € Sy by appropriate scaling
factor. This provides an initial feasible solution, and so there must exist a
minimizer on Ss. ]

Norbert Wiener Center
for Harmonic Analysis ans Applications

Frames and Graph Structure



Prel

Gaussian Frames

Norbert Wiener Center

for Harmonic Analysis an Applications

Frames and Graph Structure



Preliminaries

Sparse Results

Figure: Results on two random Gaussian frames before and after scaling.
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Barrier Results

Figure: Results on two random Gaussian frames before and after scaling.
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Frame Spectrum

Spectral Analysis of Frames

» We can relate the scaling weights to the spectrum of the frame

» We can also view the scaling weights as analogs of the spectrum

Theorem (Spectral Frame Decomposition)

Let ® be a frame in R™ with m elements, and assume ® is scalable with
diagonal scaling matrix X . Furthermore, let V be an m x m matrix of the
right singular vectors of ®, such that the singular value decomposition is,

®=UsV".
Then there exists an m X n sub-block of V' (denoted V) such that

VIX2y = AL
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Proof Sketch

oX2¢" =1
Using a singular value decomposition of ®, we have
usvrx2vetuT = 1.

We can simplify this system by performing left and right matrix
multiplications of U7 and U respectively.

»vITxivy? =1.
»IyevTx2yely =371y,

o o]l o< fo o]

0 0 0 0 0 0
AVTX2VA = A,
VIX2V =A"'AAY,
— — Norbert Wiener Center
VTX2 V _ A— 1 ) for Harmonic Analysis s Applications
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Spectral Analysis of Frames

Corollary (Spectral Frame Decomposition)

Let ® be a frame in R™ with m elements, and assume ® is scalable with
diagonal scaling matrix X . Furthermore, let V' be an m x m matrix of the
right singular vectors of ®, such that the singular value decomposition is

o=UxvT.

Then the inverse of each eigenvalue of the frame operator S = ®®T can
be written as the sum of squares of the right singular vectors (v;); = v
and the scaling weights Xy = xy,

1 m
A—z(w@w,x@x Zvlkku fori=1,...,n.
k=1

%

Norbert Wlener Center
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Perturbed Spectral Analysis of Frames

» It will often occur that a frame will not be exactly scalable
» We can bound approximately scalable frames
» We present worst-case bounds for non-exact scalings
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Perturbed Spectral Analysis of Frames

Theorem (Perturbed Spectral Decomposition)

Let ® be a frame in R™ with m elements. Also, let V denote anm x n
sub-block of V.. Given a non-trivial, non-negative diagonal matrix Y, we
shall write the general scalability equality as

oY?29T =+ E,
with an error matrix, E, bounded by
E <6117,
for some § > 0. Then the following inequality holds,

1+5n

777, <

’ﬂ

Norbert Wlener Center
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Proof Sketch

Y207 =1+ F,
wosvhHiy2wusvhHT =1+ E,
VIY2Y = A 'AA Y + A Y2UTEUAY/2,
VIY2y = A1+ A-Y2uTEUA-Y2,
IVIY2V |y = |A~" + A= YV2UTEUA Y25,
1 on

7727 < -+ 5=

Norbert Wlener Center

vvvvvvv

Frames and Graph Structure



Approximate Spectral Analysis of Frames

Corollary (Approximate Spectral Decomposition)

Let ® be a frame in R™ with m elements. Also, let V denote an m x n
sub-block of V. Given a non-trivial, non-negative diagonal matrix Y, we
shall write the general scalability equality as

oY20T =+ F,
with an error matrix, E, bounded by
E <6117,

for some § > 0. If ® is scalable with scaling matrix X, and the difference
between X and Y is denoted D? := X2 — Y2, then the following
inequality holds,
[provv], <2
2 Norbert Wisher Center
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Frames and Graph Structure



Frame Spectrum

Scalability Projections
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Scalability Projections
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Graph Background

» Denote a graph by G := (V, &), where V := {v1,19,...,v,} is a set
of vertices on the graph.

» £:={e1,ea,...,en} is the ordered set of edge pairs that denotes a
connection between two nodes.

> A weight 0 < w;; <1 denotes the similarity between two nodes
(vi,v5), and w;; = 0 if the nodes are not connected.

» The matrix of these weights is referred to as the adjacency matrix

wW.
» We denote the degree of a node, v;, as d; := Z?Zl Wij.

» The degree matrix D is then a diagonal matrix with entries D;; = d;
fori=1,...,n.
Norbert Wiener Center
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Graph Background

» We now define the Lapalcian matrix on the graph as
Lg:=L=D-W. (1)
» The incidence matrix, B = [b1, ba, ..., by,], is defined as an n x m

matrix where every column in B represents an edge (v;,v;) in €.

» For a column in the incidence matrix, by, we have
Wi; vy €e€,i<g
be(i) =< —wi; :(v,v)e€,i>j . (2)
0 : else

v

The Laplacian can now be defined as L := BB”.

Norbert Wiener Center
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Graph Conditioning

Definition (Graph Condition Number)

A
n(Lg)::)\—lfor)\l2-~2)\T>)\T+1:-~:/\n:0. (3)

» This function is simply the condition number of L (ignoring the zero
eigenvalues).

» Where \; = 0 can lead to numerically unstable solutions for linear
systems, A; = 0 in this setting, disconnects the graph.

» Scaling leads to the well-conditioned graphs, as sets of complete
sub-graphs.

» This encourages the use of the incidence matrix B as the frame @,
which leads to the Laplacian L as the frame operator S.  Nomert Wiener Center
for Harmonic Analysis and Appl

lications
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Graph Conditioning

Definition

Let G(V, &, w) be a graph with incidence matrix B, and Laplacian matrix
L = BBT. Then B is scalable if there exists a non-negative, non-zero
diagonal matrix X, such that the graph condition number k(L) of the

scaled Laplacian L=BX2BT is equal to 1,

Proposition
Let G(V, &, w) be a complete graph with incidence matrix B, and
Laplacian matrix L = BB”. Then B is scalable with scaling weights

1
T = , such that,
VWij
Lg = BX?BT =nI — 117,
Norbert Wiener Center
~ for Harmonic Analysis ans Applications
and k(Lg) = 1.
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Proof Sketch

> The graph is complete, and if we scale all of the edges to have
weight 1, the degree of each node will be equal to n — 1, and the
resulting graph will be complete.

» As the complete graph has Laplacian eigenvalues \; = n for
i=1,...,n—1, the graph has condition number 1.

Norbert Wiener Center
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Graph Structure

Problem Formulation

> As every complete graph is trivially scalable, we move on to more
complicated graphs

» We can cast the problem of scaling a graph as finding a
non-negative solution to the following:

F(B)u =[0,-1]7, minimize: g(u)
17u > 1, subject to: Fy(B)u =0,
u>0, 1w > 1,
u > 0.

Norbert Wiener Center
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Graph Structure

Graph Examples |

Two-Complete Graphs Spectrum
original gl g2 g3
Omax 3.4396 | 3.4396 | 3.3977 | 3.1623
Omin 0.4112 | 0.4112 | 0.4089 | 3.1623
k(Lg) || 8.3648 | 8.3648 | 8.3094 | 1.0000
T - 0.0101 | 0.0112 | 0.0090

Norbert Wiener Center
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Graph Structure

Graph Examples Il

Outlier Complete Graph Spectrum
original gl g2 g3
Omax || 3.1623 | 3.0000 | 3.1623 | 3.0927
Omin 1.0000 | 3.0000 | 1.0000 | 0.9909
k(Lg) || 10.000 | 1.0000 | 10.000 | 9.7412
Tk - 0.2000 | 0.0286 | 0.0000
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Low-Rank Embeddings and Pre-Image Problems

» Principal Component Analysis (PCA) is a standard tool for data
analysis and low-rank approximations [Jol02, LVO07].

> Viewing the eigenvalues as variance indicators is a clear and concise
explanation of the projection, and when data's true manifold is
linear/affine, PCA is optimal in its representation.

» For notation, and for connections with later notions, we shall denote
PCA as an eigen-value/vector problem of a data matrix M,

MTMV = VA,
where the eigen-decomposition of the gram matrix M7 M is,
MTM =VAVT,

Norbert Wiener Center
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Low-Rank Embeddings and Pre-Image Problems

» The assumption of linearity on the manifold is generally violated for
complex datasets.

» Nonlinear dimension reduction techniques were designed to alleviate
this drawback.

> The canonical example being Kernel PCA [SSM97, LVO07].

> Instead of analyzing the data directly, kernel methods analyze the
relationship between data points.
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Low-Rank Embeddings and Pre-Image Problems

> In [HLMS04, BDLR+04], various non-linear dimension reduction
methods (Isomap [TDSLO00], Laplacian Eigenmaps [BNO3], Locally
Linear Embeddings [SRO0], etc.) are shown to fall under the Kernel
PCA model.

» The Kernel PCA problem for a dataset M, with respect to a kernel
K (M) = K, shall be denoted,

KyV =VA.

» The embedding © of this dataset, shall be denoted,
0=AzVT,

Norbert Wiener Center
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Robust Principal Component Analysis [RPCA|

» We have at our disposal, sparsity methods, and spectral methods.

» Both are useful signal processing techniques when dealing with large
datasets.

» Robust Principal Component Analysis was devised as a technique to
take advantage of sparsity and low intrinsic dimensionality of
datasets.

Norbert Wiener Center
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Nonlinear Structure

Robust Principal Component Analysis [RPCA|

» Standard practice, when dealing with search over such a large space,
is to formulate an optimization problem

> Given a data matrix ®, we want a sparsity E and low-rank ®

decomposition.

minimize: rank(®) + || E|lo
subject to: &+ E = d

Norbert Wiener Center
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Nonlinear Structure

¢1 Norm Approximation

> Let's first consider minimizing || E||o.

» This problem is NP-hard, so the standard approach is to find a
convex relaxation that approximately solves the problem.

» The well known convex relaxation is the £1 norm.

Norbert Wiener Center
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Nuclear Norm Approximation

» Now consider minimizing rank(®).

» We first notice that minimizing the rank of a matrix is also NP-hard.

» We need a convex relaxation of the rank function.
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Nuclear Norm Approximation

» Using an analogous approximation from the ¢y-¢; derivation, the
Nuclear Norm becomes the convex relaxation

||<I>||>.< i=01+02+03+ -+ 0,

Norbert Wiener Center
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The Complete Formulation

Original Problem

minimize: rank(®) + || E|lo
subject to: &+ F = ®

1111111
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The Complete Formulation

Original Problem

minimize: rank(®) + || E||o
subject to: ®+ F = ®

Convex Relaxation

minimize: || @]« + || E|1
subject to: & + F = ®

1111111

Frames and Graph Structure



Nonlinear Structure

Robust Manifold Learning

» The natural extension of PCA is to compare similarities between

nonlinear transformations of the dataset in the form of kernels
(KPCA).

> In this same vein, we may wish to add a notion of robustness to
KPCA by employing an error regularizing term.

» This motivates the introduction of the Robust Manifold Learning
(RML) problem,

minimize: rank(K(®)) + 7| E|lo
subject to: ® + F = CT),

Norbert Wiener Center
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Robust Manifold Learning

minimize: rank(K(®)) + || E|lo
subject to: @+ F = CT),

> As with many formulations, we shall study the convex relaxation of
this problem,

minimize: || K(®)|« + || E|x
subject to: &+ E = ®.

» Much of the intuition behind this approach can be gleamed from an
understanding of robust PCA and its variations.
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Inverse Mapping

» This brings us to the major issue with nonlinear methods; there is in
general no well-defined inverse for an embedding obtained from
KPCA.

» The kernel matrix K is computed, and an embedding is formed and
thresholded for the kernel.

» Once the threshold has been applied, an inverse operation is
performed as follows,

a
or= > ;. (5)
. 10 — 0:]|5
ZEQ(@k)

Norbert Wiener Center
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RML Algorithm

Before presenting the algorithm, we define following operators.

Definition (Spatial Shrinkage Operator)

We denote by S, the Spatial Shrinkage Operator, which performs a soft
thresholding on a given n X m matrix by subtracting positive constant, -,
from each element and thresholding all negative values to 0:

S, [A] = max{A — 4117, 0},
where we use the entry-wise max function.

Definition (Spectral Shrinkage Operator)

We denote by :S\# the Spectral Shrinkage Operator, which performs a soft
thresholding on a given n X m matrix by subtracting positive constant, ,
from each singular value and thresholding all negative values to 0:

S,[A] = U - max{% — ul, 0} - V7,

where A =UXVT.



RML Algorithm

Definition (Embedding Operator)
Define £ as the embedding operator such that,

O = E[K(®)],
where K (®) is the kernel matrix on the dataset ®.

Definition (Inverse Operator)
Define £~! as the embedding operator such that,

¢ = 5—1[@]’

where © is an embedding formed from a kernel matrix. The inverse is
performed using the interpolation formula presented previously.
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_ Piminaries _____ Frame Spectrum ______ Graph Strucure ______ Nonliaar Stucture ____Referonces ________
RML Algorithm

while not converged do:
1. K+ K(®—E)

2. K « S,[K]
3. 0 « E[K]
4. @+ E71[0]

5 E ¢+ 8, — 9
end while
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Circle Embeddings

> We start with a clear example of when standard RPCA fails by
adding sparse noise to an embedding of a circle.

» We sample sine and cosine functions m = 1000 times using n = 4
frequencies for each, resulting in a dataset ® of size 2n-by-m.

> Sparse noise F is then added to the dataset by randomly selecting
80 indices and biasing the location.

ert Wiener Center
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Nonlinear Structure

Circle Embeddings
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Nonlinear Structure

Circle Embeddings

D
D
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Nonlinear Structure

Circle Embeddings

—

Figure: This figure shows the embeddings obtained after the various techniques
are employed. From left to right, we present the final results after our robust
manifold learning technique, kernel PCA, standard PCA, and standard robust
PCA.
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Nonlinear Structure

Inpainting Background

» Image inpainting interpolates
across corrupted of missing
data in an image

» Sapiro and Bertalmio 2000

> lgehy and Pereira 1997 ‘
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Nonlinear Structure

Inpainting
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Nonlinear Structure

Inpainting
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Extra Slides: Error Analysis

Gf—Gf=0
(G+E)f-Gf=0
G(f-f)=-Ef
f-f=-G'Ef

If = flla = |G Ef]l2

If = Fllz < IG7 2N B2l Fll2

I = fllz 16 2l Ell2] G2
Iflle 1G12

IEll>
G2

Hfﬁ fH2 < G71 G
N < (G 11211Gll2)
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Extra Slides: Error Analysis (cont.)

> The relative error in the approximate solution is bounded by the
error matrix E, but also properties of the matrix G.

» The matrix norms of G and G~ are the largest and reciprocal
smallest eigenvalues respectively,

1

IGl2 =X G 2= I

Norbert Wiener Center
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Extra Slides: Spectral Frame Decomposition

eX20T = 1.
Using a singular value decomposition of ®, we have
wsvhHx2usvhHr =1,
usvix?vetuT = 1.
We can simplify this system by performing left and right matrix
multiplications of U7 and U respectively.
vtusvtx2vsTuTu =uT1U,
svIxvsT =1
We shall now perform left and right matrix multiplications by X7 and ¥
respectively. In this case, we obtain block matrices where the upper-left

n X n block is a diagonal matrix of non-zero eigenvalues A and allnothekner center
. for Harmonic Analysis and Applications
blocks are zero matrices.
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Extra Slides: Spectral Frame Decomposition (cont.)

»IevTx2y ety =371y,
[A 0] [A O
0 0 0 0]

[AO

T y2
0 O]VXV

We write V in block form as well,
Aol[vi BIT[X, 01*vi W][A o] [A O
0 of|Vs Va] |0 Xof |V Wi |0 0] |0 o]

Given this structure, we shall further simplify the system by removing the
zero matrices and obtain the result,

AVTX2VA =A,
VTX2y = A~1AATY,
T 2717 —1
VTX2V =A"L. Norbert Wierior Coriter
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Extra Slides: Perturbed Spectral Decomposition

Y29 =1+ F,
UsvhHY2(UsvhHT =1+ E,
UsvIy?2vsTuT =1+ E,
vtosvty?veTuTu =uT1u + UTEU,
xvty?vsTr =vuTu + UTEU,
»viy2ve? =14+ UTEU,
»IyvIy2vely =272+ 2TuTEUy,
AVTY2VA = A + AV2UTEUAV?,
VIY2V =A'AA T+ A" Y2UTEUA Y2,
VIY2y =A~' 4+ AV2UTEUA Y2,
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Extra Slides: Perturbed Spectral Decomposition (cont.)

Taking the norm of both sides of the equation, and applying the bound,
we have on the error matrix E,

[VIY2V |y = |A~" + A= YV2UTEUAY? |5,
IVTY2V o < [A7Y|o + |[A™Y2UT EUATY2|5,
IVTY2V||o < A7 |2 + [A=Y20T (5117 UATY2 |y,

~ ~ 1 )
IVTY2V)z < = + 0T (17U,

o

7,

o~ 1
V7YV < 5 +

~ ~ 1 on
Ty 2 et om
IVEY?V |2 < . + N
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