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Finite frame theory Motivations and definition

Tight frames
Frame potential

A standard problem

Let ® = {p;}, C RN be a complete set. Recover x from 7 :
§=0"z+1,

where 1) is an error (noise).

Need to design “good” measurement matrix ®, e.g., ® should
lead to reconstruction methods that are robust to erasures and
noise.
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Finite frame theory Motivations and definition

Tight frames
Frame potential

Minimal requirements on the measurement matrix

® = {p;}M, Cc KV is complete < JA>0:
M
Allzl> <> e, o) forall z € KN
i=1
Clearly, there exists B > 0, e.g., B = Zf\il lil|* such that

M
> e, o)* < Bllz|®  forallz e KV

=1
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Finite frame theory

Motivations and definition
Tight frames
Frame potential

Definition of finite frames

Let K=Ror K=C. {¢;}, Cc KV is called a finite frame
forKN if 30 < A< B :

Allz)|? < Z| z, 0% < B|z||?, forallzeKY. (1)

If A= B, then {p;}}, C K" is called a finite tight frame for
KV,
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Finite frame theory Motivations and definition

Tight frames
Frame potential

Frame operator & Reconstruction formulas

o For  ={pp}rl, CKN let ® = [p1 @2 ... ¢u].
o O isaframe < S = ®d* is positive definite.

M M

= S(Silx) = Z<Zl}, 571901)()02 = Z<x7 901>Sil(pl

i=1 i=1

o &= {@ M, = {S '}, is the canonical dual frame.

0 Aoyt = Mnin(S) and Bope = Mnaz(S). The condition
number of the frame is

K(D) = Amas () /Amin(S) > 1.
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Finite frame theory

Motivations and definition
Tight frames
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The canonical dual frame

Assume that ® = {p;}M, C K" is a frame, and that
{p: 3, C KV is the canonical dual frame. For each x € K,
M |<z\:§7 @i)|? minimizes S°M |ei|? for all {¢;}M, such that
r = Zi:1 Ci Qs
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Finite frame theory Motivations and definition

Tight frames
Frame potential

Why frames?

Let ® = {p;}, C RY be a unit norm frame. Recover x from

y=®"x+mn.

v

If no assumption is made about n we can just minimize
|®*x — g||2. This leads to

L= ((I)T)*?Q = Z((ﬂ ©i) + 1) Pi-

=1
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Finite frame theory

Motivations and definition
Tight frames
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Finite unit norm tight frames

Definition
A tight frame {p;}22, C KV with ||| = 1 for each k is

called a finite unit norm tight frame (FUNTF) for K¥. In this
case, the frame bound is A = M/N.

Remark

Tight frames and FUNTFs can be considered optimally
conditioned frames since the condition number of their frame
operator is unity.
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Finite frame theory Motivations and definition

Tight frames
Frame potential

Reconstruction formulas for tight frames

o If @ is a tight frame then S = Al and
1 M
r= Zkz:1<x7 9016>90k'
o If ® = {p}M, C K" is a frame then {S~2p,}M is a
tight frame.
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Tight frames
Frame potential

Example of FUNTFs

Let w = e2™/M
1 1 1 1]
1 w o W
1|1 w? o w2(M-1)
VM
i w]\/.[fl C‘}2(1\-471) w(M.fl)z

Any (normalized) N rows from the M x M DFT matrix is a
tight frame for CV.

Every tight frame of M vectors in KV is obtained from an
orthogonal projection of an ONB in K onto K¥ .
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Examples of frames
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Finite frame theory Motivations and definition
Tight frames
Frame potential

Why tight frames?
Assume that i = (7;) is iid N'(0,0%). Then

M M
—2= Z Z((w’%’) + )P = — Zm@i-
=1 i=1 i=1
Consequently,
N
1 1 1 1
MSE = —E|z —z||?= =T -y = — —
S N |z — Z|| N race(S™) N ; y

where {\;}I¥, is the spectrum of S.

Theorem (Goyal, Kova&evi¢, and Kelner (2001))
The MSE is minimum if and only if the frame ® is tight.

K. Okoudjou Preconditioning of frames
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Tight frames
Frame potential

Frames in applications

@ Quantum computing: construction of POVMs

Spherical t-designs
Classification of hyper-spectral data

°
°

@ Quantization
@ Phase-less reconstruction
°

Compressed sensing.
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Finite frame theory Motivations and definition

Tight frames
Frame potential

Existence and characterization of FUNTFs

Theorem (Benedetto and Fickus, 2003)

For each ® = {p }M | C RY, such that ||py|| = 1 for each k,
we have

FP(¢):ZZ|<¢j’¢k>|22%maX(MvN)' (2)

Furthermore,

o If M < N, the minimum of FP is M and is achieved by
orthonormal systems for RN with M elements.

e I[f M > N, the minimum of FP is MTQ and is achieved by
FUNTFs.
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e If M < N the minimizers are exactly orthonormal systems
and the minimum is M.
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Finite frame theory

Motivations and definition
Tight frames
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M
FP({orhil)) =M+ > {or, 00)* = M.
k=1
e If M < N the minimizers are exactly orthonormal systems
and the minimum is M.
e Now assume M > N and let G = ®*®. Then,

=z

FP({oihily) =Tr(G*) =) A

k=1

N
and, trace(G) =) ,_ A\ = M. O




Finite frame theory Motivations and definition

Tight frames
Frame potential

Proof (continued)

Minimizing FP({¢1}2,) is equivalent to minimizing

N
\?  suchthat Z A =

k=1 k=1

NE

Solution: A\, = M/N for all k.
Hence S = %[N where Iy is the identity matrix. The
corresponding minimizers {¢y }22, are FUNTFs

_N

M
MZxcpk o, Vz e KV,
k=1
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Finite frame theory Motivations and definition

Tight frames
Frame potential

Construction of FUNTFs

@ Numerical schemes such as gradient descent can be used
to find minimizers of the frame potential and thus find
FUNTFs.

@ The spectral tetris method was proposed by Casazza,
Fickus, Mixon, Wang, and Zhou (2011) to construct all
FUNTFs. Further contributions by Krahmer, Kutyniok,
Lemvig, (2012); Lemvig, Miller, Okoudjou (2012).

e Other methods (algebraic geometry) have been proposed
by Cahill, Fickus, Mixon, Strawn.
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Finite frame theory

Motivations and definition
Tight frames
Frame potential

Optimally conditioned frames

Q@ FUNTFs can be considered “optimally conditioned”
frames. In particular the cond/t/on number of the frame
operator is 1.

© There are many preconditioning methods to improve the
condition number of a matrix, e.g., Matrix Scaling.

@ A matrix A is (row/column) scalable if there exit diagonal
matrices D1, Do with positive diagonal entries such that
Dy A, ADy, or D1ADy have constant row/column sum.
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Scalable Frames: Definition and basic properties
Characterization of scalable frames
Fritz John's ellipsoid theorem and scalable frames

Preconditioning of finite frames: Scalable frames

Main question

Can one transform a (non-tight) frame ® = {11, C RY
into a tight one?

v

©Q A solution: The canonical tight frame

{571/2901@}%:1-

@ What “transformations” are allowed?
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Scalable Frames: Definition and basic properties
Characterization of scalable frames
Fritz John's ellipsoid theorem and scalable frames

Preconditioning of finite frames: Scalable frames

Choosing a transformation

Given a (non-tight) frame ® = {;}4L, C RY can one find
nonnegative numbers {c; }7, C [0,00) such that
® = {cppr AL, becomes a tight frame?
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Scalable Frames: Definition and basic properties
Characterization of scalable frames
Fritz John's ellipsoid theorem and scalable frames

Preconditioning of finite frames: Scalable frames

Definition

Definition

A frame ® = {¢;}2L, in RY is scalable, if 3{c;}2L, C [0, 00)
such that {cppr}iL, is a tight frame for RY.

The set of scalable frames is denoted by SC(M, N).

In addition, if {c;}2, C (0,00), the frame is called strictly
scalable and the set of strictly scalable frames is denoted by
SC.(M,N).
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Preconditioning of finite frames: Scalable frames

A more general definition

Definition

Given, N <m < M, a frame ® = {¢;}+L, is said to be
m-scalable, respectively, strictly m—scalable, if

Hq)] = {g@k}kej with [ C {1, 2, 500 g M}, #I =m, such that
®; = {pr trer is scalable, respectively, strictly scalable.

We denote the set of m-scalable frames, respectively, strictly
m-scalable frames in F(M, N) by SC(M, N, m), respectively,
SC.(M,N,m).
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Scalable Frames: Definition and basic properties
Characterization of scalable frames
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Preconditioning of finite frames: Scalable frames

An observation

Let ® = {pp M, C RV \ {0} be a frame with ¢y, # £, for
k # (. ® is scalable if and only if ® = {+o/||¢kl| 1M, is
scalable.
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Preconditioning of finite frames: Scalable frames Scalable‘ Frgn’}es: Definition a‘nd basic properties
Characterization of scalable frames

Fritz John's ellipsoid theorem and scalable frames

Elementary properties

Proposition (G. Kutyniok, F. Philipp, K. O. (2014))
Let M > N, and m > 1 be integers.
(i) ® € SC(M,N) if and only if T(®) € SC(M, N) for one
(and hence for all) orthogonal transformation(s) T on RY.
(i) Let ® = {pu )X+ € F(N +1,N)\ {0} with o5, # +o;
fork #(. If® € SC.(N+1,N), then
® ¢ SCL(N+1,N+1).
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Scalable Frames: Definition and basic properties
Characterization of scalable frames
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Preconditioning of finite frames: Scalable frames

The scaling problem

® = {p}M isscalable <= I}, C[0,00) : PCPT =1,

where C' = diag(c;).
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Scalable Frames: Definition and basic properties
Characterization of scalable frames
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Preconditioning of finite frames: Scalable frames

A reformulation

® is (m-) scalable <= F{xy}rer C [0, 00) with
#1 =m > N such that ® = ®X satisfies

&’)&ST _ (I)XQCDT AI Zkejzk”@k” ] (3)

where X = diag(xy).
(3) is equivalent to solving

YT = Iy (4)

forY = %X?
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Scalable Frames: Definition and basic properties
Characterization of scalable frames
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Preconditioning of finite frames: Scalable frames

Scalable frame in R?

When is ® = {¢p}2L, C S* is a scalable frame in R??

Solution

Assume that ® = {pp}L, CR xRy o, |lokl =1, and
e Fppforl £ k. Let0=10; <0y <b3<...<0y<m,

then
_ [cos O 1
= (sin€k> S5
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Fritz John's ellipsoid theorem and scalable frames

Describing SC(3,2)
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Figure : Blue=original frame; Red=the frames obtained by scaling;
Green=associated canonical tight frame.
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Preconditioning of finite frames: Scalable frames

Describing SC(3,2)

Figure : Blue=original frame; Red=the frames obtained by scaling;
Green=associated canonical tight frame.
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Preconditioning of finite frames: Scalable frames

Describing SC(3,2)

Figure : Blue=original frame; Red=the frames obtained by scaling;
Green=associated canonical tight frame.
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Scalable Frames: Definition and basic properties
Characterization of scalable frames
Fritz John's ellipsoid theorem and scalable frames

Preconditioning of finite frames: Scalable frames

Describing SC(4, 2)

Figure : Blue=original frame; Red=the frames obtained by scaling;
Green=associated canonical tight frame.

K. Okoudjou Preconditioning of frames



Scalable Frames: Definition and basic properties
Characterization of scalable frames
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Preconditioning of finite frames: Scalable frames

Describing SC(4, 2)

Figure : Blue=original frame; Red=the frames obtained by scaling;
Green=associated canonical tight frame.
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Scalable Frames: Definition and basic properties
Characterization of scalable frames
Fritz John's ellipsoid theorem and scalable frames

Preconditioning of finite frames: Scalable frames

A more general reformulation

Let F:RY - R% d:= (N —1)(N + 2)/2, defined by

F(z) = (Fo(z) Fi(z) ... Fy_(z))"

2 2
ry — I T
1 3 kL k+2
Fo(x): i ,...,Fk(.CE): .
r? — 2% TRIN

and Fy(z) € RN, F(x) e RV % k=1,2,...,N — 1.
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Scalable Frames: Definition and basic properties
Characterization of scalable frames
Fritz John's ellipsoid theorem and scalable frames

Preconditioning of finite frames: Scalable frames

Remark

The map F is related to the diagram vector used by
Copenhaver, Kim, Logan, Mayfield, Narayan, Petro, and
Sheperd in their characterization of scalable frame
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The map F' when N =2

Preconditioning of finite frames: Scalable frames

When N = 2 the map F' reduces to

r(5)=("a"):

Note that in the examples given above we consider
G=Ca)
Y 2xy
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Scalable Frames: Definition and basic properties
Characterization of scalable frames
Fritz John's ellipsoid theorem and scalable frames

Preconditioning of finite frames: Scalable frames

When is a frame scalable: A generic solution

When is ® = {¢p}2L, C RY scalable?

Proposition (G. Kutyniok, F. Philipp, K. O. (2014))

A frame ® for R is m-scalable, respectively, strictly
m-scalable, if and only if there exists a nonnegative

u € ker F(®) \ {0} with ||ullo < m, respectively, ||u|lo = m,
and where F(®) is the d x M matrix whose k' column is

F(px).
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e - alable F : Definition and basi ti
Preconditioning of finite frames: Scalable frames Srezlidillz Jrames: Letinition and basic properties
Characterization of scalable frames

Fritz John's ellipsoid theorem and scalable frames

A key tool: The Farkas Lemma

Lemma

For every real N x M-matrix A exactly one of the following
cases occurs:

(i) The system of linear equations Ax = 0 has a nontrivial
nonnegative solution x € RM  j.e., all components of x
are nonnegative and at least one of them is strictly
positive.

(i) There exists y € RN such that y* A is a vector with all
entries strictly positive.
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Preconditioning of finite frames: Scalable frames

Farkas lemma with N =2, M =




Scalable Frames: Definition and basic properties
Characterization of scalable frames
Fritz John's ellipsoid theorem and scalable frames

Preconditioning of finite frames: Scalable frames

Some convex geometry notions

Let X = {x;}}L, C RV,
© The polytope generated by X is denoted by Px.

© The relative interior of the polytope Px denoted by riPx,

Is
M M
riPx = E akl‘k:ak>0,g ap,=1p,
k=1 k=1
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Scalable Frames: Definition and basic properties
Characterization of scalable frames
Fritz John's ellipsoid theorem and scalable frames

Preconditioning of finite frames: Scalable frames

Scalable frames and Farkas's lemma

Theorem (G. Kutyniok, F. Philipp, K. O. (2014))

Let M > N > 2, and let m be such that N < m < M.

Assume that ® = {px }L, € F*(M, N) is such that

v 7# £y when k # (. Then the following statements are

equivalent:

(i) @ is m—scalable, respectively, strictly m—scalable,

(ii) There exists a subset I C {1,2,..., M} with #I =m
such that 0 € Pra,), respectively, 0 € 1iPr,).

(iii) There exists a subset I C {1,2,..., M} with #I =m for
which there is no h € R? with (F (), h) > 0 for all
k € I, respectively, with (F'(py),h) >0 for all k € I,
with at least one of the inequalities being strict.
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Scalable Frames: Definition and basic properties
Characterization of scalable frames
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Preconditioning of finite frames: Scalable frames

A useful property of F'

For x = (z3)Y_, € RY and h = (hy)¢_, € R?, we have that

N N—-1 N
(F(a),h) =Y hea(@i=a)+> > hr(vo1—(k-1)/2)+-1TkT¢.
=2

k=1 {=k+1

(F(x),h) = (Qunz,x) = 0 defines a quadratic surface in RY .
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Fritz John's ellipsoid theorem and scalable frames

A geometric characterization of scalable frames

Theorem (G. Kutyniok, F. Philipp, K. Tuley, K.O. (2012))

Let ® = {p 1M, C RV \ {0} be a frame for RY. Then the
following statements are equivalent.

(i) @ is not scalable.

(ii) There exists a symmetric M x M matrix Y with
trace(Y') < 0 such that (¢;,Y ;) > 0 for all
j=1,....,M.

(iii) There exists a symmetric M x M matrix Y with

trace(Y') = 0 such that (¢;,Y ;) > 0 for all
j=1,....M.
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Scalable Frames: Definition and basic properties
Characterization of scalable frames
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Scalable frames in R? and R3

Figures show sample regions of vectors of a non-scalable frame
in R? and R3.

Preconditioning of finite frames: Scalable frames

_«\\"""0"0"03",,
SN

&

(a) (b) (c)
Figure : (a) shows a sample region of vectors of a non-scalable

frame in R2. (b) and (c) show examples of sets in C3 which
determine sample regions in R3.
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Characterization of scalable frames
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Preconditioning of finite frames: Scalable frames

Fritz John's Theorem

Theorem (F. John (1948))

Let K C B = B(0,1) be a convex body with nonempty
interior. There exits a unique ellipsoid &,,;, of minimal volume
containing K.

Moreover, &,,;, = B if and only if there exist

I\, C[0,00) and {ug}i, COKNSYN, m>N+1
such that

(1) ks Ak =0
(i) = => e Melw, ughug, Vo € RY.
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Scalable Frames: Definition and basic properties
Characterization of scalable frames
Fritz John's ellipsoid theorem and scalable frames

Preconditioning of finite frames: Scalable frames

Frame interpretation of F. John Theorem

Let {uy} C K N SN~ be the contact points of K and
SN=1 The second part of John's theorem can be written:

Id—z)\k Uk Z \//\_kuk>\/>\_kuk

k=1
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Scalable Frames: Definition and basic properties
Characterization of scalable frames
Fritz John's ellipsoid theorem and scalable frames

Preconditioning of finite frames: Scalable frames

F. John's characterization of scalable frames

Theorem (Chen, Kutyniok, Philipp, Wang, K.O. (2014))

Let ® = {pp 1M, c SN be a frame. Set

Py = conv({xpi}2L,) and Vg the volume of Py. Then ® is
scalable if and only if Vo = 1. That is, the ellipsoid ¢ of
minimal volume containing Pg is the euclidean unit ball B.
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Scalable Frames: Definition and basic properties
Characterization of scalable frames
Fritz John's ellipsoid theorem and scalable frames

Preconditioning of finite frames: Scalable frames

A quadratic programing approach to optimally

conditioning frames

Setting
D = {p;}M, is scalable <= PCPT = I.
Let Cp = {PCPT = ZZ Lcipipl ¢ > 0} be the cone

generated by {p;pf }M,.
O = {p;}M, is scalable < I € Cy.

Do = Czorrclig;ona/ H(I)CCDT - ]HF
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Scalable Frames: Definition and basic properties
Characterization of scalable frames
Fritz John's ellipsoid theorem and scalable frames

Preconditioning of finite frames: Scalable frames

Comparing the measures of scalability

Values of Vg and Dg for randomly generated frames of M
vectors in R%.

Frames of size 4 6 Frames of size 4x 20

Figure : Relation between Vg and Dg with M = 6,20. The black
line indicates the upper bound in the last theorem, while the red
dash line indicates the lower bound.
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LP? matrices

Application: Scaling Laplacian pyramids New constructions of tight wavelet filter banks

Woavelets and filter banks

@ A function ¢ € L*(R) such that

{2k/29p(2k . —0) . k, £ € Z} is an ONB for L? is called a
wavelet.

© Wavelets usually arise from MRA through a scaling
function ¢ € L*: ¢p(z) = >, cop(2z — 0).
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Application: Scaling Laplacian pyramids New constructions of tight wavelet filter banks

Woavelets and filter banks

Q Let h:Z" — R be a FIR lowpass filter. Its z-transform
is H(z) ==Y yeqn h(k)z7F.
© A polyphase representation of h is a Laurent polynomial

column vector H(z) € M,(z) such that
H(Z) = [HVO(Z>7 HVl(Z)7 sy Hqul(Z)]Tv

where H,(z) is the z-transform of the filter h, defined as
h,(k) = h(2k+v), k € Z.
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LP2 matrices
Application: Scaling Laplacian pyramids New constructions of tight wavelet filter banks

L P2 matrices

Q Let
Pu(z) = [ H(z) I—H)H (2) | € Mgxg+1)(2).

@ We shall refer to the matrix ®(z) as the LP* matrix (of
order q) associated with H(z).

° Dp(z) { a §Z> } =1 (5)
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LP2 matrices
Application: Scaling Laplacian pyramids New constructions of tight wavelet filter banks

Properties of LP? matrices

@ The LP?* matrix ®y(z) is paraunitary, if

Op(2)Ph(z) = T. (6)

@ The class of paraunitary LP? matrices is fundamentally
related to the theory of tight filter banks.

© The design of tight filter bank from a paraunitary LP?
matrix ®y(z) is equivalent to the existence of a column
vector H(z) such that H*(z)H(z) = 1.
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Application: Scaling Laplacian pyramids New constructions of tight wavelet filter banks

Example

Let H(z) = [1, (14 271)/2]"/+/2. Then H*(2)H(2) # 1. |

Can one find matrices M (z) whose entries are Laurent
polynomials such that ®y(2)M(z) is paraunitary, i.e.

[®H(2) M (2)][M"(2) ()] = I.

\
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Application: Scaling Laplacian pyramids New constructions of tight wavelet filter banks

Scaling LP? matrices

Theorem (Y. Hur, K. O. (2014))

Let ®y(z) be an LP? matrix associated with H(z) € M(z).
Then we have

Op(2)diag([2 — H (2)H(2), 1, ..., 1)) % (2) = I.

K. Okoudjou Preconditioning of frames



LP2 matrices
Application: Scaling Laplacian pyramids New constructions of tight wavelet filter banks

Reducing the problem

Let h be a lowpass filter and H(z) € M,(z) be its polyphase
representation. Suppose that there exists a Laurent polynomial
muy(z) such that 2 — H(2)H(z) = |mu(2)|>. Then

Pp(z)diag([mu(2), 1,...,1]) =
[ mu(2)H(z) T - HEz)H (2) ]

is paraunitary, i.e. ®y(z) is scalable.
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1-d tight wavelet frames

Lemma (Fejér-Riesz Lemma)
Suppose P(z) =>_  p(k)z=% >0, forall z € T. Then

there exists a 1-D Laurent polynomial Q(z) = >, _, q(k)z"F
such that P(z) = |Q(2)|?,Vz € T.
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1-d tight wavelet frames

Theorem (Y. Hur, K. O. (2014))

Let h be a 1-D lowpass filter with positive accuracy and
dilation A > 2, and let H(z) be its polyphase representation.
Suppose 2 — H*(2)H(z) > 0, Vz € T. Then there is a
polynomial my(z) such that [muy(2)H(z), | — H(z)H"(2)] gives
rise to a tight wavelet filter bank whose lowpass filter his
associated with my(z)H(z) and has the same accuracy as h.
Furthermore, if the support of h is contained in {0, 1, ..., s},

then the support of h is contained in {0,1,...,2s}.
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Example

1 1
09 12
08 s
07|
03]
06
0|
05
04
0.4]
02|
03
02 0
01 -02
0.
o o0z 04 06 08 1 12 14 16 18 2 o o5 1 15 2 25 3 35 4

Figure : The original (¢, left) and the new (5 right) refinable
functions.
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