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Outline

e The narrow-band ambiguity function (with Robert
L. Benedetto and Joseph Woodworth)
@ NWC Applications: Waveform design and radar

e Ambiguity functions for vector-valued data (with Travis
D. Andrews and Jeffrey J. Donatelli)
@ NWC Applications: Multi-sensor environments and MIMO
@ Set-up and problem
@ Group frame multiplications

Q Graph uncertainty principles (with Paul Koprowski)
@ NWC Applications: Non-linear spectral methods for
dimension reduction and classification
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Outline continued

Q Balayage and STFT frame inequalities (with E. Au-Yeung)
@ NWC Applications: Non-uniform sampling and
super-resolution imaging

e Quantum detection (with Andrew Kebo)
@ NWC Applications: Finite frames and probabilistic frames
in terms of quantum detection and POVMs

@ Reactive sensing (with Michael Dellomo)
@ NWC Applications: Engine diagnosis with disabled
sensors by mean of multiplicative frames, whose factors
account for parameter intensity and sensor sensitivity
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Frames

@ Let H be a separable Hilbert space, e.g., H = L?(RY), RY, or CY.
@ F={x,} C His a framefor H if

3A,B>0suchthatyx e H, Alx|?2 <> [{x,x.)]? < BJx|2.

If F ={x,} C His aframe for H then

VxeH, x=> (x,S'xa)Xa=> (X, x2)S " Xp,

where S: H — H, x — > (X, Xp) X, is well-defined.

@ Frames are a natural tool for dealing with numerical stability,
overcompleteness, noise reduction, and robust representation
problem S. Norbert Wiener Center
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@ THE NARROW BAND AMBIGUITY FUNCTION
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Ambiguity function and STFT

@ Woodward’s (1953) narrow band cross-correlation ambiguity
function of v, w defined on R? :

A(v, w)(t,7) :/V(S+t)w(s)e*2""3”ds.
o The STFTof v : Vi v(t,7) = [ v(x)w(x — e 27 dx.
@ A(v,w)(t,v) = €™V, v(t, ).

@ The narrow band ambiguity function A(v) of v :

A(v)(t,7) = A(v, v)(t,v) :/V(S+t)@efzms.yds

Norbert Wiener Center
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The discrete periodic ambiguity function

@ Givenu:Z/NZ — C.
@ The discrete periodic ambiguity function,

A(u) : Z/NZ x Z/NZ — C,

of uis

=
|

A(u)(m, n) = u[m + k]u[k]e=2mkn/N

P
=
L
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CAZAC sequences

@ u:Z/NZ —Cis
Constant Amplitude Zero Autocorrelation (CAZAC) if

vYme Z/NZ, |ulm]|=1, (CA)
and
VYme Z/Nz\ {0}, A(u)(m,0)=0. (ZAC)

@ Are there only finitely many non-equivalent CAZAC sequences?

@ "Yes” for N prime and "No” for N = MK?2,
e Generally unknown for N square free and not prime.

Norbert Wiener Center
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Bjorck CAZAC sequences

Let p be a prime number, and (%) the Legendre symbol.
A Bjérck CAZAC sequence of length p is the function b, : Z/pZ — C

defined as .
bolk] = €% k=0,1,....,p—1,

where, for p =1 (mod 4),

1 Kk
0p(k) = arccos -,
o) =aos (5275) ()
and, for p = 3 (mod4),

Op(k) = %arccos <1+Z> [(1— k) (g) + 0kl

0k is the Kronecker delta symbol.

Norbert Wiener Center
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Bjorck CAZAC discrete periodic ambiguity function

Let A(bp) be the Bjérck CAZAC discrete periodic ambiguity function
defined on Z/pZ x Z/pZ.

Theorem (J. and R. Benedetto and J. Woodworth)
2

[A(Bp)(m, n)| < — +

“
p

3

forall (m,n) € Z/pZ x Z/pZ \ (0, 0).

@ The proof is at the level of Weil’s proof of the Riemann hypothesis
for finite fields and depends on Weil’'s exponential sum bound.

@ Elementary construction/coding and intricate
combinatorial/geometrical patterns.
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Figure : Absolute value of the ambiguity functions of the Alltop and Bjorck
sequences with N = 17.
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Problems and remarks

@ For given CAZACs u, of prime length p, estimate minimal local
behavior |A(up)|. For example, with b, we know that the lower
bounds of |A(b,)| can be much smaller than 1/,/p, making them
more useful in a host of mathematical problems, cf. Welch
bound.

@ Even more, construct all CAZACs of prime length p.

@ Optimally small coherence of b, allows for computing sparse
solutions of Gabor matrix equations by greedy algorithms such
as OMP.

Norbert Wiener Center
for Harmonic Analysis an Applications



1 Subsection name for top bar, if any

@ AMBIGUITY FUNCTIONS FOR VECTOR-VALUED DATA
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Modeling for multi-sensor environments

@ Multi-sensor environments and vector sensor and MIMO
capabilities and modeling.

@ Vector-valued DFTs
@ Discrete time data vector u(k) for a d-element array,

k — u(k) = (uo(K), ..., ug_1(k)) € C°.

We can have RN — GL(d, C), or even more general.

Norbert Wiener Center
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Ambiguity functions for vector-valued data

e Givenu:Z/NZ —; C°.
@ Ford=1, A(u): Z/NZ xZ/NZ — Cis

A(u)(m,n) = u(m + k)u(k)e 2 kn/N,

Define the following in a meaningful, computable way:

@ Generalized C-valued periodic ambiguity function
A'(u):Z/NZ x 7Z.JNZ — C
@ CYvalued periodic ambiguity function A%(u).

The STFT is the guide and the theory of frames is the technology to
Obtain the goal- Norbert Wiener Center



Preliminary multiplication problem

e Givenu:Z/NZ — C9.
@ Ifd=1and e, =e&*/N then

2

- (u(m+ k), u(k)en).
0

Preliminary multiplication problem

To characterize sequences {¢x} C CY and compatible multiplications
* and e so that

A(u)(m, n) =

=l -
i

P4

1 —1

At(u)(m, n) = S ((m + ), u(K) * @nak) € C

0

>
Il

is a meaningful and well-defined ambiguity function. This formula is
clearly motivated by the STFT. “enter




A'(u) for DFT frames

e Givenu:Z/NZ — C9 d < N.

@ Let {<pk}k 0‘ be a DFT frame for CY, let * be componentwise
multiplication in C¢ with a factor of v/d, and let e = + in Z/NZ.

In this case A'(u) is well-defined by

N—1
A)mn) = 3+ k), u(k) * o)
dk:E1N 1
= OSSR+ ) )
k=0 j=0

Norbert Wiener Center
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A'(u) for cross product frames

@ Take * : C* x C®* — C® to be the cross product on C° and let {/,j, k} be
the standard basis.

@ ixj=K jxi=—K kxi=jixk=—jjxk=ikxj=—
ixi=jxj=kxk=0.{0,ij,k —i,—j,—k,} is a tight frame for C* with
frame constant 2. Let

wo=0,01 =102 =j, 03 =K, pa=—i, 5 =—f, s = —k.

@ The index operation corresponding to the frame multiplication is the
non-abelian operation e : Z7 x Z7 — Z7, where
1e2=3,2¢1=6,3¢e1=21e3=52e3=1,302=4 etc.

@ We can write the cross product as

6 6
UXV:U*V:%ZZ (prtps.t

s=1 t=1
@ Consequently, A'(u) is well-defined.

Norbert Wlener Center
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Frame multiplication

Definition (Frame multiplication)

Let H be a finite dimensional Hilbert space over C, and let

® = {p;}jes be a frame for H. Assume o : J x J — J is a binary
operation. The mapping e is a frame multiplication for ¢ if it extends
to a bilinear product * on all of #.

@ The mapping e is a frame multiplication for @ if and only if there
exists a bilinear product x : H x H — H such that

vjvke"ja Pj* Pk = Pjek-
@ There are frames with no frame multiplications.

Norbert Wiener Center
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Harmonic frames

@ Slepian (1968) - group codes.

@ Forney (1991) - geometrically uniform signal space codes.

@ Bolcskei and Eldar (2003) - geometrically uniform frames.

@ Han and Larson (2000) - frame bases and group representations.

@ Zimmermann (1999), Pfander (1999), Casazza and Kovacevi¢
(2003), Strohmer and Heath (2003), Vale and Waldron (2005),
Hirn (2010), Chien and Waldron (2011) - harmonic frames.

@ Han (2007), Vale and Waldron (2010) - group frames, symmetry
groups.

Norbert Wiener Center
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Harmonic frames

@ (G,¢) ={g1,....gn} abelian group with G = {71,..., .
@ N x N matrix with (j, k) entry v«(g;) is character table of G.
@ KC{1,...,N},|K|=d < N, and columns ki, ..., ky.

Definition
Given U € U(CY). The harmonic frame ¢ = ®g kv for C%is

& ={U(((9)):--»ma(9))) 1 =1,...,N}.

Given G, K, and U = I. & is the DFT — FUNTF on G for C9. Take
G = 7Z/NZ for usual DFT — FUNTF for C¢.

Norbert Wiener Center
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Group frames

Definition
Let (G, o) be a finite group, and let 7 be a finite dimensional Hilbert
space. A finite tight frame ¢ = {¢g4}4cg for H is a group frame if there
exists

7:G—UH),

a unitary representation of G, such that

Vg, he g7 ﬂ(g)(ph = Pgeh-

Harmonic frames are group frames.

Norbert Wiener Center
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Abelian results

Theorem (Abelian frame multiplications — 1)

Let (G, o) be a finite abelian group, and let ® = {yg4}4c¢ be a tight
frame for H. Then e defines a frame multiplication for ¢ if and only if
® is a group frame.

Norbert Wiener Center
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Abelian results

Theorem (Abelian frame multiplications — 2)

Let (G, o) be a finite abelian group, and let ® = {yg4}4cg be a tight
frame for CY. If e defines a frame multiplication for ®, then ¢ is
unitarily equivalent to a harmonic frame and there exists U € 1/(C9)
and ¢ > 0 such that

cU (g * on) = cU (¢g) cU (¢n),

where the product on the right is vector pointwise multiplication and
is defined by (G, e), i.e., pg * Y := Pgeh-

Norbert Wiener Center
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@ There is an analogous characterization of frame multiplication for
non-abelian groups (T. Andrews).

@ Consequently, vector-valued ambiguity functions A%(u) exist for
functions u on a finite dimensional Hilbert space # if frame
multiplication is well-defined for a given tight frame for # and a
given finite group G.

@ It remains to extend the theory to infinite Hilbert spaces and
groups.

@ It also remains to extend the theory to the non-group case, e.g.,
our cross product example.

vvvvvvv
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@ GRAPH UNCERTAINTY PRINCIPLES
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Uncertainty principles — 1

The Heisenberg uncertainty principle inequality is

VI e LR, ) < 47 I1EF(D)zqey || F)

L2(R)

2
LZ(@)> '

Additively, we have

e @), e < 2n (101 + [270)
Equivalently, for f € S(R),

2
2 o 7112
1y < ||F LZ(@)+ 11l 2Ry -

We shall extend this inequality to graphs.

Norbert Wiener Center
for Harmonic Analysis an Applications



Uncertainty principles — 2

@ In signal processing, uncertainty principles dictate the trade off
between high spectral and high temporal accuracy, establishing
limits on the extent to which the “instantaneous frequency” of a
signal can be measured (Gabor, 1946)

@ Weighted, Euclidean, LCAG, non-L? uncertainty principles,
proved by Fourier weighted norm inequalities, e.g., Plancherel,
generalizations of Hardy’s inequality, e.g., integration by parts,
and Holder (alas).

@ DFT: Chebatorov, Griinbaum, Donoho and Stark, Tao.

@ Generalize the latter to graphs.

Norbert Wiener Center
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Graph theory — background

@ Problem: propose, prove, and understand uncertainty principle
inequalities for graphs, see A. Agaskarand Y. M. Luon A
spectral graph uncertainty principle

@ Generally: There is no obvious solution because of the loss on
general graphs of the cyclic structure associated with the DFT.

@ Locally: Radar/Lidar data analysis at NWC uses non-linear
spectral kernel methods, with essential graph theoretic
components for dimension reduction and remote sensing.

Norbert Wiener Center
for Harmonic Analysis an Applications



Graph theory — definition

Definition
A graphis G={V,E C V x V, w} consisting of a set V called
vertices, a set E called edges, and a weight function

w:VxV—s0,00).

Write V = {v; }i}ﬂ and keep the ordering fixed, but arbitrary.

Norbert Wiener Center
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Graph theory — assumptions

@ Forany (v;,v)) € V x V we have

0 if (vi,v;) € EC
c>0 if(v,v)€E.

W(Vf7 V]) = {

@ G is undirected, i.e., w(v;, v;) = w(v;, v;).

@ w(v;,Vv;) =0,i.e., Ghas no loops.

@ G is connected, i.e., given any v; and v;, there exists at most one
edge between them, and there exists a sequence of vertices
{vk},k=0,...,d <|V|= N, such that

(Vis o), (vo, V1), .-, (Va, vj) € E.
@ G is unit weighted if w takes only the values 0 and 1.

Norbert Wiener Center
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Graph Laplacian

@ N x N symmetric adjacency matrix, A, for G :
A= (Aj) = (w(vi, ).

@ The degree matrix, D, is the N x N diagonal matrix,

N-1  N—1 N-—1
D=diag | > Aoy > Atj, Y An-ty | -
j=0 j=0 j=0
@ The graph Laplacian,
L=D-A,

is the N x N symmetric, positive semi-definite matrix, with real
ordered eigenvalues 0 = \g < ... < Ay_1 and orthonormal
eigenbasis, {x;}/,', for RV.

Norbert Wiener Center
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Graph Fourier transform

@ Formally, the Fourier transform 7 at + of f defined on R is the
inner product of f with the complex exponentials, that are the

eigenfunctions of the Laplacian operator g—; on R.

e Thus, define the graph Fourier transform, f, of f € /2(G) in the
graph Laplacian eigenbasis:

1= (0, j=0,...,N—1.

X = [x0, X1, s XN=1],

then f = x*f, and, since y is unitary, we have the inversion formula:

Norbert Wiener Center
for Harmonic Analysis an Applications



Difference operator for graphs

The difference operator,
D, : 3(G) — RIEI,

with coordinate values representing the change in f over each edge,
is defined by

(D K] = (1] — 1) (w(ex))'/?,
where ex = (v, v;) and j < .
@ D, can be defined by the incidence matrix of G.

@ If Gis a unit weighted circulant graph, then D; is the intuitive
difference operator of Lammers and Maeser.

Norbert Wiener Center
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Difference uncertainty principle for graphs

Theorem

Let G be a connected and undirected graph. Then,

- |12 -
vie 2(G), 0<Xollfl® < 1D+ |[DF|" < Xut 1P,

where
A= diag{)\o, coog )\N—1}

and where 0 < Ao < A1 < ... < Ay_y are the eigenvalues of L + A.
The bounds are sharp.

Norbert Wiener Center
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Frame difference uncertainty principle for graphs

{e}}5y' € CYis a frame for C7 if
N—
30 < A < Bsuchthatvf € C?, 0 < Al|f|? Z (F,&)2 < B|f|2.
j=0

@ If A= B =1 then the frame is a Parseval frame.
o Define the d x N matrix E = [eo, &, ..., en_1], where {g}} " is
a Parseval frame for C9. Then EE* = Iy, 4.

Theorem

Let G be a connected and undirected graph. Then, for every d x N
Parseval frame E,

d—1

Y =gt * |12 - 3
N <D+ IDE G < D0 &
‘ j=N—d

Iy
o

The bounds are sharp. Center




Feasibility region

The difference operator feasibility region FR is

FR = {(x,y): 3f € £(G), ||f| = 1, suchthat || D,f||*> = x and ‘

D,

—y}

Theorem
a. FR is a closed subset subset of [0, A\ny_1] x [0, Any_1], where An_+
is the maximum eigenvalue of the Laplacian L.

b. (% Z,I\IB1 Aj, 0) and (0, Lo o) are the only points of FR on the axes.
¢. FR s in the half plane defined by x + y > Ao > 0 with equality if

and only if fis in the eigenspace associated with \o.
d. If N > 3, then FR is a convex region.

Norbert Wiener Center
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Complete graph

7

Figure : A unit weighted complete graph with 16 vertices.
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Feasibility region

N=16
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Difference uncertainty curve

The difference uncertainty curve w is the lower boundary of FR
defined as
Vx € [O,AN—1], UJ(X) = inf <g7 Lg>
get?(G)

subject to (g, Ag) = x.

Given x € [0, A\n_1]. gx € F?(G) attains the difference uncertainty
curve at x if, for all g for which (g, Ag) = x, we have

(9x, Lgx) < (g,Lg).

Norbert Wiener Center
for Harmonic Analysis an Applications



(O,Lyel §

§ (o < le>)

wix)

(%0, <By_orL8y 07)

% ((/NTr(L),0)

Norbert Wiener Center

Figure : The difference uncertainty curve (red) for a connected graph'G™" """



Uncertainty curve theorem

A unit normed function f € (2(G), with ||D,f||® = x € (0, An_1),
achieves the uncertainty curve at x if and only if 7 is a nonzero
eigenfunction for K(a) = L — oA associated with the minimal
eigenvalue of K(«), where a € (—o0, 00).

Norbert Wiener Center
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Uncertainty principle problem and comparison

@ Lammers and Maeser, Griinbaum, Agaskar and Lu.
@ The Agaskar and Lu problem.

@ Critical comparison between the graph theoretical feasibility
region and the comparable Bell Labs uncertainty principle region.

Norbert Wiener Center
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@ BALAYAGE AND STFT FRAME INEQUALITIES
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Balayage and spectral synthesis

Definition

(Balayage — Beurling) Let £ C R and A C R9 be closed sets.
Balayage is possible for (E,\) C RY x R if

Vi € Mp(RY), 3v € My(E) such that i = 7 on A.

Define .
C(A) = {f € Co(R?) : supp(f) C A}.

Definition

(Spectral synthesis) A closed set A C RY is a set of spectral synthesis
(S-set) if

Vf € C(A) and Yu € Mp(R), ﬁzOOn/\:>/fdu:0.




Balayage and a non-uniform Gabor frame theorem

Let So(RY) be the Feichtinger algebra.

Theorem

Let E = {(sn,0n)} C R? x RY be a separated sequence; and let

A C RY x RY be an S-set of strict multiplicity that is compact, convex,
and symmetric about 0 € R? x RY. Assume balayage is possible for
(E,N). Given g € L?(RY), such that ||g||, = 1. Then

3 A, B> 0, such that Vf € Sy(RY), for which supp(V,f) C A,

Allfllz < > I Vaf(sn,0n)? < BIIfll3.

Norbert Wiener Center
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Balayage and a non-uniform Gabor frame theorem
(continued)

Theorem

Consequently, the frame operator, S = Sy g, is invertible in
L2(R%)—norm on the subspace of Sp(RY), whose elements f have the

property, supp(Vg\f) C A. Further, if f € Sp(RY) and Supp(Vg\f) C A,

then .
f = ZI‘I:1 <f7 7—sne¢7'ng> S;1E(T3nea'ng)7

where the series converges unconditionally in L2(RY).

E does not depend on g.

Norbert Wiener Center
for Harmonic Analysis an Applications



@ There is a formulation of the non-uniform Gabor frame theorem
in terms of the Woodward ambiguity function.

@ The theory is also developed for pseudo-differential operators.
@ Elementary examples satisfy hypotheses of non-uniform Gabor
frame theorem.

@ Analogous results, with give and take of hypotheses and
conclusions:
e Grdchenig’s theorem involving an analysis of convolution operators
on the Heisenberg group;
e Meyer - Matei theory involving quasi-crystals.

Norbert Wiener Center
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