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The first wavelet system was discovered by Alfréd Haar one hundred years
ago. Since then the field has grown enormously. In 1952, Richard Duffin and Albert
Schaeffer synthesized the earlier ideas of a number of illustrious mathematicians into
a unified theory, the theory of frames. Interest in frames as intriguing objects in
their own right arose when wavelet theory began to surge in popularity. Wavelet and
frame analysis is found in such diverse fields as data compression, pseudo-differential
operator theory and applied statistics.

We shall explore five areas of frame and wavelet theory: frame bound gaps,
smooth Parseval wavelet frames, generalized shearlets, Grassmannian fusion frames,
and p-adic wavlets. The phenomenon of a frame bound gap occurs when certain se-
quences of functions, converging in L? to a Parseval frame wavelet, generate systems
with frame bounds that are uniformly bounded away from 1. In the 90’s, Bin Han

proved the existence of Parseval wavelet frames which are smooth and compactly



supported on the frequency domain and also approximate wavelet set wavelets. We
discuss problems that arise when one attempts to generalize his results to higher
dimensions.

A shearlet system is formed using certain classes of dilations over R? that yield
directional information about functions in addition to information about scale and
position. We employ representations of the extended metaplectic group to create
shearlet-like transforms in dimensions higher than 2. Grassmannian frames are in
some sense optimal representations of data which will be transmitted over a noisy
channel that may lose some of the transmitted coefficients. Fusion frame theory is
an incredibly new area that has potential to be applied to problems in distributed
sensing and parallel processing. A novel construction of Grassmannian fusion frames
shall be presented. Finally, p-adic analysis is a growing field, and p-adic wavelets are
eigenfunctions of certain pseudo-differential operators. A construction of a 2-adic

wavelet basis using dilations that have not yet been used in p-adic analysis is given.
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Chapter 1
Introduction

1.1 Background

This dissertation contains five distinct components, which are all unified under
the umbrella of frame and wavelet theory.

Alfréd Haar probably did not foresee the impact that the first wavelet system,
which was a seemingly innocuous example presented in an appendix of his 1909 dis-
sertation, would have on the mathematical and scientific communities ([59], [60]).
This set of functions existed many years with out a name or a greater context to
be viewed in. About 70 years later, Jean Morlet and Alex Grossman resurrected
this mathematical concept to analyze geophysical measurements and other physical
phenomena (see, for example [49], [55], and [56]). They named the objects on-
delettes, little waves, which was later translated to wavelets, and started building
the foundation of wavelet theory. Meyer and Mallat then developed the multireso-
lution analysis scheme ([85] and [83]). Since then the field has grown enormously.
Wavelet analysis is used for data compression, pattern recognition, noise reduction
and transient recognition, and wavelet algorithms work in such varied areas as ap-
plied statistics, numerical PDEs and image processing. An excellent resource for
the study of wavelet theory is Daubechies’ book [36]. Heil and Walnut also wrote

an expository paper about wavelet theory that caught a snapshot of the field as it



was beginning to expand at lightening speed, [67]. For a thorough collection of fun-
damental papers (or their translations, if necessary) in the field of wavelet theory,
see [66].

In their seminal paper “A class of nonharmonic Fourier series” [45], Richard
Duffin and Albert Schaeffer synthesized the earlier ideas of a number of illustrious
mathematicians, including Ralph Boas Jr ([17], [18]), Raymond Paley and Norbert
Wiener ([88]) into a unified theory, the theory of frames. Interest in frames as
intriguing objects in their own right, apart from their connection to nonharmonic
Fourier series, remained dormant for many years. Frame theory became a subject
of interest when wavelet theory began to surge in popularity. Frames are intricately
connected to sampling theory ([45]) and operator theory ([65]) and have applications
in many fields, including wavelet theory ([36]), pseudodifferential operators ([54]),
signal processing ([75]) and wireless communication ([96]).

We shall explore five areas of frame and wavelet theory: frame bound gaps,
smooth Parseval wavelet frames, generalized shearlets, Grassmannian fusion frames,
and p-adic wavlets. In Chapter 2, we introduce the following: a new method to im-
prove frame bound estimation; a shrinking technique to construct frames; and a
nascent theory concerning frame bound gaps. The phenomenon of a frame bound
gap occurs when certain sequences of functions, converging in L? to a Parseval frame
wavelet, generate systems with frame bounds that are uniformly bounded away from
1. In [62] and [63], Bin Han proved the existence of Parseval wavelet frames which
are smooth and compactly supported on the frequency domain and also approxi-

mate wavelet set wavelets. In Chapter 3, we discuss problems that arise when one



attempts to generalize his results to higher dimensions. Chapters 2 and 3 solely
concern dyadic wavelet systems. A shearlet system is formed using certain classes
of non-dyadic dilations over R? that yield directional information about functions
in addition to information about scale and position. In Chapter 4, we employ rep-
resentations of the extended metaplectic group to create shearlet-like transforms in
dimensions higher than 2. Grassmannian frames are in some sense optimal repre-
sentations of data which will be transmitted over a noisy channel that may lose
some of the transmitted coefficients. Fusion frame theory is an incredibly new area
that has potential to be applied to problems in distributed sensing and parallel
processing. A novel construction of Grassmannian fusion frames shall be presented
in Chapter 5. Finally, p-adic analysis is a growing field, with applications in such
areas as quantum physics ([73]) and DNA sequencing ([44]). As eigenfunctions of
certain pseudo-differential operators, p-adic wavelets play an important role in these
applications. A construction of a 2-adic wavelet basis using dilations that have not

yet been used in p-adic analysis is in Chapter 6.

1.2 Preliminaries

We now document certain notation, definitions, and conventions that will be

used throughout the thesis.

Definition 1. For

I p Y1 d
T = e C"and y = e C%

‘Xq “Yd



Ty = (x,Y)T1Y1 + ... + Tq¥a;

that is, the dot product is conjugate linear in the second entry.

Definition 2. For a function f € L'(R?), the Fourier transform of f is defined to

be

F0) = ) = [ faje s,
By Plancherel’s Theorem, F extends from L' N L? to a unitary operator L? — L2

We denote the inverse Fourier transform of a function g € L%I@d) as Flg=g.

Definition 3. For f: RY — C, y € R?, ¢ € R, and A € GL(R, d)\R*I define the

following operators

Tyf(x) - f(l’ - y)7
Mef(z) = e* (1), and

Daf(z) = |det A|Y?f(Az).
In Chapters 2 and 3, for t € R*, we shall define
Dy f(z) = 2 f(2'x) (1.1)
since dyadic dilations are very commonly used.

These operators are unitaries which satisfy the following commutation rela-



tions, which are all easily verified (see, for example [9], [53]) :
MeT, = €™ YT, M,
McDy = DsMy-¢
DaT, = Ty-1,D4
FT, = M_,F
FM; = T¢F and
FDy = DiyaF,
where A denotes the transpose of A. We are now able to define the term wavelet.

Definition 4. Let ¢ € L? (R?) and define the (dyadic) wavelet system (using the

notation in (1.1),
W () = {D,Tib(x) :n € Z, k € Z} = {2"¥* (2"x — k) : n € Z, k € Z%}.

If W (%) is an orthonormal basis for L? (]Rd), then v is an orthonormal dyadic

wavelet or simply a wavelet for L*(R?).
We can extend some of these definitions to general fields and dilations.

Definition 5. Let F be a field with valuation | - |. For f : F¢ — C, y € F?, and

A € GL(F, d) define the following operators
T,f(x) = flz—y)and
Daf(e) = |det A" f(Az)
where in Chapters 2 and 3, the dilation is defined as in (1.1). We will also call

{DAT,b(z): A€ AC GL(F,d),y € Z C F"}

5



a wavelet system and ¥ a wavelet.
Next, we define the term frame.

Definition 6. A sequence {e;};c; in a Hilbert space H is a frame for H if there
exist constants 0 < A < B < oo such that

VieH, AP <D Kf el < BIIFIP. (1.2)

jeJ

The maximal such A and minimal such B are the optimal frame bounds. In this
thesis, the phrase frame bound will always mean the optimal frame bound, where
A is the lower frame bound and B is the upper frame bound. A frame is tight if
A = B, and it is Parseval if A= B = 1. If a frame {e;};es for H has the property
that for all k € J, {e;};2 is not a frame for H, then {e;};c;s is a Riesz basis for H.
If the second inequality of (1.2) is true, but possibly not the first, then {e;};c; is a
Bessel sequence. In this case, we shall still refer to B as the upper frame bound to
simplify statements of certain theorem. We note that it is usually called the Bessel
bound. A frame is normalized if ||e;|| = 1 for j € J. A frame is equiangular if for

some «, |(e;,e;)| = a for all 7 # j.

Every orthonormal basis is a frame. One may view frames as generaliza-
tions of orthonormal bases which mimic the reconstruction properties (i.e.: Va,z =
> (x,ej)e;) of orthonormal bases but may have some redundancy. We remark that
{e;} is a tight frame with frame bound A if and only if

VIeH,  Af=> (f.ee; (1.3)

jedJ



In Definition 4, we deal with wavelet systems that are orthonormal bases. However,
there is no reason that we should not consider systems W(v)) which form frames
(respectively, Bessel sequences) for L?(R?). In this case, ¢ is a frame wavelet (re-

spectively, Bessel wavelet).

Definition 7. Let X be a measure space. For any measurable set S C X, the

characteristic function of S, 1g, is

1 ; z€8
Is(z) =
0 ; else

Finally, we note that our definition of support will not be the traditional one.

Definition 8. Let (X, 1) be a measure space and f a complex-valued function de-
fined on X. The support of f, supp f is the following equivalence class of measurable

sets

{SQX: |f(z)|du(z) =0, and if RC S and/

X\R

@)ldn(a) =0 then (5\R) =0}
X\S

We shall still speak of the support of a function, just as we refer to a function
in an L? space. So, supp f C S means that at least one element in the equivalence
class is a subset of S and f is compactly supported means that supp f C K, where

K is a compact set.



Chapter 2
Smooth Functions Associated with Wavelet Sets on R? and Frame
Bound Gaps

2.1 Introduction

2.1.1 Problem

Wavelet theory for R?, d > 1, was historically associated with multiresolution
analysis (MRA), e.g., [86]. In particular, for dyadic wavelets, it is well-known that
24 — 1 wavelets are required to provide a wavelet orthonormal basis (ONB) with an
MRA for L*(R?), cf., [82], [4], and [95]. In fact, until the mid-1990s, it was assumed
that it would be impossible to construct a single dyadic wavelet ¢ generating an
ONB for L*(R?). This changed with the groundbreaking work of Dai and Larson
[33] and Dai, Larson, and Speegle [34], [35]. The earliest known examples of such
single dyadic wavelets for d > 1 had complicated spectral properties, see [6], [12], [8],
[13], [33], [34], [35], [69], [70], [93], [98]. Further, such wavelets have discontinuous
Fourier transforms. As such it is a natural problem to construct single wavelets
with better temporal decay. Further, even on R, in order to improve the temporal
decay, one must consider systems of frames rather than orthonormal bases [5], [25],
[62], [63] or wavelets which have an MRA structure [69], [70]. We shall address

the problem of smoothing zZ by convolution, where 1) is derived by the so-called



neighborhood mapping method; see Section 2.1.3. This method has the advantage
of being general and constructive. Although there are other smoothing techniques
that have been introduced in the area of wavelet theory, e.g., [62] and [63], we choose
to smooth by convolution because of its theoretical simplicity and computational
effectiveness. However, as will be shown later in the thesis, convolutional smoothing

on the frequency domain yields counterintuitive results.

2.1.2 Preliminaries

Recall that in this chapter, D,f(z) = 2!2f(2'x). The Haar wavelet is the
function v = 1jg1/2) — Lj1/2,1). The Haar wavelet is well localized in the time do-
main but not in the frequency domain. There are wavelets that are characteristic
functions in the frequency domain and thus are not localized in the time domain. A
classical example of a wavelet which is the inverse Fourier transform of a character-
istic function is the Shannon or Littlewood-Paley wavelet, ﬂ[_lv_l/g)u[l/gJ). Another

example is the Journé wavelet,

At an AMS special session in 1992, Dai and Larson introduced the term wavelet set,
which generalizes this phenomenon. Their original publications concerning wavelet
sets are [33] and also [34] and [35], which were written with Speegle. Hernandez,
Wang, and Weiss developed a similar theory in [69] and [70], using the terminology

minimally supported frequency (MSF') wavelets.

Definition 9. If K is a measurable subset of R? and 1y is a wavelet for L2(R¢),

9



then K is a wavelet set.
We can extend this definition to frames.

Definition 10. If L is a measurable subset of R and W(1 1) is a frame (respectively,
tight frame or Parseval frame) for L2(IR?), then L is a frame (respectively, tight frame

or Parseval frame) wavelet set.

We need the following definition in order to characterize wavelet sets and

Parseval frame wavelet sets.

Definition 11. Let K and L be two measurable subsets of R%. A partition of K is
a collection {K; : | € Z} of subsets of K such that |J, K; and K differ by a set of
measure 0 and, for all [ # j, K; N Kj is a set of measure 0. If there exist a partition
{K;:1€Z} of K and a sequence {k; : | € Z} C Z¢ such that {K; +k :l € Z} is a
partition of L, then K and L are Z?-translation congruent. Similarly, if there exist a
partition {K; : [ € Z} of K and a sequence {n; : | € Z} C Z, where {2" K, : |l € Z}

is a partition of L, then K and L are dyadic-dilation congruent.
The following proposition appears in [35].
Proposition 12. Let K C R? be measurable. The following are equivalent:

e K is a (Parseval frame) wavelet set.

o K is Z%-translation congruent to (a subset of) [0,1)¢, and K is dyadic-dilation
congruent to [—1,1)%\[-1, 2)4.

o {K+k:keZ' is a partition of (a subset of) Re and {2"K :n € Z} is a
partition of R

10



2.1.3 Neighborhood mapping construction

An infinite iterative construction of wavelet sets, called the neighborhood map-
ping construction, is given by Leon, Sumetkijakan, and Benedetto in [14], [12], and
[8]. See also [98], [6], and [93]. In dimensions d > 2, the example wavelet sets K
formed by this process are fractal-like but not fractals. Following a question by E.
Weber, the authors proved that the sets (K,,\ A,,) they defined, formed after a finite
number of steps of the neighborhood mapping construction, are actually Parseval
frame wavelet sets.

We shall require the following definition and theorem from [14].

Definition 13. Let K, be a bounded neighborhood of the origin in R?. Assume that
Ky is Z%-translation congruent to [0, 1]¢. Let S be a measurable map S : R? — R?

satisfying the following properties:

e S is a Z%translated map, i.e.,

vy € RY, Ik, €77 such that S(v) = v+ k,;
e S is injective;
e The range of S — I is bounded, where I is the identity map on R%;

o (U, S*(Ko)] N[Usg27"Ko] = 0, where S° =1 and S* = So.--08,
Jo-fold

For each m € N U {0} define
Am = Kn0[UpZy 27K,
K1 = (Kn\An) US(An),
and K = [Ko\Up_oAnl U [Unzo (S(Am\ Uz An)] -

11



This process is the neighborhood mapping construction. Loosely speaking, K is the

limit of the K,,.

Theorem 14. Let K be defined by the neighborhood mapping construction. K is a

wavelet set. Further, for each m >0, K,,\ A, is a Parseval frame wavelet set.

These frame wavelet sets are finite unions of convex sets. The delicate, com-
plicated shape of an orthonormal wavelet set K constructed in [14] makes it difficult
to use natural methods with which to smooth it. It is for this reason that we shall
deal with frame wavelets and with the smoothing of 1, where L is a K \A,,. We

shall use the following collection of sets in Section 2.2.

Example 15. Let

11\ : -
Ky = b 5) and S(v,- %) = (1 + 2sign(m), -+ ,7a + 2sign(7a)).

When d = 1, the resulting K is the Journé wavelet set.

It should be mentioned that Merrill [84] has recently found examples of or-
thonormal wavelet sets for d = 2 which may be represented as finite unions of 5
or more convex sets. She uses the generalized scaling set technique from [6]. Tt
is unknown if the construction can be used for d > 2. Moreover, the question of
existence of orthonormal wavelet sets in R? for d > 2, which are the finite union
of convex sets, is still an open problem. Furthermore, in [14], it is shown that a
wavelet set in R? can not be decomposed into a union of d or fewer convex sets. It
is possible that this bound is not sharp for d = 2; that is, it is still not known if
there exists a wavelet set in R? which may be written as the union of 3 or 4 convex
sets.

12



2.1.4 Outline and results

We shall smooth Parseval wavelet sets L by convolving 1, with auxiliary
functions to obtain zﬂ and consider the properties of W(¢). In many cases, the
resulting W(v) is a frame. In Section 2.2, we develop methods to estimate the
resulting frame bounds. We apply those methods to a canonical example in Section
2.3. However, we see in Section 2.4 that there exists a Parseval wavelet set L such
that W((1, * %IL[_%V%])V) is not a frame for any m > 0. Later in Section 2.4, we
introduce the shrinking method, with which we modify the preceding example to
obtain a frame. This method may be used to modify Parseval frame wavelets sets
in such a way that they may be smoothed using our techniques or other methods,
like those in [63]. Section 2.5 contains Theorems 44 and 48, which show that frame
bound gaps occur with many wavelet sets. In fact, for certain Parseval frame wavelet
sets L and approximate identities {k,}, the system W((1, x ky)¥) does not have

frame bounds that converge to 1 as A — oo, even though, for all 1 < p < oo,
Jim ([ Lp o kx = Lel o gy = 0.

Furthermore, when we smooth a specific class of Parseval frame wavelet sets Ly C R¢
with certain approximate identities k)4 = ®%,k,, the corresponding upper frame

bounds increase and converge to 2 as d — oo.

13



2.2 Frame bounds and approximate identities

2.2.1 Approximating frame bounds

In this section we give several methods, mostly well-known, to evaluate frame
bounds. Our goal is to manipulate Parseval frame wavelet set wavelets on the
frequency domain in order to construct frames with faster temporal decay than the

original Parseval frames.

Remark 16. The following calculation and ones similar to it are commonly used
to prove facts about frame wavelet bounds. Define @,, = [0,27"]% and T = R/Z.
Using the Parseval-Plancherel theorem on both R? and T? as well as a standard L*

periodization technique, we let ¢ € L%(R?) and have the following calculation:

vrer®. Y DsP = Y3 [ o)

neZ keZ4 n€Z kezd

14



=33 | D

neZ kezd

=22

n€Z keza

_ Zan

_2/

_Z/ ZZ}C v+ 27 ”l 2n’7+l)f(7+2_nk)121(2n’7+]€)d’}/

I kezd

B Z / Zf FOy + 27k (20 (2" + k)dy (2.1)

foo Sl m/zzf 7+ 2Ry

/f 2dn/2 27rzk2"'yw(2n )d’}/

2
’7+2 nl 2mik-2™ (y+27"71) 77&(2n,y+l)d,y

”leZd
2

Zf v+ 27 ) (2ny +1)| dy

(2" + k)dy.

(2.2)

Here, (2.1) and (2.2) are formally computed, but the calculations will be justified

when they are used later in the thesis. To simplify notation, we define

‘ZW ") dw/ ZZf )y + 277k (20 (2 + k) dy

(2.3)

F(f

We would like to find explicit upper and lower bounds of F(f) in terms of || f]|?.
Clearly, these bounds correspond to frame bounds for the system W(1). Specifically,

if W(¢) has frame bounds A, B, then

A= inf F(f) and B= sup F(f).
[[fll2=1 [l fll2=1

Consequently, if f € L? (R?) has unit norm, then A < F(f) < B.
Calculations such as these play a basic role in proving the following well-known
theorem ([36], [24]) and its variants.
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Theorem 17. Let ¢ € LQ(I@d), and let a > 0 be arbitrary. Define

py(y) = Z Z W (2"v) ¢ (2"y + k)| and

keZd nel

My = €SSSup, crd py(y) = €SSSUP,<||v/1<2a 1 ()

If My, < oo, then W (v) is a Bessel sequence with upper frame bound B, and M, >

B. Similarly, define

vp(y) = Z 1;(2"7)‘2—22‘1/3(2"7)1[;(2"74—]@) and

neZ k#0 neZ

Ny, = essinf%@d vy (7y) = essinf o<y |<2q Y (7)-
If Ny > 0, then W (¢) is a frame with lower frame bound A > N,.

We refer to M, and Ny as the Daubechies-Christensen bounds. Christensen
proved Theorem 17 for functions ¢ € L?(R), but his proof extends to L*(R?) with
only minor modifications. Chui and Shi proved necessary conditions for a wavelet

system in L*(R) to have certain frame bounds, [27]. Jing extended this result to

L*(RY) for d > 1, [72].

Proposition 18. Define ry(7) = >,z

i (2”7)‘2. If W) is a wavelet frame for

L*(RY) with bounds A and B, then, for almost all v € Re,
A < ky(y) <B.
Define K = esssup, cga Ky () and K, = essinf__gq ry(7)
We may combine the previous two results to obtain the following corollary.

Corollary 19. Let ¢ € L*(R?). Let a > 0 be arbitrary. If My < oo, then W(1)
is a Bessel sequence with bound B satisfying K, < B < M. If, further, Ny > 0,
then W(¥) is a frame with lower frame bound A satisfying Ny < A < K.
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Many of the ¢ that we mention in this thesis are continuous. In these cases,
we shall simply calculate the supremum and infimum of &, rather than the essential

supremum and essential infimum.

2.2.2 Approximate Identities

Definition 20. An approzimate identity is a family {kpy : A > 0} C L'(R?) of

functions with the following properties:
. VA >0, fk‘(,\)(as)da: =1;
i. 3K such that VA > 0, ||k |lpiwe) < K;

it Vnp > 0, lim,\_mf‘ \koy(x)|dx = 0.

|lzl|>n
The following result is well-known, e.g., [9], [48], [94].
Proposition 21. Suppose k € L*(R?) satisfies [ k(z)dx = 1. Define the family,
{kx : kx(z) = MEk(Ax), A > 0},
of dilations. Then, the following assertions hold.
a. {kx} is an approximate identity;,
b. If f € LP(R?) for some 1 < p < oo, then limy_ ||f * kx — f||LP(Rd) =0;

c. If k is an even function, there exists a subsequence {\,} of {\} such that

lim [ f(u)Tpky, (u)du = f(z) a.e. © € R

m—00

17



Proof. . To verify the condition of Definition 20.7, we compute

/kA(x)dx = )\d/k;()\x)dx — /k:(u)du =1

For part 7 we compute
/|k:A(x)|dm — )\d/ \k(\z)|dz = / |k(u)|du = K < oo,
where K is finite since k € L'(RY). For part i, take n > 0 and compute

/ |kA(x)|dx:)\d/ |k()\x)|dx:/ |k (w)|du;
/| lzl|>n lull>n

this last term tends to 0 as A tends to oo since n > 0 and because of the

definition of the integral.

b. Setting w = Au, we have

F k() — f(2) =t/U®—w—f@HMWMu

Apply Minkowsi’s inequality for integrals:

Ik = Flo < [ 171 = FlhlkGw)do.

As [[Tw f — fl|, is bounded by 2| f[|, and tends to 0 as A — oo for each w, the

assertion follows from the dominated convergence theorem.
c. The last part follows from the evenness of k.

/f(u)TxkAm(u)du:/f(u)k,\m(u—x)du:/f(u)k»\m(x—u)du:f*kAm(a:).

]
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We shall use approximate identities on R?. The following notation will stream-

line our arguments.

Proposition 22. Fix a non-negative, compactly supported, bounded, even function
k. RY — C with the property that [ k()dy = 1. Then, k € L' N L*(R?) and the
results of Proposition 21 hold. For w € R? and o > 0, define Irow € LQ(HAW) by
Droaw = VAT kx. If a =1, we write gy, = gr1.- Note that ||grulla = 1 for all

A, W.

The following 2 propositions may be seen as special cases of Proposition 18.
Our results in this subsection require more hypotheses than the results just ref-
erenced, but the proofs are decidedly less technical, requiring fewer analytic esti-
mates, and they also give greater insight as to why these bounds are valid. Fur-
thermore, methods used later in the thesis which improve the bound estimates

provided by Corollary 19 are inspired by these proofs. Recall the function y(y) =

2

ez [92")

Proposition 23. Let 1 € L2(RY) be a function with non-negative Fourier transform.
Further, assume that ky(7y) € Lp(@d) for some 1 < p < oco. If W(¢) is a Bessel

sequence with upper frame bound B, then k() € L(R?) and B > K.

Proof. We have assumed 1&(7) > 0 for all v € Re. For any f € L*(R%) with non-

negative Fourier transform, lines (2.1) and (2.2) hold by the Tonelli theorem, and

F(f) z/

we have

2

FO)| Ku(r)dy.
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Thus, for a fixed w € RY,

For) 2 [ Th(m()in (2.4
By Proposition 21, there exists a subsequence {\,,} of {\} such that the right hand
side of (2.4) approaches ky(w) as m — oo for almost every w. Since B > F(gx,)

for all A and w, B > esssup__ga kiy(w). O

Proposition 24. Let ¢ € L*(R?) be a function for which supp ) is compact and
dist(0, supp 2[1) > 0. Further, assume that ) € L“(I@d). IfW(4) is a Bessel sequence

with upper frame bound B, then B > F¢.

Proof. Since zﬂ € L“(I@d) and the support of z/} is bounded and of positive distance
from the origin, we have k() € L**(R9). Thus, we may use Proposition 21. Fur-
thermore, the sums in lines (2.1) and (2.2) are finite due to the support hypothesis
and thus the calculations are justified. Fix a point w € R?. As in the preceding
proof, we would like to ignore the cross terms of F(gy,) in order to obtain the
desired result. We shall prove that the cross terms disappear for certain A. If w # 0,
since suppzﬂ is bounded, there exists an N € Z and a neighborhood A of w such
that 1)(2"y) = 0 for all n > N and all y € \.

As ) increases, the support of g, decreases. Hence, let L; have the property

that supp(gr,») CN. Forall A > L;, n < N, and v € I@d, we have

Dre(7)i(277) = 0. (2.5)
On the other hand, choose an Ly > 0 large enough so that for all —n > N, A\ > Lo,
and [ € Z¢, we have
Supp g [ |SUPP T-a-migre = 0.
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Set L = max{Ly, Ly}. Then, for any A\ > L, n € Z, and 7 € ]@d,

Irw(V)grw (7 + 270 (277)d(2"y + 1) = 0.

Thus for A > L,

F(gn) = / T k(7)1 (7).

Letting a certain subsequence of A get larger, we obtain B > ky(w) for almost every

w. Thus, B > esssup ga Fy(w). O

2.3 A canonical example

For this section, let L = [—%, —i) U [%, %), which is Ko\ Ag from the 1-d Journé

construction; see Example 15.
Example 25. We shall compute some Bessel bounds.

a. W(1Y) is a Parseval frame. Smooth 1, by defining ¢ = 1, * 811 We

’T16]'
would like to determine if W(v)) is a Bessel sequence and, if so, to determine

its upper frame bound. We compute K, = }—g. Within the dyadic interval

9 9 i i — 17
[32, 16) this supremum occurs at {z. Also, My = 14, where the supremum

occurs at the same point. Thus, by Corollary 19, the upper frame bound of

W(x) is 1

16"

b. Similarly, if ¢ = 1[_%7%)2\[_%7%)2 # 641;_ 1 13, then the upper frame bound of

16’16

W(y) is 22

256"
Example 26. Once again, let f@ =181

LL]-
16°16
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a. We have that K, = 55 and N, = %. It now follows from Corollary 19 that
W is a frame with lower frame bound A, satisfying % <AL 2%. We would
like to tighten these bounds around A. This is a delicate operation. For
this estimate, we shall use functions consisting of multiple spikes, scaled by
positive and negative numbers. We have that K, occurs at % within the
dyadic interval [%, %) By symmetry, this infimum is also achieved at — 4

0

Further,

SUPZZQ/J (2") Q”W—I—Z)

n  1#0

This supremum occurs at :I:%. In order to compute the lower frame bound, we
need to minimize F(f), defined in (2.3), over all f € L*(R%). We shall refer

to the summands,

~

FO) Oy +27mk)b(2ny) (27 + k),

in F(f) as cross terms. We would like to find an f € L*(R?) that allows us
to use the cross terms to mitigate the other terms as much as possible. Since

— gy . The centers

1
T2

i% is close to j:%, one possibility is to set f,\ = g,

[N

)

11
7272
of the bumps are chosen to be a distance 1 apart from each other so that the
cross terms do not disappear as A gets larger, while the negative coefficient

is chosen so that the cross terms cancel out some of the other terms. For

large enough A, supp(g, AL %) Nsupp(gy 1 _1) = ). We may always rescale the k

1
12072

which generates the gx1x1 SO that these supports are disjoint for all A\. Thus,

without loss of generality, assume that the supports are disjoint for all A. We
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~ 12
have | fo| = 173k + 174k, Also,

AMAG+1) = —5T3ka(7)

and  fi(y)Hh(y—1) = —5 T 1kA(7).

These equalities rely on the evenness of the k. For an appropriate subsequence

Ag, it is true that

F(fy) — %{Z[
zzpw I

n  1#0

@/3(2

as { — oo. Thus, the lower frame bound A of ¢ is bounded above by %.

. Can we use similar methods to tighten this lower frame bound estimate? For
example, although the maximum of the cross terms occurs at 1 , the minimum
of the remaining terms occurs at 21 Perhaps it would be better to consider
f>\ =0a12 —ga1 . Further, values of « different from 2 5 might yield better
results. Actually, neither of these options changes the results. If we choose
0<a<landw € [1—76, 1%) and set f)\ = Graw — Yr1—a,1—w, then the minimum
bound obtained for A using the same method as in part a is i. We note that
w must be chosen from the interval [1—76, 1%) (or the reflection of the interval to

the negative R axis) because that is the only region in the support of 1& where,

for ~ lying in that region, 1)(7)t(y 4 1) is non-zero for any [ € Z\{0}.

. Recalling that the Daubechies-Christensen bound is g, we conclude that the

lower frame bound satisfies % <AL }l.
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This method of fine tuning lower frame bounds is difficult to generalize.

A natural idea that arises when attempting to obtain Parseval frames with
frequency smoothness is to use elements of an approximate identity to convolve
with 17, in order to obtain W(v) with frame bounds A and B which are arbitrarily
close to 1, specifically using an approximate identity, {¢,,}, that consists of the
dilations of a non-negative function ¢ with L'-norm 1. We know that 1, x ¢,
converges to 1y in LP, 1 < p < oco. Thus, there is a subsequence which converges
almost everywhere to 1. However, one may think that the corresponding frame

bounds converge to 1, but this does not happen.

Proposition 27. Consider the approzimate identity {¢,, = Sl_1 1 m > 12}.

m’m

Although 11 % ¢y, — 1y in LP, 1 < p < 00, the upper frame bounds of W((Lp* ¢p)Y)

are all }—g, and the lower frame bounds are bounded between % and }L.
Proof. For m > 12, we initially calculate
(
0 for v < —% - %
“#(r-3-d) for-b-dsy<-bed
1,1 11
1 fOf—§+%<’)/<—Z—E

L% ém(Y) =94 0 for -1+ <y<i-1
Bo-bed) Rrioi<y<ied
1 fori+%§7<%—%
“#0-4-8)  frb-dso<itd
0 for%—l—%ﬁ”y
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Let @m = 1 * ¢y, Just as above, we then calculate k,,, (7). Because of symmetry,

we only need to calculate k,,, over the positive dyadic interval [}1 + o0+ %]

() G+ G-+ (—gm+m) fori+msa<i+y

1 for i+l <y<i-2
Ko (1) =

() G+ G- D+ (G- mmtiw) forg-2sy<i-g

() G =G G+t i) ford—hsy<i+sg

The maximum value of ¢ is 3£ and occurs at % —

16 . S0 the upper frame bound of

1
W (i) is at least 12. We now calculate (g, —£y,, ) (7) = >, >0 ‘qj;m(gmy)dm@my +1)

over the same interval and obtain

N
|
3=

0 fori—i—ﬁ <<
(B — B ) () =

=
+

3=

(%) (7 47+ (“h 4 gl) for 4 g sy <
The upper frame bound of W(¢,,) is bounded above by My, = sup. (ky,,(7) +
17

(fgp,, — Ky )(77)), which is also 76- Hence W (¢,,) has upper frame bound }—g for

every m > 12. Now consider

Ny,, = igf(ﬂwm () = (b — Figpn) (7)) = 9

By Theorem 17, W(iy,) is a frame with lower frame bound A > 2. If we now

calculate F((QA,%,% — gy1._1)"), as in Example 26, we obtain 4 < 1. O

ST

One may hope to improve the frame bounds of the smooth frame wavelets,

e.g., by bringing both of the bounds closer to 1, by convolving with a linear spline.
The following proposition shows that, in this case, the resulting upper frame bound

is closer to 1, than for the case of Proposition 27, but that it also constant for large
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enough m. Further, in the limit, there is a positive gap between upper and lower

frame bounds.

Proposition 28. Consider the approzimate identity {¢,, : m > 12}, where ¢,,(v) =
max(m(l — m|y|),0), v € R. Although 11 * ¢y, — 1, pointwise a.e. and in L,

1 < p < oo, the upper frame bounds of W((1r, * ¢,,)") are all %2, and the lower

647

2

frame bounds are bounded between § and }1.

Proof. Let &m = 11 % ¢,,. By utilizing basic methods of optimization from calculus,

we evaluate

— 65
me — Mﬂ)m - 6_4

It follows from Corollary 19 that the upper frame bound of W(¢,,) is equal to g—i,

independent of which m > 12 is used.

As in Example 26, set f,\ = g, — G,

=
[N
S

1
19

. Then, we can verify that there
exists a subsequence A\, such that

o ~ Y @ e (]
- O [ver (3hier (3) -o+de (< e (—3) -0)] b

n  1#0

as ¢ — oo. Also, the lower Daubechies-Christensen bound is %, yielding the desired

bounds on the lower frame bound. O

We shall call the phenomenon which occurs in Propositions 27 and 28 a frame
bound gap. The results presented in this section prompt the following questions,

which we address in Sections 2.4 and 2.5.
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e Do we obtain a frame when we try to smooth K;\A; from the 1-d Journé

neighborhood mapping construction?
e Can we ever precisely determine the lower frame bound?

e What happens when we smooth K\ Ag from higher dimensional Journé con-

structions?

e Does a frame bound gap occur for other wavelet sets and other approximate

identities?

2.4 A shrinking method to obtain frames

2.4.1 The shrinking method

When we try to smooth 1 for other sets L obtained using the neighborhood

mapping constrution, we do not necessarily obtain a frame.

Example 29. Let

9 1 9 9 1 9
L= |3 v[pm) v mea) v [23):

which is K7\ A; from the neighborhood mapping construction of the 1-d Journé set

(Example 15). For m € N, define Um = 11 % 21_1 1y. Then W(4),) is not a frame

m’m

for any m. This can be shown by considering F((g, )¥) for arbitrarily

11
1202

large A, just as in Example 26. Specifically, a subsequence of F'((g,

11
1272

converges to 0, while each g, has unit norm. However, for arbitrary

11 — 1 1
33 i3

m, W(1,,) is a Bessel sequence, and for any m > 64, the Bessel bound is bounded
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between % and %. Again, we see that the upper frame bound does not converge

to 1.
It seems reasonable to assume that smoothing 1, in Example 29 with a linear
spline may yield a frame; however, the following example shows that this does not

happen.

Example 30. Let

9 1 9 9 1 9
L=|-2, 2 ul-— -2 ulZ,-)ulg?
)l m) e o)
and for m > 64, let ¢,, be the linear spline ¢,,(7) = max(m(1l — mly|),0). Set

~

¥ = 1, % ¢p,. Then, using Mathematica we obtain

41
My = g5~ 128125

Ky, ~ 114833
K, ~ 0.38092
Ny = 0

In fact, for some subsequence {\¢},

F((9r,3.0 = 90,2-1)7) = m(2) =0

373 373
If W(¢) formed a frame, then it would have a lower frame bound 0 = N, < A <
vy(2) = 0. Thus W(v)) is not a frame, but it is a Bessel sequence with upper frame

bound 1.14833 < B < 1.28125.

We would not only like to construct frames, but also to determine the exact
lower frame bound of such a frame rather than a range of possible values. The
following definitions and theorem will help us do that.
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Definition 31. For any measurable subset L C RY define

A(L)=dist (L, ] (L+k)).

kezd\ {0}

Definition 32. If f is a function R? — R, define f+ = IfIT+f For € > 0, define

supp, f = supp(f(-) — ).

Essentially, supp, f returns the regions over which f takes values greater than

e. Notice that supp f = suppy | f]-

Theorem 33. Let 77/; € L;’o(@d) be a non-negative function. If there exists an € > 0
such that for L = suppezﬂ, Unez 2L = R up to a set of measure 0, and for
L =supp), A(L) > 0, and dist(0, L) > 0. Then, W() is a frame for L*(R%). The

frame bounds are essinf, k() and esssup, Ky (7).

Remark 34. If the L C R? is a Parseval frame wavelet set and the closure T, C

(—%, $)4, then Y =1; and 0 < € < 1 satisfy the hypotheses with L = L.

Proof. We first note that since qﬁ is compactly supported and bounded, it lies in

L2(R%). Thus ¢ € L*(R%). We now prove that W(t)) is a frame. Since A(L) > 0,

veRt YN ‘&(2”7)1&(2"7 +E)| =o0. (2.6)
nez k40
So
Mw - Fw.

By assumption, ¢ is bounded. Furthermore, since dist(0, L) > 0 and L is bounded,

for any v € ]IA%d, 12(2”7) is non-zero for only finitely many n € Z. Putting these two
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facts together, we conclude that
Ky < oo.
Similarly,
Ny = K.
Since dyadic dilations of L cover H/éd, for almost every v € H/éd, there exists n € Z

such that 2"y € L, which implies that $(2"y) > e. Thus essinf, ga riy(7) > 0.

Thus, by Corollary 19, W(v) is a frame with bounds A and B which satisfy
A = K,

and B = K.

[]

A statement very similar to the preceding theorem appears camouflaged (through

a number of auxiliary functions) as Theorem 8 in [26].

Remark 35. Let ¢ € L*(R) satisfy the hypotheses of Theorem 33. Then for

C = max{A~', B} and almost all v € R
0< O <hy(y) <C < oo

Furthermore, it follows from line (2.6) that for almost all v € R,

O (209)0 (27 +27k) =0 Vk € Z\2Z , k € NU {0}.

Thus, by Proposition 2.2 of [37], if S : Lz(@) — L2(I@) is the frame operator defined

as

SF = {f, DaTit)) D T,

neZ kezd

then S is translation invariant. That is, for all x € R, ST, = TS as operators.
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Corollary 36. Let L be a Parseval frame wavelet set from the neighborhood mapping
construction. Let § = dist(0,L) > 0. Let a > 0 be such that the closure o, C

(—% + e,% — )4, for some 0 < € < % Further let ¢ be an essentially bounded

non-negative function such that supp ¢ C min{%, €} - (—1,1)? and supp ¢ contains

a neighborhood about the origin. Then if ¥ = Lo * ¢, W) is a frame for L*(R9).

Proof. Define L = supp z[; Since supp ¢ contains a neighborhood about the origin,

¢ is non-negative, and @E is continuous, there exists an € > 0 such that
aL C (e, 00).

Thus, for this e,

R!=aR? = o J2"L C | J2"supp, ¢,

nez neL

up to a set of measure zero. As the convolution of two essentially bounded functions
with compact support, 2,@ € L™ immediately. It follows from Theorem 33 that W(1))

is a frame for L2(RY). O

Example 37. Let

I 9 1 U 1 9 U 9 1 U 19
32 4 16" 256 256 16 4'32)°
Then L is K1\ A; from the 1-d Journé construction, shrunk by a factor of 8. Further

let ¢y, = 1, * 211 1. Then for any m > 384, W(¢),,) is frame with bounds 35

and 32 Note that W((1s, * 211 1)Y) is not a frame for any m > 0 (Example

29).

Example 38. Let L, = [—a, —%) U [%,&) for 0 < a < % Then L, is [—%, —;11) U

[i, %) from the 1-d Journé construction, dilated by a factor of 2a < 1. Recall from
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Proposition 27 that

m 1 1 v
WALy * 20

is a frame with upper frame bound % and lower frame bound between % and %.
Define &m,a =1z, * %1[_%,%}. For 0 < a < % and m > max{ﬁ, 2}, W(m.a) is a
frame with with frame bounds % and %.

It follows from the calculations in Example 26 that the lower frame bound
of W(¥,, %) is bounded above by 1, while the shrinking process brings the lower

frame bound up to %, for W(tma), 0 < a < % Corollary 19, which is based on

previously known results, only implies that the lower frame bound of W(wm,%) is

2

5 and %. Thus without the methods introduced in Example 26,

bounded between
we would not know that the shrinking method actually improves the lower frame
bound.

Further note that % < % and 2% > %. Thus the frame bounds corresponding

to shrinking Ko\ Ay from the 1-d Journé construction are closer to 1 than the bounds

obtained by shrinking K7\ A; in the Example 37.

2.4.2  Oversampling

Corollary 36 yields an easy method to obtain wavelet frames with certain
decay properties from Parseval frame wavelet sets. It almost seems counterintuitive
to believe that simply shrinking the support of the frequency domain can change
a function which is not a frame generator into a function that is one. Although

we have proven that this does indeed happen, we now give a heuristic argument

32



that this method should work for dyadic-shrinking. If the collection {D,T}v :
n € Z,k € Z% C L*(RY) is a Bessel sequence, then it is not a frame if and
only if there exists a sequence {f,, : |[fmllz = 1,m € Z} C L?*(RY) such that
M, 00 Y nez 2 owezd | (fms D, Ti))* = 0. Having a positive lower frame bound is
a stronger condition than being complete. However, if we add more elements to
{D,Typ : n € Z,k € Z%}, it is more likely that the system will be complete and
thus also more likely that it will have a lower frame bound. We would like to show
that shrinking the support of Q/AJ will add more elements to the system. For o« > 0

and ¢ € L2(R?), let ¢(v) = 1(ay). Then Fo = a2 Dyog, o F),

= p = }"_1}"@
= ]:_I(Oz_d/QDlogga}—)lb
= F Y a 2FD_1og,0)¥
= @ 2D o5, 0t
= D, Tho = Oéid/2DnTkDflog2aw

= a_d/2Dn—log2 ol T/J

@

Hence, if a = 2V, for N € N,
span{ D, Tpp :n € Z,k € 7} = Span{DnTLN@D ‘n€Z ke 7.
2

Thus, dyadic shrinking on the Fourier domain has the effect of increasing the size
of the system generated by dilations and translations by a power of 2. One may
call this an oversampling of the continuous wavelet system {Diog,»Tst) : 7 > 0,5 €
R}. If L C R is Parseval frame wavelet set and ¢ € L¥(R?), W (1, * ¢)") is a
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Bessel sequence but perhaps not a frame (see Example 37). Hence, dyadic shrinking
increases the likelihood that W ((1, * ¢)¥) is complete and thus also the likelihood
that W ((1,, * ¢)¥) has a positive lower frame bound. In general, shrinking by any
a > 1 has the effect of increasing the number of translations in the original wavelet
system and shifts each of the dilation operators by the same amount. We compare

and contrast our results with the following two oversampling theorems found in [26].

Theorem 39. Let W(v) be a frame for L*(R) with frame bounds A and B. Then

for every odd positive integer N, the family
{DnT%w n, k€ Z}
is a frame with bounds A and B which satisfy A > NA and B < NB.

Theorem 40. Let ¢ € L*(R) decay sufficiently fast and satisfy [(z)dx = 0. If

W) forms a frame, then for any positive integer N,
{DnT%@/J :n, k€ Z}
s a frame also.

Remark 41. The specific decay conditions in the hypothesis of Theorem 40 are
described in [26], but are too lengthy to list here. The smoothed frame wavelets

mentioned in this thesis all satisfy the decay conditions.

Only dyadic shrinking corresponds to oversampling in the Chui and Shi sense.
Oversampling may potentially create a frame system from a pre-existing frame sys-
tem, but we see in Example 37 that oversampling may change a non-frame system
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to a frame system. Furthermore, in Example 38 we see that oversampling can bring

frame bounds closer to 1, rather than just scaling them as in Theorem 39.

2.5 Frame bound gaps

Definition 42. Let ¢ € L2(R?) be a Parseval frame wavelet and {t/, bmen € L2(RY)
be a sequence of frame wavelets (or Bessel wavelets) with lower frame bounds A,,

and upper frame bounds B, (or just upper frame bounds B,,) for which
lim | = Ymll L2 ®ey = 0.

If limy, oo A < 1 or lim B,, > 1, then there is a frame bound gap. By Parseval’s

m—00

equality, ||V — | r2(re) = [t — Py 124y S0 it suffices to check for convergence on

the frequency domain.

Many examples of frame bound gaps occur in the previous sections. We shall
now prove that this phenomenon occurs in more general situations. First we make

a quick comment.

Remark 43. Let L C R? be bounded and measurable and g € L1 _(R?). For m > 1

define

gm)(y) = mg(my), and

wm = ILL*g(m)
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Then

Um(u) = / Lz (u = 7)gem) (V) dy
— [ 1w Doy

= / g(v)dy.
—mL+mu

Theorem 44. For 0 < a < 1/2, let L C RY be the Parseval frame wavelet set

[—a,a]™\[-%, 4]%. Also let g : R? — R satisfy the following conditions:

i. suppg C Hle[—bi, c;|, where for all i, b;,¢; > 0 and supp, g contains a neigh-

borhood of 0;

i. [g(y)dy=1; and

wi. 0 < /
115

i:l[?vc’i}

g(y)dy <1 and 0 < / g(vy)dy < 1.

d b;
Hi:l [7 71 7Ci]

Define Um = 1 * Gim)- For any

m > max {max

1<i<d

2(b; +¢;) bi+c; 4bj+¢; 4dei +b; )
71_2@7 a ) a )

W () is a frame with frame bounds A,, and By,, and there exist « < 1 and 3 > 1,
both independent of m, such that A,, < o« and B,, > (3. In particular, there are

frame bound gaps.

Remark 45. Any non-negative function ¢ : R? — R which integrates to 1 and has

support H?Zl[—bi, ¢;] D suppg 2 H?Zl(—bi, ¢;) satisfies the hypotheses.

Remark 46. This result holds true if m € N or m € R.

2(bitci) bitc; 4bi+c 4Ci+bi}}
P .

Proof. Let m > max;<;<q{max{ =22, 307 2k
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Since m > %£& A(supp Up) > 0. Thus,

P () = Vi (0) = Fiy, (w),

where ky,, is compactly supported. Further, for all 1 <17 <d,

a a a

so dist(0, supp ¥,) > 0. It follows from Theorem 33 and Corollary 19, that W(i,)
is a frame with bounds A4,, = K by, a0d By, = ?¢m.

Asm > maXlSiSd{max{%’ 4Ci:bi }}’

for w e ([T l—a = 5o+ 20)\ (T3 - 255+ ),

Ky, (U) = (thm (u))? + (lﬁm(g)ﬂ where

) = / e

To bound B,,, we evaluate x,, (v) where v = (a — 2, a — 2, ... a— %) We

m’ m’ : m

first compute ¢, (v). Since [%,a]* C L,

d
H[_bi’ % —b;] € —mL + mo.

i=1

Asm > @ for all 1 <4 < d, [T [~bs, ei] [T, [0, %% —b;). Hence,

dnt)= [ o= | g(x)dy = 1.
—mL+muv Hﬁlzl[—bivci]

We now compute @/A)m(g) Since m is sufficiently large, for 1 < i < d,

bi
- [_biv—E],
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[—bi,Ci]ﬂ(—m[_§,§]+%(a—%)) = | bz,Ci]ﬂ([——l,ma—%])
= [-=,¢], and
[=bi el (—m[g,a] T %(a - %» = [=b;,¢] N ([ma— %, SmTa _ %])

It follows that
(E[_bi,ci]) N <—mL+m(%)> = (H[_bi70i]) \ (H[—%,cJ) ,

and that

~

v
= gmar=1- [ g
—mL+m(z) ngl[—évci}

2
Define 8 = ky,,(v) =1+ (1 - fl_[d e g(v)dv) . Then, B,,, > ky,,(v) = > 1,
i=1l7 72 Ci
and [ is independent of m.
Let w=(a+2,a+%,... a4+ ). We shall show that xy,, (w) is strictly less

than 1. We compute

—mL +mw = <H[Ci, 2ma + C,]) \ (H[% + ¢, 3mTa + Cz])

i=1 i=1

= (H[_bi’ CJ) N (—=mL + mw) = 0.

=1

Thus, zﬂm(w) = 0. Furthermore,

=1

It follows from our choice of m that for all 1 < i < d, —5 + % < —b; and

ci<ma—|—%<3mTa+%. Hence,

(H[—bucil) A (=mL+m(%))

=1

Il
-~
—=
IR
S
o
~
/
—=
wiﬁ
o
~
&)
=
o,



i:1[7i7ci}
We define
2
a = ky,, (W) = (1 —/ 5 9(7)d7> :
[T (5 el
Consequently, A,, < a < 1 for all sufficiently large m. m

Corollary 47. For 0 < a < 3, let Ly C Re be the wavelet set [—a,a]\[-%, 2]

Also, let g : R—R satisfy the following conditions:
i. suppg C [=b, c| for some b,c > 0 and supp, g contains a neighborhood of 0;
i. [g(y)dy=1; and
. 0 < fgg(fy)dy <1and0 < ffg g(y)dy < 1.

Define gq = ®f:1 g: R? — R. Further define ﬁm’d =1y, * 9ay,,,- Then, for each

2b+c¢) b+c 4b+c 4dc+b

>
m > max{ '"1—2a" a ' a b

and d > 1, W(m.q) is a frame with bounds A, q and By, 4 which satisfy

2

d
Apg < [1- (/ g(v)dv> <1, and

2

2

d
Bna > [1- (/ g(v)@) +1>1
_b

Also for such m, limg_.oo Bp.a = 2.

Proof. All of the hypotheses of Theorem 44 are satisfied, so
2

d
Apnag < [1- (/ g(*y)d’y) < 1, and

2

d 2
Bna > |1- (/ g(v)ch) +1>1,
_b
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where
2

d
dlim 1— (/ g(v)dv) +1=2,

b
2

since 0 < [, g(v)dy < 1. Furthermore,
2

Bma = sup Ko ()
u€l—a— 2ot 1N\ [-§ — 5§+ 551
~ - u
: sup (Frna(0))? + (a3
u€l-a—2 a0+ 21N\ [-§ - 52 § 55
< 2.
Thus, limg_,o By, ¢ = 2 for all large enough m. O

A similar result holds for a large class of wavelet sets in R.

Theorem 48. Let L = U laj, b;], with a; < b; for all j € J, be a Parseval frame
_ JeJcz

wavelet set. Let g : R — R be a non-negative function satisfying [ g(v)dy =1 and

with support suppg = [—c,d], where ¢,d > 0 and which contains a neighborhood

of zero. Define Uy = 1; x Yomy for m > L for all j € J. Then if W(in,)

forms a Bessel sequence, the upper frame bound satisfies B,, > [ > 1, where (3 is

independent of m. In particular, there is a frame bound gap.

Proof. Set aj, = min{a; > 0: j € J}, and let b; € {b;};cs be the unique b; > 0

such that there exists N € NU{0} with 2¥a;, = b;. We wish to bound ky,, (b; — <).

c+d
bij—a;’

Since m >

U

El

&
s
+
3

=
|

—mL +m(b; — —)
m



implying that

(b — —) = dy = 1.
V(i = —) /mum(b g(v)dy

._ <
' m

Similarly,
—mL +m(27V (b; — %)) = —mL+ma, —2 V¢

D m[—by, —ay] + ma; — 27 V¢
= [m(ax —bp) —27Ne, —27V¢]
D [—¢,—27V(].

So

—2N¢
dn@ =)= [ g0
Hence,

O

We note that by construction (viii) in Chapter 4 of [33], cantor-like wavelet

sets exist. Thus, Theorem 48 does not apply to all wavelet sets in R.

11
=), with a; < b; for all j € T, be a

J
Coroll 49. Let L = bl C (—=
orollary € U[a], ;] C ( 95

j=1
Parseval frame wavelet set. Let g : R — R be a non-negative function satisfying

[ g(v)dy = 1, with support supp g = [—c, d], where ¢,d > 0, and which contains a

neighborhood of zero. Define ﬂm = 11 * gm) for all m large enough that

,max

(minj a;) — (max; b;) + 17 5 “bj —ay b dist(0, L) dist(0, L)

{ c+d c+d d c }
m > max

Then W(ty,) forms a frame with upper frame bound B,, > [ > 1, where (3 is
independent of m.

41



. d N
Proof. Since m > (i aj)f(rmaxj T M = Vi = By Because supp¢,, 2 L,

==

inf k,,, > 0. Finally, since m > max{ distzi

0,L)’ dist(CO,L)} and supp ¢, is compact,

SUp Ky, < 00. Hence W(1),,) is a frame.

The remainder of the claim follows from Theorem 48. O

In this chapter Parseval frame wavelets are smoothed on the frequency do-
main by elements of successive elements of approximate identities. However, the
corresponding frame bounds do not converge to 1 even though L is a Parseval frame
wavelet set. We contrast these facts to the case of time domain smoothing. In [1],
the Haar wavelet is smoothed using convolution on the time domain with members
of particular approximate identities {ky}. The smoothed functions generate Riesz
basis wavelets which have frame bounds which approach 1 as A — oo. Thus, con-
volutional smoothing affects frame bounds dramatically differently depending on
whether the smoothing is done on the temporal or frequency domains. Further-
more, Theorems 44 and 48 may be used to show that certain smooth functions are
not the result of convolutional smoothing; see Section 3.5 in the next chapter. Fi-
nally, the shrinking method introduced in Section 2.4 may be used to simply modify

non-complete systems in order to obtain frames.
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Chapter 3
Smooth Parseval frames for L?(R) and generalizations to L?*(RY)

3.1 Introduction

3.1.1 Motivation

As in Chapter 2, we are concerned with finding frame wavelets which are
smoothed approximations of Parseval wavelet set wavelets. We attempt to generalize
Bin Han’s non-constructive proof of the existence of Schwartz class functions which
approximate Parseval wavelet set wavelets in L?(R) arbitrarily well. We show that
the natural approaches to such a generalization fail. Furthermore, we show that
a collection of well-known functions which also approximate wavelet set wavelets

generate frames with upper frame bounds that converge to 1.

3.1.2  Background
Recall that in this chapter, D, f(x) = 2!%2f(2'x).
Definition 50.

e The space C°(R?) consists of functions f : RY — C which are infinitely

differentiable and compactly supported.

e Given a multi-index a = (a, as, . . ., ag) € (NU{0})?, we write |a| = 3¢

1=

1aia
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oy Doy D
aq ag ag -
Oz, ' Oxy Oz,

d .
z® = [[_; 2", and D* =

7 )

An infinitely differentiable func-

tion f: R? — C is an element of the Schwartz space ./ (R?) if

Vn=0,1,... sup sup (1+ [|z]|*)" |[D* f(z)] < oo.
|| <n,ce(NU{0})? z€RE

Clearly . C L', so the Fourier transform is well defined on . and is in fact
a topological automorphism. Since C° C ., the (inverse) Fourier transform

of a smooth compactly supported function is smooth.
e We will denote the space {f € L%(R) : supp f C [0,00)} as H2(R), as in [63].

We now make note of a now well-known result, which appeared in Bin Han’s

paper [63], as well as many other contemporary papers.

Theorem 51. Let ¢ € L?>(R?). Then W(x) is a Parseval frame if and only if

ST =1 and Y 2")(2(y+m)) =0 (3.1)

nez

with absolute convergence for almost every v € R? and for all m € Z4\274.

3.1.3 Outline and Results

In Section 3.2.1, we present the results from [62] and [63] which concern the ex-
istence of smooth Parseval frames which approximate 1-dimensional Parseval frame
wavelet sets. Bin Han’s methods involve auxiliary smooth functions which we try
to generalize to higher dimensions in Section 3.2.2. We show that forming tensor
products or other similarly modified versions of the auxiliary functions from Section

3.2.1 either fails to yield a Parseval frame or fails to yield a smooth wavelet when
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used to smooth a certain type of wavelet set. However, some Parseval wavelet set
wavelets in R? can be smoothed using methods inspired by Han’s work, see Section
3.3. In Section 3.4 we construct a class of C2° functions which form frames with
upper frame bounds converging to 1.

We conclude with Section 3.5 which contains a review of previously known

methods to smooth frame wavelet set wavelets.

3.2 Schwartz class Parseval frames

3.2.1 Parseval frames for L?(RR)

In his Master’s thesis, [62], as well as the paper [63], Bin Han proved the
existence of C* Parseval frames for H?(R). The following two lemmas and definition

appear in the paper [63].

Lemma 52. There exists a function § € C*(R) satistying 6(z) = 0 when = < —1

and #(x) = 1 when = > 1 and
0(z)® + 0(—x)* =1, reR.

Definition 53. Given a closed interval I = [a,b] and two positive numbers d;, ds

such that d; + 9 < b — a, we define

(

9(%) when z < a + &
f(1;51,52)(x) - 1 when a + 51 <z < b— (52
9(%) when © > b — 09

\

Note that supp(f.5,,6,)) € [a — 61,0+ o).
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Lemma 54. For any positive numbers 1, d2, 03 and 0 < a < b < c,

J(1:61,6)(27%) = flo—rr0-k5, 2-k5y) (T)

and

Fabrion5) (@) F T c1i0a00) (®) = Flaelionoo (2)-
The preceding lemmas are used to prove

Proposition 55 ([63]). Suppose that a family of disjoint closed intervals I; = [a;, b;],
1 <i<lin (0,00) is arranged in a decreasing order, i.e., 0 < by < b1 < ... < b
and UL_,I; is dyadic dilation congruent to [1/2,1) C R. If A(U_,I;) > 0. Then for
any
1. , . .
0<d< 3 min{A(U;_, 1), 1II§1Z121{b2 —ai}, min dist(1;, I;11)},

let

~

!
% = f(h;%#s) + Z f(li;2_ki_15,2—’%—15)
i=2
where k; is the unique non-negative integer such that oki[. C [%bl,bﬂ. We have

s € L (R) and W()5) is a Parseval frame in H*(R).

Bin Han states that a similar proposition holds for L?(R), but does not ex-
plicitly state it nor prove it. However, it is easy to extend the result using similar

methods to his proof of the preceding proposition.

Proposition 56. Suppose that a family of disjoint closed intervals I; = |a;, by,
1<i<l[in R is arranged in a decreasing order, i.e., by < bj_1 < ... < by where

b; <0 < aj_y and U._,I; is dyadic dilation congruent to [—1,—1/2)U[1/2,1) C R.
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If A(UL_\ ;) > 0, then for any
I . ! ) L.
0<d< 3 min{A(U;_; [;), 1n§11121{b2 —a;}, 112@1211 dist(1;, I;11)},

let
-1

E f(I¢;2_ki_1§,2_ki_16)

1=2

Vs = f([l;g,(S) + + f(h;&%)

where for 2 < i < j — 1, k; is the unique non-negative integer such that 251, C
[%bl,bl] and for j < i < | — 1, k; is the unique non-negative integer such that

261, C la, say]. We have s € 7 (R) and W(i5) is a Parseval frame in L*(R).

Proof. We'd like to make use of Theorem 51. To this end, let

fl = f(h;%,é)
fi = Juarimrso-kim1s) for2<i<i-1
fl - f(lz;&%)

In order for the f; to be well defined, we need

)
§+5 < b—a

4]
5‘1’6 < b

By our choice of 9, for all 1 <i <1,

5 %(bl CLZ) 1
5 +4 < 9 é(bz — CLz)
3
= Z(bz - az)
< bz — Q;



So for ¢ = 1 and ¢ = [ the desired inequalities hold. Also because k; > 0 for each

2<i<l—1,

9~kimlg 4 o~ki=ls — 9~k

= 278N (b — ay)

So the f; are all well-defined and

N

o
supp f1 [a1—§,b1+5],
supp f; C [a; —27%710,b; + 27714 forany 2 <i<[l—1

supp fi C [a — g,bz + 4]
Hence for any 1 <4 <, supp f; C [a; — 6,b; + d]. Since 0 < § < $A(UL_,),
AU supp f;) > AU [a; — 8,b; +6]) > AU, ) — 26 > 0.
Thus for all 1 <4,k <[, ne NU{0}, m € Z\0,

fi(2") fe(2(y +m)) =0,

since 2"m € Z\{0}. Hence for any n € NU {0} and m € Z\{0},

Ds(2"7)s (2" (y +m)) = 0 a.e.

By construction,

-1
]]'Il + (Z ]]_2761]1) —I— ]]‘Il - ﬂ[alvéal]u[%blybl}'
=2
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Using the Lemma 54, we obtain
j—1

f12(7)+2f12(2_k17) = f([165) +Zf 2= k=15 2—k; 16)(2 '7)

=2

- 1155) +Zf2k1155

Fismon360(0):

Similarly,
-1
D LTI+ RO = St 10 ():
i=j

So we know that

l
2/on 2 n 2 n
Z Z fi@"y) = Z (f([ah%al];(ség)@ v) + f([%b1,b1];%5,5)(2 7))

neZ i=1 neL

_ 2 2
=2 <f (-l baz-n2-n-16) (1) T faoniyy piga-n-152-n5) (“V)) '

neL

For any n € Z, we again apply Lemma 54 to get

2 2
(f(2n[al,§al};2n5,2n15) (v) + f(2*”[%b1,bl};2*”*15,2*”6) (7)>

“

= f(2[2_"al,2_”_2al];2‘"6,2‘"‘25) (v) + f(2[2—"—2b1,2—”b1];2—"—25,2—"5) (7)

2 2
f(27n71[al7%al];27n715727n725) (’7) + f(27n71[%bljbl];27n725727n716) (’y))

As a result of these 2 equalities, 3}_ Y onez Ji(2™) = L(—s0,00)(7), where the con-
vergence is almost everywhere and absolute for 1 < ¢ < [. Since 0 < § <

5 ming << {dist(L;, I;41)}, supp f; € [a; — 6, b; + 9],

Thus



for almost all . Hence 15 generates a Parseval wavelet frame in L?(R). Clearly

s € S (R) since f; € S (R), 1 <i <. O

In Corollary 36, we shrunk Parseval frame wavelet sets and obtained frame
wavelets with better decay than the original Parseval frame wavelet. We again
employ that idea in order to modify any bounded Parseval frame wavelet set in R
so that we may apply Proposition 56 in order to obtain a smooth Parseval frame

wavelet set.

Corollary 57. Let L C R be a Parseval frame wavelet set. Let N € Z have the

trait that 2NL C (—35,3). Then there exists a ¢ € & (R) such that Y € C*(R) and

W(¢) is a Parseval frame and the measure of supp(v)\2V L is arbitrarily small.

3.2.2 Extensions of Han’s construction

We would like to extend Han’s results even further in order to create Schwartz
class Parseval frames over L?(R?) for d > 1. The basic idea of Han’s construction
is to replace each 1y, p,(z) with an appropriate C7° bump function f(,. 15,5, (%),
where U, [a;, b;] is a Parseval frame wavelet set with A(U;[a;, b;]) > 0. We will attempt

to generalize the smoothing techniques on the class of Parseval frame wavelet sets
2 2 1
{L,} = {[-2a,2a]*\[~a,a]*: 0 < a < Z}'

It is easy to see that any such L, is indeed a Parseval frame wavelet set since each

tiles the plane under dyadic dilation and A(L,) > 0 for 0 < a < % (Proposition

12). These sets are natural ones to start with because of their simplicity. When
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a = 2N for N < =3, then L, may be obtained by dyadically shrinking the Kj\ A,

set obtained from the neighborhood mapping construction of the 2-d Journé set,

as in Example 15. We need to define an appropriate family of bump functions to

replace each 1, (x,y). We try the following functions:

Q(La;a,g)(%y) =9

(3.2)

when |z| € [0,2a — d] and |y| € [2a — 9§, 2a + ¢]
when |z|, |y| € [2a — §,2a + ¢]

when |y| € [0,2a — 6] and |z| € [2a — J,2a + §]
when (ja], |yl)T € [0.2a — 572\[0,a + 3

3 and y| € la— §,a+ ]

when |z| € [0,a —
when |I|7 |y| € [CL - ganF %]
when |y| € [0,a — ] and [z] € [a — $,a + 3]

otherwise,

(3.3)

where 6 is as in Lemma 52. We first note that g is well defined even though the

piecewise domains overlap. In order to form h, we tensor the 1-dimensional interval

bump functions to create 2-dimensional rectangle bump functions and then subtract

such functions corresponding to [—2a, 2a)? and [—a, a]?>. The function g may be seen

as a piecewise tensor product. In fact,

ity (:9) = Gg55) (.0) for (2,9)7 & [~a— 2 a+ SP\[Fat+ 50— o]
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and supp by 5 5y = SUPD g(1,,.59)- Although both of these functions seem promising,

; 2 n n 2 n n
neither ) _, h(La;(S,%)(Q x,2"y) nor ., g(La;&g)(Q x,2"y) are equal to 1 almost

everywhere. It follows from Theorem 51 that neither W(h) nor W(§j) are Parseval

frames.

Proposition 58. Let 0 < a < —, set L =[—

0 <é < imin{l—4a,a}. Leth be as in Equation 3.2. Then 'y

18 not equal to 1 a.e.

2a,2a]?\[—a, a]?, and pick a & such that

nez (L .5, 5)(271,37’ 2ny)

Proof. We first rewrite h;, .5 4y in terms of ¢ (from Lemma 52).

h(La;é,%)(w7 y) =

We will prove the claim if we show that >

positive measure. Note that for (z,y)?

2 n n _
Zh( a;s,g)@ z,2"y) =

neL

when |z| € [0,2a — d] and |y| € [2a — 9, 2a + ¢]
when |z, |[y| € [2a — §,2a + 0]

when |y| € [0,2a — 6] and |z| € [2a — 9§, 2a + §]
when (Jz[, [y|)" € [0,2a — §]*\[0,a + 3]

when |z| € [0,a — §] and |y| € [a — $,a + &)

when [z, |y| € [a — §,a + 4]

when |y| € [0,a — ] and [z] € [a — §,a + &)

otherwise.

e L ;573)(2"x,2"y) < 1 on a set of

€ [O7a_g] X(a_%va+%]7

(o) e ()
()bt
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since()<0<a6_/|2y|> <lfory>a-—2. O

Proposition 59. Let 0 < a < 1, set L = [—2a,2a]*\[—a, a]?, and pick a 6 such that

0 <8 < smin{l—4a,a}. Let g be as in Equation 3.3. Then'y", , g?La;é,%)(an’ )

18 not equal to 1 a.e.

Proof. We first compute the following for z,y > 0, making use of Lemma 54:

9100.5) (@ Y) + 91,0 (22, 20)
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6> (2a5—y> when (x,9)T € [0,2a — 4] x [2a — 6,2a + ]

62 (2“(5_?’) 6% (2%2) when (z,y)T € [2a — §,2a + §)?
62 (2‘1(5_5”) when (z,y)T € [2a — §,2a + 6] x [0, 2a — ]
1 when (z,y)” € [0,2a — 6]2\[0,a + 3]?
2 (a—y 2 (y=a T s s 5
0 (52>+9 (5/2 when (z,y)" €[0,a—35] x[a—§,a+ §]
a— a—zx —a z—a é )
62 (5—2‘0 62 (W) + 62 (%) 62 (W) when (z,y)T € [a— §,a+ §]?
02 (‘g;;)w? %) when (z,9)7 € [a— 8,0+ 3] x [0,a — 3]
1 when (z,9)" € [0,a — %]2\[0, S+ g]Q
62 (yg74/2) when (z,y)7 € 0,4 — 8] x [4 — 2,4 + 9]
—a/2 z—a/2 a 4 a )
62 y5/4/)02( 5/4/) when (z,y)T € [$ - $,%+ 4)?
0 (%57) when (z,9)7 € [§ 4,4 +4] x (0,4 4]
0 otherwise
92 (2agy) when (z,)7 € [0,2a — 8] x [2a — 8, 2a + 4]
62 (2‘16_9) 0% (22-2) when (z,y)T € [2a — §,2a + §]?
62 (2“5_x) when (z,9)" € [2a — 6,2a + 6] x [0,2a — ]
1 when (z,9)7 € [0,2a — 6]?\[0,a + g]z
1 when (:c,y)TE[O,a—%]x[a—%,a—i—g]
— a—x - z—a 0 J
92 (%) 02 (W) + 62 (%) 02 (ﬁ) when (l‘,y)T S [CL — §,a + 5]2
1 when (z,y)7 € [a— §,a+ 3] x [0,a — I
1 when (z,9)" € [0,a = 3]\[0, 5 + §]?
0 (4572) when (z,7)T €[0,% — 8] x [2— 2,24 9]
—a/2 z—a/2 a 4 a )
92(?’5/4/)02( 6/4/) when (z,y)7 €[4 — ¢, %+ 4)?
0* (454 when (z,9)" €[ — §.5 +§1 % (0.5 — 4]
0 otherwise.
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Continuing inductively we obtain Y, - ¢> s )(2”:5, 2™y)
2

(Lai6

(

0 when x =y =0

o () o2 (5522)  when (270, 27)7 € fa— S0+ 8 for m € Z

2Mxr—a
+7 (5552) 0 (%555

1 otherwise.

\

We would like to show that 62 (%) 62 ( 572 > + 62 (6/2> 62 (”‘/ ) does not take
the value 1 for almost all (z,y)” € [a — 2,a + $]?. Assume that 1 < 3 < 1 and

0 < a< 1. Then ;> 1

B

5
28 — 1

= 200 —a #

and so « #

= 1+2af —a—0#1
=  af+(l-a)l-0)#1
It follows from the intermediate value theorem and continuity that the measure of

E={(z,y)" €la—2%,a+2?*: —<02(5/2) <1 O<92<5/2> < 1} is positive. So

for (z,y)" € E,

*(52) 7 (5m) o () 7 ()
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However, as the calculations above show, ) h?La;& ; )(ng:, 2"y) = 1 for all

(Il Jy))" ¢ {0} U (U o {_gﬁ )

meZ

So we adjust h(La;&g)(x,y) on C = [a—%,a+%?U[2a —§,2a + 6]* in hopes of

obtaining a Parseval frame. We do this by setting

Firass.2)(@0) = hip, 55 (@, y) for (2], [y))" ¢ C
and
f(La;a,g)(fUay) = f(La;cs,g)(f@%
for (|, [y])T, (12|, |9))T € C, |z|+|y| = |Z|+]7|, and |z|+]|y| small enough. Explicitly,

f(La;g,g)(fE»y) =

(

0 (%‘y') when |z| € [0,2a — 0] and |y| € [2a — 6, 2a + J]
0 (%) when |z, |y| € [2a — §,2a + 0], where 4a — 26 < |z| + |y| < 4a
0 (20“%”0 when |y| € [0,2a — ] and |z| € [2a — §, 2a + §]
1 when (|z/, [y[)" € [0,2a — 6]*\[0,a + 2]?
1 when |z|, [y| € [a — ,a+ §] where 2a < |2z| + |y| < 2a+§
0 (%) when |z] € [0,a— &] and |y| € [a — £, a + 2]
0 (W) when |z|, [y| € [a — ,a+ 3] where 2a — § < [z] + |y| < 2a
0 (lgl/_;> when |y| € [0,a — ] and |z € [a — $,a + 3]
| 0 otherwise.
Proposition 60. Let 0 < a < 1, set L = [—2a,2a]*\[—a,a)?, and pick a 0 < § <

tmin{l — 4a,a}. Let U = f(La;&g). For x,y >0,

1207 2007\ _ £2 =
wé (Z‘) + % (21‘) - f([_gaga]z\[_%%y;g%)(x)'
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Proof.

d

i)+ (

y—

a
572

02 (x-i—y—é%-i—d/Z) 4

#(

75) + 0

q
q
d
q

0

y—a/2
5/4

z+y—a+d/4

572

)

3/4

x—a/2
5/4

)

)

2a—x—y—6/2>

r—a

572

)

)

U3 (&) + 43 (27)
when (z,y)T € [0,2a — 6] x [2a — 6, 2a + 0]
when (z,y)T € [2a — §,2a + §)?
when (z,y)T € [2a — §,2a + 8] x [0,2a — J]
when (z,y)" € [0,2a — 8]2\[0,a + 3]?
when (z,9)" € [a — %,a + g]2 where 2a <z +y2a+ 6

when (z,y)7 € [0,a— 3] x [a— §,a+ ]

when (z,9)7 € [a— $,a+ )2 where 2a —§ <z +y < 2a
when (z,y)T € [a — g,a—i— g] x [0,a — g]
when (z,)" € [0,a = 5]*\[0, § + 47

+ ]2 where a < z +ya + §

ISY

when (x,y)T € (g — %,

(IS

when ()T € [0,% — 8] x [4 —

NI

when (z,y)T € [% —

N

when (z,9)7 € [§ ~ %4 +41 % 0.5 4]

otherwise,
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0 (“574°)

o (577

0

2 —
J(20202\-2.8126.5) (D)
as desired.

1

Proposition 61. Let 0 < a < 4,

when (z,y)7 € [%

0% (Z5AE2)  when (2,9)" € [

when (z,y)T € [0,2a — 8] x [2a — 6, 2a + J]
when (z,y)T € [2a — §,2a + §]?

when (z,y)T € [2a — §,2a + 6] x [0,2a — 0]
when (z,9)T € [0,2a — §]2\[0, § + §]?

P whena<z+y<a+3

N
+

_ 9
49

otherwise,

]

set L = [—2a,2a]*\[—a,a)?, and pick a 0 < § <

tmin{l — 4a,a}. Let s = fLass 5y Then Vs € C’C(]l/@)\Ccl(]l/@) and W(1s) is a

Parseval frame for L?(R?).

Proof. Since

supp s C [—2a — 6, 2a + 6]* C <—

1 1 2 1 1)\?
2a—§(1—4a),2a—|—§(1—4a)) = (—575) ,

for all n € NU {0} and k € Z?\{0},

~

Vs (2%(Z + k) Us(277) = 0 ace.,

where ¥ = (z,y). In order to utilize Theorem 51, we would like to show that

S|

neL

2
‘ =1 a.e.

Vs(2"7)
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We will accomplish this by showing that

~

¢§(f) + 1/’?(25) = f(2[_2a72a]2\[_g 2}2;5&)(5)'

272
Then it will follow from iteration that

>

n=M

2
- 72 - - - - — —1— (JI)
([_21 ]Ma721 Ma]2\[_2 Na72 Na]2;2 M(;,Q 1 N(g) )

)5(2"7)

which is 1 on [217Mq + 27M§ 21-Mq — 2= M§)2\[27Ng + 2717N§5 27Ng — 271N §)2)
where

0Mg 97 M5 =27M(2g — §) - 00 as M — —o0

and

J
2_Na—2_1_N5:2_N(a—§)—>O as N — oo

2

SO Y ez ‘1&5(2”5) =1 a.e. By symmetry, it will suffice to show that

@/}?(f) + @/)(?(Qf) = f(2[—2a,2a]2\[—9 512;57%)(5)

272

for positive x and y. The preceding proposition is a proof of this fact.
Thus, W(is) is a Parseval frame, but 15 has cusps along {(2a—d+t, 2a—6)7 :

0 < ¢ < 26}, as well as other edges. So 15 ¢ C1(R?). O

Thus we have found a method to smooth the Parseval frame wavelets 1, for
0<ac< i, which is analogous to Han’s method, but it does not yield Parseval
frame wavelets with good temporal decay like Schwartz functions. It seems that
this method should generalize to other Parseval frame wavelet sets in R? which
have piecewise horizontal and vertical boundaries. However, there does not seem
to be an easy way to write an explicit formula that works in general. Furthermore,
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only a relatively small number of Parseval frame wavelet sets have such a boundary.
Perhaps not all is lost. Instead of trying to smooth 1 for some Parseval frame
wavelet set K resulting from the neighborhood mapping construction, we now try
to build Schwartz class Parseval frames for L*(R?) directly from the CS° bump

functions over R.

3.3 A construction in higher dimensions

In the preceding work, problems arose around the corners of the boundary
of Ly = [—2a,2a]?\[—a,a]? when we tried to smooth 1,. What if there were no

corners to deal with? For 0 < a < }1, we define

f([a,2a]><51;%,5)($7 y) = f([a,Qa];g,a)( Va2 +y?),
where yet again f(, 54,5, 5 () is as in Definition 53.

For any 0 < § < fmin{l — 4a,a}, define

Proposition 62. Let 0 < a < 3

1
1

Us : R2 — R by ths(z,y) = f([aﬂa];%’é)(\/ﬁ +42). Then, ¥ € .Z(R2) and W(i5) is

a Parseval frame for L*(R?).

Proof. By construction, v € C’é’o(]l/@) = s € S(R?). Since § < (1 — 4a),

A(suppths) < 0. So for all n € NU {0} and k € Z\{0},

bs(2(F + k)h(20F) = 0 ace.

where & = (x,y)T. Hence, in order to prove that W(is) is a Parseval frame, it



R 2
suffices to show that ) _, )wg(Z”f)‘ =1 a.e. We compute

2 2

Z 7&(2”5) = Z ‘f([a,Za];%,é) (\/(2711')2 + (Qny>2>
nez nez
2
- Z ‘f([a72a];%,6)<2n2)} for z = /a2 + y? (3.4)
nez

We know that (3.4) = 1 for almost all non-negative z, specifically for z > 0. So

N 2 ~
> onez ’1/}5(2’%)‘ = 1for R? 3 7 # 0. Thus W(t)s) is a Parseval frame for L?(R?). O
This result and proof generalize to R?, d > 2.

Corollary 63. Let 0 < a < 3. For any0 < § < 3 min{1—4a,a}, define s RT =R
by hs(z) = f([a72a];g75)(||a:||). Then, 1 € .(R?) and W(ys) is a Parseval frame for

L*(RY).
Proof. The proof is as above. O

We now have Schwartz class Parseval frames for L?(R?), d > 1 which are

elementary to describe.

3.4 Partitions of unity

C* partitions of unity are important tools in analysis and differential topology.
While the topic of C'* partitions of unity is outside the scope of this thesis, we shall
utilize a class of functions which is commonly used in conjunction with that subject,

e.g.: [81].

Definition 64. Let f : R — R be the function f(v) = 6_%]1(0,00). Also, let b,m >0
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be such that b — -+ > 0. Define ¢ € C>(R) as

fo+ 5 —h
fo+5 =D+ flrl=b+5)

Pbm (7) =

A

Ifa> % is clear from the context, we shall write ¢, = Pa p,.

e

@bm is a smooth function which takes the value 1 on the disk (=b+ =,b— L)
and the value 0 outside the disk D(—b — &, b+ --). We shall now prove that the

function is actually monotonic over the positive reals.

Lemma 65. Fix b — = > 0. Then ¢y, is increasing over (—o00,0) and decreasing

over (0, 00).
Proof. Let v > 0. We calculate @, (7)

(fO+ =N+ =b+2) (Ot 5 =) = fO+ 7 =) (F O+ 5 =N+ F(y—b+ )

(f(b+% P+ fly—b+ )
O =b DOt =N+ O+ =N b))

(fFo+L =7+ f(y—b+ 1))
For all v € R, f(7) > 0 and f'(7) = Le~

~

4\~

1,00y > 0. Hence for v > 0, @g,m(v) < 0.

Since @y, is even, this implies that ¢; , (v) > 0 for v < 0. O
Theorem 66. Let 0 < v < 3 and m > max{%, =2-}. Define

- 3a 3a JEREN

Y = (Y + ) + oy — ) € CE(R).

Then 1, € S(R) and W(n,) forms a frame with bounds A,, and B,,. For all m,

Amgé, but as m — oo, B,, — 1.

Proof. Asm > 1 5 ¥m is well-defined, and it follows from the definition of &, that

@ [ 1 a+1]u[a 1 +1]
su m=|-a——,—= + — —— —,a+ —|.
PP m 2 m 2 m m
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2

Since m > =55, supp Vm C (—%, %) By continuity, there exists € > 0 such that

[—a,—5)U[§,a) C supp, Y. Thus, it follows from Theorem 33 that W(t,,) forms

a frame with lower frame bound A,, = K, and upper frame bound B,, = Ky, . As

~

¥, is even, it suffices to optimize k,,, over any positive dyadic interval. We shall use
g+ La+d). Sincem > &, k4, (1) = (G (1) + (Wn(3)? for 7 € [§+ 0+ ).

Also m > ¢ implies that « — 2 > ¢ + L+ Hence, over [$ + 3, a + =),

b = (Gm(1)> + (Wm(2))

2
)
(¥m(7))? +0 for 84 L <y<oqpl
1+0 for%+#§7<a—%
1+($m(%))2 fora—%§7<a_%

m(N)? + (W (2))? fora—L <y<a+l

(Sﬁm(W—?f))Q for%+ﬁ§y<%+%
1 for¢+Ll<y<a-2
1+(¢m(%_%))2 fOI‘a—%Sfy<a_%

(@m(V—%))Q%—(@/}(%—%))Z fora—%§7<a-|—%

Note that
ofy—z<0for§+ﬁ§7<%+%sincem>§,

2 1
o o —F<0fora—=<y<a-—

4 m m’

o”y—z>0f0ra—%§”y<a+%sincem>§,and

Y _ 3a _ 1 1 g 2
o o~y <0fora <7y <a+ ;- sincem > .
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Thus, Ky, is increasing over £ + 5= < v < a — -, but is not monotonic over

1 1
a—-— <7vy<a+ . Hence

i () (%
min K == K -
§+3<v<a—o; vm I

and

1
ma K = K a— —
g 0 i (7) T C )
o1 1. 3a)\’
= 14 (ngla- - 2)
672m 2
= 1+ <e—2m+e—2m/3>
— 1 1 ’
R EETE

Note that as m — oo,

min = Ky, (7) — 1
a1 1
stasr<a—o;

max 1/<:¢m(fy) — 1
stasysa—g,

We shall now consider k,,, over (a— %, a+ %) We start by substituting v = a + %,
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t € (—1,1) and expanding k,,, over these values:

ot ) = (et 2= 2) 4 (G -2
- <¢m(Z - %))2 + (s?)m(—% + %))2

e—m/(1-1) 2 o—2m/(2+t) 2
- (em/(lt)+em/(1+t)> + (€2m/(2+t)+62m/(2t))

1 ? 1 ?
- (1 +62mt/(1—t2)) + <1+6—4mt/(4—t2)>

At t =0, ky,, takes the value (%)2 + (%)2 = % We claim that for any 0 < § < %,

Q

K (@ + L) converges uniformly to 1 over [d, 1 — d]. Choose an arbitrary 0 < e < 2.

We claim that for any

|y, (a+ L) — 1] < eforall t € [6,1 —0]. A routine application of the triangle

inequality yields

t 1 2 1 2
[y (0 + E) -1 = 11 e2mt/(1—2) + 11 e ami/a2) | — 1

1 2 1 2
= (1+e2mt/<1t2>) " (1+e4mt/(4t2)) -1

62 In(+/Z—
Since m > %, for all t € [6,1 — 9],

3
2 _ 82 _ 42
\/j_ | < 2md/(1-62) < j2mi/(1-12)

; <

— 2< (1_'_62mt/(17t2))2
€

1 2
<1 + e2mt/(1-12) )

N €
5
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(62—4)In(1—4/1—%)
45 )

1—4/1— 2 S o~ 4md/(4=0%) ~ —dmt/(4-1?)
\/ c Z

N (€f4mt/(47t2)>2 _ 2(ef4mt/(4ft2)) + % >0

Since m >

= |(ef4mt/(4ft2))2 _ 2(674mt/(47t2))| < €

- |1 _ (1 + e—4mt/(4—t2))2| < g
1 — (1 + e—4mt/(4—t2))2
(1 + e—4mt/(4—t2)>2
1
(1 + €—4mt/(4—t2)>2

<

€
2

=

DO | ™

~1| <
Thus, |ky,,(a+ L) —1| < efor all ¢ € [6,1—4]. It is also true that for any 0 < § < 3,

Ky, (a+ L) converges uniformly to 1 over [~1+ 4, —d]. The proof works in the same

manner, except the triangle inequality is used in the following way
t 1 ? 1 ?
| (0 + E) -1 = (1 + 62mt/(1—t2)) + (1 + 6—4mt/(4—t2)> -1

2 2
< —1 1 L
= 1 4 e2mt/(0—2%) ) 1 4 e—4mt/(4—t?) :

Combining this convergence with our knowledge of the values &y, (0) = %, Ko, (@ +

+

2 2
%) = <—1+e}4m/3> , and Ky, (a — %) =1+ <—1+€}1m/3> , we conclude that

lim B, = lim K, =1.

m—00 m—00

]

Since the # exponent makes computer calculations nearly impossible, these
smooth frames are interesting, but not usable in applications. As there is no up-
per frame bound gap, it follows from Theorem 48 that these functions which are

commonly used in mathematics are not the result of convolutional smothing.
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3.5 Other Methods

3.5.1 MSF smoothing

As mentioned above, E. Hernandez, X. Wang, and G. Weiss, [69], created the
theory of MSF wavelets. They characterize wavelets v for which QZJ has support
in [—%a,Q — %a], for 0 < a < %, and prove that these are all associated with a
multiresolution analysis (MRA). The authors then smoothed these MSF wavelets
[70]. Their smoothing procedure was accomplished by deforming given low-pass
filters to obtain new filters. This process sometimes results in non-bandlimited
orthonormal wavelets.

This process will not work to improve the frame wavelet set wavelets which
were created in [14] because this process relies heavily on the associated MRA struc-

ture, which requires an orthonormal basis. Further, some of the sets generated in

4

50,

the neighborhood mapping construction do not have support lying in [—%oz, 2—
for some 0 < o < % For example, K7\ A; in the construction of the 1-d Journé set

—+5)U[35,3) U[2,9). The support of this set is spread due to the

)

fact that it is approximating a wavelet set which is not associated with an MRA.

3.5.2 Baggett, Jorgensen, Merrill, and Packer smoothing

A different smoothing idea is employed in [5]. The authors smooth the 1-d

Journé wavelet using a Generalized Multiresolution Analysis. Frame wavelets for
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L*(R) are constructed which have the same dimension function,

ZZ| (2" (z + k) |2,

keZ n=1

as the Journé wavelet set but are arbitrarily differentiable and have C'* Fourier
transforms. As in [70], they do not regularize the members of the frame directly
but rather define auxillary functions which build wavelets sharing certain traits with
the original wavelet. Since they construct Parseval frame wavelets, we know from
Theorem 48 that their functions cannot result from convolutional smoothing on the
frequency domain. They note that if v is a frame wavelet contructed using the
methods of [5], then {7} : k € Z} does not form a frame for span{7yvy : k € Z}.
They reference [13] in their comment. The following theorem from [13] may be used

to prove the same result for frames found using our methods.

Proposition 67. Let ¢ € L2(R) and let W(y) = Y,y [0(y + k)|> € L(T). The
sequence {Tyy = k € Z} is a frame for span{Tyy : k € Z} if and only if there are

positive constants A and B such that
A<V¥(v)<B a.e. on T\N,
where N = {y € T : ¥(y) = 0}.
Proposition 68. Let ¢ be as in Corollary 36. Then {Ty : k € Z%} is not a frame
Jor spanyczaTi1).

Proof. Since 1 is the result of a convolution, it is continuous. Let 1 5 denote the

vector in R? for which every component is L. Then ¥(3) = 3, [b(L + k)| = 0
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by the construction of 1. Since zﬁ is continuous, for any € > 0 which is sufficiently
small, there exists a v € R such that € = U(v). The conclusion now follows from

Proposition 67. O

3.5.3 Smoothing by time domain convolution

In [1], the authors make use of the following two results in order to smooth

the Haar wavelet by means of convolution on the time domain.

Proposition 69 ([50]). Let f be a bounded variation function with total variation
V(f). Assume that supp f C I, where I is an interval of length less than 1, and

[ f(t)dt =0. Then W(f) is a Bessel sequence, with bound

M = 11| fllee (V(F) + ([ flloo) 11

Theorem 70. If {e, : n € N} is an orthonormal basis for L* (R) and {e, — f :
n € N} is a Bessel sequence with bound M < 1, then {f, : n € N} is a Riesz basis

2

2
with bounds A and B satisfying A > (1 -V M) and B < (1 + M>

The main idea of [1] is to convolve the Haar function ¢ = Ly 1/2) — L2
with a function ¢ € W (R) = {¢ € L'(R) : ¢ € L' (R)}. This results in a
C(™) (R) function v * ¢. If ¢ has additional properties, then Proposition 69 can be
used to show that W (1) — 1 * ¢) is a Bessel sequence with bound M < 1. It follows
from Theorem 70 that ¢ * ¢ is a C™ (R) function which generates a Riesz basis
with bounds <1 . )2 and (1 +vVM )2. Thus, convolutional smoothing on the
temporal domain does not yield frame bound gaps, in contrast to smoothing on the
frequency domain.
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3.5.4 Operator interpolation

Let K and L be (orthonormal) wavelet sets. By Proposition 12, K and L are
Z4-translation congruent and tile R by dyadic dilation. Dai and Larson use these
facts to construct a unitary operator U on L2(R%) in [33]. If the group generated
by U commutes with the Fourier transformed dilation and translation operators
when applied to 1, then the wavelet sets admit operator interpolation. This means
that polynomials in U, with coefficients satisfying certain conditions, applied to
1 yield the Fourier transform of a mother wavelet. If K and L satisfy futher
conditions, then this interpolated wavelet may also be continuous in the frequency
domain. In [64], this process is extended to Parseval (sub-) frame wavelet sets. The
“sub-" prefix means that the generated sequence of functions form a Parseval frame
for their span, rather than necessarily for all of L2(R?). The loosened restrictions
allow for K and L to be Parseval sub-frame wavelet sets which are Z9-translation
congruent. While the sets K,,\A,, from the neighborhood mapping construction
are Parseval frame wavelets, operator interpolation does not seem to be a viable
method to obtain frame wavelets with good decay from these sets. Initially, if we
fix a neighborhood Ky and map S, then K,,,\A4,,, and K,,,\ A, will have different
measure if m; # msy. Hence, these sets can not be Zd%translation congruent. If
we look to sets created using different neighborhoods K, and K, and maps S and
S, we may obtain Parseval frame wavelet sets K., \ Ay, and K., \A,,, which have
equal measure and thus may potentially be Z9-translation congruent. However,

calculations have not yet yielded any pairs of these equal measure sets which are
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actually Z9translation congruent. Hence, we are unable to interpolate between the
corresponding Parseval frame wavelets. Although operator interpoliation is a clever
application of von Neumann algebra theory to regularization of (sub-frame) wavelet

set wavelets, it is not helpful in our endeavor.

3.5.5  Stability results and an error in [46]

While attempting to modify the methods of [1] in order to use them, we
considered a number of various stability results. Stability results give conditions
under which perturbations of a frame or Riesz basis is again a frame or Riesz basis.
Theorem 70 is a very special case of the following stability proven by Chistensen
and Heil for Banach frames [25]. The result as it applies to Hilbert spaces has a

remarkably simple proof which uses the triangle inequality.

Theorem 71. Let {e,} be a frame for a Hilbert space H with frame bounds A and

B. Let {f,} CH. If {e, — fn} is a Bessel sequence for H with bound M < A, then
. . 2

{fn} is a frame with frame bounds A and B satisfying A (1 - M/A> < A and

B<B (1 + M/B)Q.

While the hypothesis for this result is much weaker than many pre-existing
basis-type assumptions and, thus, is more applicable, the use of the triangle in-
equality in its proof means that, in general, the constants in Theorem 71 are not
optimal. In fact, convolving Ko\ Ag from the 2-d Journé construction with elements
of an approximate identity failed to yield bounds M < 1, meaning that Theorem 71

cannot be applied at all in this case. Fortunately, Corollary 19 provides frame bound
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estimation that is simple to compute. There are other stability results in [46], but,

unfortunately, one of the major results of the paper is incorrect.

Definition 72. {D;T;¢} is semiorthogonal if for any j # m and any k,n € Z%

They write in [46]

Theorem 10: Let ® be a semiorthogonal sequence in L?*(R9),
and let ¢ be any function in the closure of the linear span of
{Ty¢ : k € Z%. If ® is a wavelet frame (wavelet Riesz basis)
in L?(R%) with bounds A and B and ||ty — ¢|| < A%2B, then
U = {¢;r = DjTy¢ : j,k € 7%} is a semiorthogonal wavelet
frame wavelet (wavelet Riesz basis) in L?(RY) with bounds

([1 = ()] I = ol)” Aand ([1+ (22)] 10— ol) 5.

Obviously, they mean j € Z. Also, there is a typo in the statement of the new

bounds. Since B > A, the bounds as stated would always yield lower frame

bounds < 0. Based on the results that they cited in the proof, they meant to

wiite (1 - (25) [0 — ol)* 4 and (1+ (22) v - o])" B.

Proof: The semiorthogonality is trivial. Let ¢ = ¢ — 4, and let

S be the frame operator, i.e.:

SF=Y_3 (f¢in) ik

JEZ4 keZd

Again the j should lie in Z.

The hypotheses imply that if j # 0, then (g, ¢;x) = 0. Thus,

9= ZmGZd am¢07m($), for Ay = <Silg7 ¢O,m>‘
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While it is true that g = Y, > (S71g, dp.m)Pnm, there is no reason for (S~1g, ¢y ) =
0 for all n # 0. If the rest of the proof were correct, then this problem would most

likely be fixed by writing g =, .74 bnS ™ do.m, for by, = (g, Pom).

Let {c,x} be any finite sequence of scalars, then

2 2

ZZ Z amcj}qusm,j-i—k

J  k mezd

BY > 2 lameinl”
7 k. m
= BY lawl*Y > el
m i k

ik

IN

2

Initially, there is an error in the indices, HZ i Yok D mezd AmCikPm.j+k
2

should be HZ i Dok D omezd aij,kgbj,erkH . More crucially, the authors miss the sub-

tle fact that m and k are taking values all over Z¢, so m; +k; = mqy+ ko for numerous

values of m;, k;. Using the substitution n = m + k, the correct inequality would be
‘ | ‘

Since in general |3 @,,)° £ 3 |#,|?, their desired result does not follow. Their

2

ZZ Z Clij,k¢j,m+k

J k mezd

ZZ Z amcj,n—m¢j,n

n mezd

E Cj,nfmam

m

2

< B;;

proof isn’t repairable, which of course doesn’t mean that the theorem is also incor-
rect; however, calculations using other methods indicate that a class of functions
which satisfy the hypotheses do not form frames. Let ® = W(1_1 _1/90p/2,1))- P is
an orthonormal basis and is thus trivially a semiorthogonal Riesz basis with frame

bound 1. Set

- 1 1

= (=1 — =My)1_1_
(0 (2 5 2)1[-1,—1,200/2,1)5
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then ¢ € span{T;1_1 _12un/21)}. Also,

[ — ILE/—I,—I/2)U[1/2,1)||2 = v - Il[*1771/2)U[1/2,1)||2

1 1 4mix i
— (5 — 56 )—1 ﬂ[_17_1/2)u[1/2,1)(x)

—1/21 1 1
= / 1(1—|—20084mx+1)dw+/ Z(1+2COS47Ti£U+1)d9€

1 1/2
11 1

= (== —(=1 S
2(2 (-1 2)

1

)

< 1

Thus, the hypotheses of Theorem 10 in [46] are satisfied. However, v is a continuous

function which vanishes at every point v = izik. Thus Ky is also a continuous

function which vanishes at every point v = ﬂ:%k, and

inf £y(y) = 0.
veER

It now follows from Proposition 18 that WW(¢) is not a frame.

3.5.6 Conclusion

Theorem 44 in Chapter 2 showed that convolutional smoothing of Parseval
frame wavelet set wavelets on the frequency domain yields systems with upper frame
bounds which increase away from 1 as the dimension increases. This theme of
Chapter 2 and [11] is continued in this chapter. We see in Section 3.2.2 that natural
generalizations of Bin Han’s construction of smooth Parseval wavelets in L?(R) to R?
also fail. Thus, the question remains whether there exist continuous functions @n for
which W(v,,) has frame bounds converging to 1 and for which ||1;_q 42\[—a/2,a/2]2 —
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Ul 12(@z2) converges to 0 as n — oo for some a < 1/2. Furthermore, we also explicitly
construct smooth frame wavelets which have upper frame bounds converging to 1
in Section 3.3. This construction, combined with results from Chapter 2 shows
that basic functions used in differential topology are not the result of convolutional

smoothing.
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Chapter 4
Shearlet Analogues for L*(RY)

4.1 Introduction

4.1.1 Problem

Typically, multidimensional data has been analyzed using tensor products of
1-dimensional wavelets; however, these methods do not yield any information about
directional components or trends. For example, if one image was a rotation of
another image, we would like the coefficients of the wavelet representation to in-
dicate that. A number of new representations have sprung up in an attempt to
solve this problem. Contourlets ([42]), curvelets and ridgelets ([21]), bandlets ([89]),
wedgelets ([43]), and shearlets ([57] and [80]) are just a few examples. There is a
Fast Shearlet Transform, which makes the shearlets especially desirable. However,
these transforms are for 2-dimensional data sets. It is becoming more common for
higher dimensional data sets to appear, which need to be analyzed. Inspired by the
work of Cordero, DeMari, Nowak, and Tabacco ([28], [28], [39], and [40]), we would
like to exploit the representation theory of the extended metaplectic group in order

to construct analogs of the shearlet transform for L2(R9), d > 2.
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4.1.2 Shearlets

Shearlets were introduced by Labate, Guo, Kutyniok and Weiss in [57] and

[80] and are a specific type of composite dilation wavelet ([58]).

Definition 73. Given ¢ € L?(R?), the continuous shearlet system is

{T,Dis, a1 = a ¥ P(A7S M —y) 1a> 0,0 € Ry € R?},

a O

where A, is the parabolic scaling matrix and Sy is the shearing matrix

0 Va

01
Shearlet bases and frames are formed by selecting a discrete subcollection of
a continuous shearlet system. The most common subcollection is generated by the
indices

{(a,€,y) = (4, k27, Spos Ayym) : j, k € Z,m € Z*}.

By the commutation properties of the dilation and translation operators and shear-

ing and parabolic scaling matrices,

TSW Ay mD(Skzj Ayt = D(Skzj Ag)t Tm

= D(A4j Sk)ilTT’“

which looks exactly like the operators used to generate wavelets in Sections 2 and 3,
with dilation by powers of 2 replaced with dilation by the products of matrix powers

Ay Sk
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Definition 74. Let B = {B;};cs and C = {Cj}rex be subsets of GL(d,R). Let

Y € LA(RY). The composite dilation wavelet system corresponding to B and C is
{D(Bjck)fl mbijedJ ke k,me Zd}.

A shearlet system is a composite dilation wavelet system with B; = Ay and
Cy = Sg. Typically, more restraints are put on the sets B and C. For example,
it is common for B to be a collection of invertible matrices with integer entries
and eigenvalues with moduli greater than 1 and for C to be a group of matrices,
each with determinant 1. However, these constraints are not always necessary, see
[58]. Many authors have published results about shearlets and composite dilation
wavelets, which in some sense emulate wavelet theory and applications. To name a
few examples, there is a shearlet multiresolution analysis theory and decomposition
algorithm ([78]), there is an FFT-based method to compute the Continuous Shearlet
Transform ([79]), and there are composite dilation wavelet sets ([16]). Many of these

results should hopefully extend to the higher dimensional shearlets.

4.1.3 Outline and Results

Our goal is to integrate shearlet theory into the theory created by Cordero,
DeMari, Nowak and Tabacco. To this end we also present some of the main results
of Cordero et al. concerning reproducing subgroups of the metaplectic group and
their connection to known function transforms in Section 4.2. In Section 4.3, we
generalize the Translation-Dilation-Shearing group to LZ(Rd) for arbitrarily large

d. The Translation-Dilation-Shearing group maps under a certain representation to
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a group of operators that are related to the operators used in the shearlet trans-
form. We also fit the actual group of shearlet operators into the framework set up
by Cordero et al. in Section 4.4. We conclude with Section 4.5, which contains

references to other generalizations of shearlets and future directions of research.

4.2 Reproducing subgroups

4.2.1 Preliminaries

In a general sense, a reproducing formula is simply an integral representation
of the identity on some function space. Reproducing formulas are used throughout
mathematics and the sciences. The Cauchy integral formula of complex analysis
([51]), reconstruction in computed axial tomography ([87]), and resolutions of the
identity are all examples of such formulas. We shall be particularly interested in the

following types of reproducing formulas, which hold for all f € L*(R9),

f = /H (F o)) e ()i, (4.1)

where H is a Lie subgroup of a particular Lie group, u. is a particular representation
of that group, ¢ is a suitable window in L?(R?), and the integral is interpreted
weakly. Equations which have the form of (4.1) arise in such areas as time-frequency
analysis, wavelet theory, and quantum mechanics ([53], [47]). If such a ¢ exists, we
shall call H a reproducing subgroup and any function ¢ which satisfies Eqn (4.1) a
reproducing function for H. We begin by introducing the Heisenberg group(s) and

Schrodinger representation.
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Definition 75. For d > 1, the Heisenberg (Lie) group H? is a central extension of

R2? by R, endowed with the manifold structure of R x R?? and the product

n,8) - 05,6 = (At A+ 5((5,8) — (2,.8), 0+ 5,6 +6)

The Schrodinger representation p is a unitary representation of the Heisenberg
group. That is, p is a strongly continuous group homomorphism from H¢ to the

unitary operators on L2(R?) defined by p(\, x, &) = e2™e™ @8 T, Me.

We are now able to be more precise in our description of equation (4.1). We
would like to first clarify of which Lie group H is a subgroup. In order to do this,

we must define the symplectic group.

0 I
Definition 76. For d > 1, let J = . The symplectic group Sp(d,R)

—I; 0O
is the subgroup of 2d x 2d matrices g € M(2d, R) which satisfy ‘g 7g = J, where g

denotes the transpose of g.

We shall make a few quick comments concerning the pertinent representation
theory. A detailed exposition may be found in [53]. Each symplectic matrix in-
duces a unitary representation of the Heisenberg group which, by the Stone-von
Neumann Theorem is equivalent to the Schrodinger representation. By considering
the relationship between each symplectic matrix and the corresponding intertwining
operators, one obtains a projective unitary representation of Sp(d,R). By passing
to the double cover of the Sp(d,R), the metaplectic group Mp(d,R), one obtains
an actual unitary representation u, the metaplectic representation. Matrix mul-
tiplication defines an action of Sp(d,R) in R?? which in turn induces an action of
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Mp(d, R) on H?. The metaplectic representation extends to the extended metaplectic

representation i, on H? x Mp(d,R). We shall define . to be
pe(x, &, A) = p\, 2, p(A), (A, 2,6 A) € H? x Mp(d, R). (4.2)

We use the standard model of the metaplectic representation which is given by the

following formulas:

A O
L f(x) = Dpf(x), AeGL(d,R), (4.3)
0 tAfl
I 0
m f(z) = ™2 f(z), CeM(d,R),C="C (4.4)
C 1

wJ) = (=)"*F.
Sp(d, R) is generated by finite products of

A 0 I 0
: A e GL(d,R) p, :C €M(d,R),C="C}, and J
0 ‘A°! C 1
(see, [47]). It follows from Schur’s Lemma that this definition of x4 on generators of
Sp(d,R) is ambiguous up to sign; however, for the H we shall consider, (4.3) and
(4.4) explicitly define a representation.
The H in (4.1) shall be Lie subgroups of Sp(d, R) and . defined as in (4.2). In

Theorems 89 and 107, we shall prove which ¢ € L*(R?) satisfy Eqn (4.1) for given

Lie subgroups H. The H that we shall use are related to the shearlet transform.
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4.2.2 Lie subgroups of R? x Sp(1,R)

DeMari and Nowak classified all connected Lie subgroups, up to inner conju-
gation, of Hx Sp(1,R) and R?xSp(1,R) in [40]. They then analyzed those groups in
[39] and determined which ones were reproducing. It turns out that the reproducing
subgroups correspond to the known transforms of L?*(R), namely, the Gabor-Weyl-
Heisenberg, wavelet and chirp transforms. One may hope that by characterizing
the reproducing subgroups of R?? x Sp(d,R), new transforms for L*(R%) may be
discovered. However, the structure of R?! x Sp(2d, R) is incredibly complicated for
d > 1. For example, the affine (or az + b) group embeds into R?*! x Sp(d,R). The
representation of the affine group over R as the product of translation and dilation
operators splits into only two irreducible representations. However, the analogous
representation for the affine group over R?, d > 1, is highly reducible ([53]). Also,
in order to characterize the Lie subgroups of R? x Sp(1,R), DeMari and Nowak
used a characterization of the subgroups of Sp(1,R) that does not exist over higher
dimensions. Thus, it may not be possible to characterize all of the reproducing
subgroups of R?? x Sp(d,R) for d > 1. However, the theory may still be used in
order to find new transformations. In [29] and [30], the authors prove that 2 differ-
ent subgroups of R* x Sp(2,R) are indeed reproducing. We will generalize one of
those, the Translation-Dilation-Shearing group, to higher dimensions in the follow-
ing section. There are some known dimension bounds for reproducing subgroups in
R?? x Sp(d, R) for arbitrary d ([28]). The bounds are sharp, but it is still not known

whether reproducing subgroups exist of the intermediate dimensions between the
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upper and lower bounds, even when d = 2.

4.3 'Translation-dilation-shearing group

We begin with the following definition from [29] and [28].

Definition 77. The Translation-Dilation-Shearing Group is

t_l/QSg/g 0
Agy = t>0,leERyeR? S,

t71/2BySK/2 t1/2 (tS—é/Q)

where

0 w . ) 1 7
B, = . y="(y,y2) €R% S, , LeR.

Y1 Y2 01

The matrix Sy is called a shearing matriz.

This group is a reproducing subgroup of Sp(2,R). We would like to generalize
the Translation-Dilation-Shearing group to higher dimensions. Under this extension,
a subgroup of Sp(1,R) which corresponds to wavelets in a certain way is a lower

dimensional analogue of the Translation-Dilation-Shearing group.

Definition 78. We define the following collection of sets, which we shall show are

Lie subgroups of Sp(k,R) for k > 1:

t71/2Sg/2 0
(TDS)g = { Apyy = t>0,0 Ry e RF

t_1/2BySg/2 t1/2(tS,g/2)
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where
Yy 5 1=j=k 0 0
yi 3 1=kj<k 0 0

; else Y1 Yo

N 1]

n

Y2

Yk

= t(ylay% '

For k > 2 and ¢ = t(él,ég, ...0y_1) € R¥1 S, is the shearing matrix

(
1 1=7
Sy = ;o 1<i<k—-1,j=k
0 ; else
\

1,

0

0

For k = 1, we formally define S, for £ € R° to be simply 1.

Note that when k =1,

t_1/2
(TDS)l == Atﬁ’/ =

t=12B, t

0

1/2

t>0,yeR

0 4
0 ¥
1 ey
0 1

k) ERE

We will use both A;, and the formally defined A;,, as notation in the case k =1

while hopefully keeping the exposition clear. Furthermore, when k£ > 1, as a geo-

metric operator, Sy fixes the kth dimension and stretches the first £ — 1 coordinates

parallel to the kth coordinate. Mundane computations show that for ¢,¢ € R,

SeS;=S,.5and for y,j € RF, B, + By = By,

Proposition 79. For any k > 1, (TDS)y is a Lie subgroup of Sp(k,R) of dimension

2k.
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Proof. We first show that (TDS); C Sp(k,R). Let 0 denote the matrix of all Os of

the appropriate dimensions.

. t_l/Q(th/g) t_l/Q(th/g)By 0 Ik
Ay T Arey = Ar sy
0 tY2S 49 ~I; 0
—t_1/2(th/2)By t_1/2(th/2) t_1/2S€/2 0
—t1/2S_4/2 0 t_l/QBySg/g t_1/2<tS_g/2)
—t71("Sy2) BySes2 + 71 ("Seja) BySes2 “Ses2' Sese

—S_1/25¢/2 0

We now show that (TDS)y is closed under multiplication. A quick computation

shows that

(t1) ™25, 15102 0
At,ﬁ,yAE,Z,g =
(tf)~1/? (Bysz/erZ/z + t(tS—m)BgSZ/z) (t) ('S _)9_72)
We would like to be able to write this in the form A;;, where £ > 0, 0 € RF1,

7 € R¥. If we are able to do this, then = tf, £ = { + ¢ and 7 needs to be such that

BySy /oy ija + 1('S—0/2) B3Sijy = BySyja. /o We start with the base calculation

(
" Ci=kl<j<k-1
B,S; =
yk""Z:l_:llgmym ; =)=k
0 ; else
\ i:j
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So

BySyjotipn =

tSfe/zBﬂSZ/z = 'Sy

, and
+ Vo i=j=k
0 : else
(2]
4
7 =k 1<7<k—-1
& .
+Zm11€énym ; Z:j:k
0 : else
\ i
- e ~ )
(S i) + S e i
0 : else

Thus BySy /o4 + t(t5—£/2>Bz752/2

(yr + tr) + (Z

Yi + tU; 3

yj + ty; g

gp + S em+émym+t(yk+z —€m2+emgm) :

0 ;
Yi +1yi
yj—l—tﬂj
k=1 Ly+in k=1l y
me— 1Z + (ym“‘tym)) 2Zm 162

0
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1<i<k-1j=k

m

i=j=k

else
1,J

1<i<k-1,j=k

1=k 1<j<k—-1




If BySy94i5 + t("S—0/2) B3Sijs = BySy/as i/, then

Y, =y +ty;, forl<i<k-—1and

k—1 ~ k—1 = k—1
_ lon + O i lom + U i lon
Tht D, T = (s ) + (Z S (g + tym)> =2) St
m=1 m=1 m=1
k—1
= Ty = Yp + thm — Y Lot Tm-
m=1

So each (TDS); corresponds to a subgroup of Sp(k,R) with a group operation

parameterized by

k—1
(ta g) y)(i 67 g) - (tfa 14 + 67 t(yl + t?jh sy Yr—1 + t?jk—l) Yk + tgk - Z Emtgm))a

m=1

when k£ > 1 and
(t,y)(t,9) = (t,y +t7),

when k£ = 1, with identity the identity matrix corresponding to (1,0,0) for any
k > 1. Hence for each k > 1, (TDS); is a matrix group. In particular, each (TDS)j

is a Lie subgroup of Sp(k, R). Finally, (TDS) is of dimension 14+ (k—1)+k = 2k. O

We now define the first of three unitary representations of (TDS)y, the wavelet
representation. This representation is called the wavelet representation because each
element of the Lie group is mapped to a product of a translation and a dilation

operator.
Proposition 80. The mapping v defined on each (TDS); by
V(Avey) = TyDires))

18 @ unitary representation.
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Proof. Lety,j € R¥ ¢, >0,¢,0 € R¥1. We shall compute (Ty D105 ) (T5Dg-1t,)) -

For f € L*(RF),

(Ty D105 ) (T D5 f(2) = T, Dy gy f(E(MSi(m — §))

= ()P (Spalr — (y +'S49)))-

We compute

n
o 7
S_gy =
~ k— ~
Yk — Zm:ll gmym
Y1+t
P Y2 + 1Yo
y+t'Sy =

Hence

(Ty D15 (T3 Di-105)) = TgDiiy-1ts,, )
where §y, = y; +ty; for 1 <7 < k—1and y, = yp + Ur — an;ll bt Thus
V(Apey)V(Aziy) = v(AreyAzzy). Strong continuity of the representation follows

from the strong continuity of the translation and dilation operators. It follows that

each v is a unitary representation. O

Thus, the (TDS); groups generate composite dilation wavelets. The second

representation is derived from the first.
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Definition 81. Conjugate v with F to obtain the 7 representation of each (TDS)y

m(Ary)f(u) = Forv(Ay)o Flf(u) =e ™D, f(u), k=1

(Ao f(u) = Fouv(Auy)o F  flu)=e WD f(u), k>1

The final representation that we consider in this section is the metaplectic

representation. We make use of the factorization

t=128, 0 I 0
At,Z,y = Dt,ZLt,y,Z =
0 tl/Q(tS_g/Q) t_1<t5g/2)BySg/2 1

Then for f € L*(R*) by Eqns (4.3) and (4.4),

W Avey) f(x) = [(Dee)p(Lsye) fl ()

= " [W(Lyye) ] (H/2S_g o)

_ tk/4efi7r<tSe/szx:S—ff/2x>f(tl/zs_g/gl’)

— tk/4efi7r<Byx,x>f<t1/2576/2x)'
We record the Haar measures of the (TDS); for future use.

Proposition 82. The left Haar measures, up to normalization, of the (TDS)y are
dr = f—;dy for k =1 and dr = t,ﬁ%dydﬁ for k > 1, where dt, dy and d¢ are the

Lebesque measures over RT, RF and RF1, respectively.
2 7

Proof. Assume that k > 1. Let f be integrable with respect to d7. We shall use the
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notation f(t,¢,y) = f(Asey). Then

dt o ) it
A4 dydl = t 0+, g+t(*S_ dydl
/(TDS)k f( e My)tk—ﬂ Y /Rk—l /Rk /0 f( EThY ( ) )tk—i-l Yy

© - 1 dt
- té f y ttS J —~_~—d dg
o thdt dy
= L0+ 0y dr
/// faE+t, mtk

The ¢ component did not affect the ¢ or y components. Thus, the calculation above

also proves the claim for £ = 1 as a degenerate case. O]

We shall now build a collection of auxiliary results in order to prove admissi-

bility conditions for the (TDS)j.

Definition 83. For k = 1 define the sets Ry = Ry = {2 >0} C R, and for k > 1

Ri = {(z1,T9,...,7) s 21,20, . .., Tp_y # 0,22, >0} CR* and

RY = {(x1,29,...,21) : £25 > 0} C RF.

Further define the mapping ¥ : R* — R* by

o2
r — (T2, Tokgy ..o, T 1 Ty — 5 ) for k > 2, and (4.5)

22
Y for k = 1. (4.6)

The following proposition is an extension of Proposition 4.1 in [29].
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Proposition 84. The mappings defined on lines (4.5) and (4.6) restrict to diffeo-

morphisms W : RE — Rk and is such that U(—x) = U(z). Further, they satisfy
a. The Jacobian of ¥ at x = (1, s, ..., 2;) € RE is Jy(z) = ak;

b. The Jacobian of U1 : Rf‘; — R'j at u = (uy,ug,...,ux) = V(xy, 9, ..., x1) is

Jy-1(u) = (2uy) 7% = x.%;
c. UTH(12Sou) = tS, U (u) for every u € RY; and
d. (Byx,x) = (2y,V(x)) for every x € Ri and every y € RF.

Proof. Clearly, ¥(—x) = ¥(x). We calculate the matrices of the partials.

(

Ty 1=]
8:1,’]- =9 v 5 j=k
0 ; else
\
and
)
(2up)™2 5 =
8\11_1(u)i . 3/9 ] )
Tou, ) "ww)™ s j=ki<k
0 ; else

\

Hence the Jacobian of ¥ at z is det (W(I) ) = 2% and the Jacobian of ¥~ at
i

u = V(z) is det (%) = (2uy,) %% = 2.*. We now prove parts (c) and (d).
J ’L,j

\I/_l(tQSggu) = \I’_l(tQ(t(ul + 2€1uk, ey Up—1 + 2€k_1uk, uk))

= (t2 u1 + 2€1uk/\/ 2t2uk Uk 1+ 20, 1uk/\/ 2t2uk iV t2uk

g
= t(m+€1\/2uk,--w\/%+£k—1\/2uk7\/ul€)
k

= th\If_l(u).
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When k = 1, the preceding computation simply consists of the kth coordinate. Also,
k
(Byw,z) = (g, e, Z Yixi)
i=1

k—1 k
= E yimixk‘{’g YiT; Tk,
i—1 i=1

k—1
1

= 2 (Z%szk)‘i‘yk(ixz)
i—1

= (29, ¥(z)).

Since ¥ and W1 are smooth, bijective self maps of ]R’i with non-vanishing Jacobians,
they are diffeomorphisms. By considering —¥~!, we can see that ¥ : RF — R’i is

also a diffeomorphism. n
The following function class will be useful in a number of proofs.

Definition 85. Define £5(IR*) to be the collection
{f € L*(R*) :supp f C {||lus,...,ur1]| < C} x {c < |lup]| < C},0 < e < C < o0},

Lemma 86. Let 1, = L, - If h € L5(R¥), then

1 (u)

(2ur )/ (R(U ™' (w)) + h(=0(u)) € L' N L*(RF).

Proof. We first show that h(T~1(-)) € L*(R*):

[ @pae = [ jpoPata

k
+ +

< ||h||%2 (RF) €SSSUDycsupp b |wk|k
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We examine the support of h(£W~1(-)). For almost all u with uy # 0:

Uy Uk -1
e < Cand c < V2u, < C
| T Jal < € and e < V2ur

k=12 2 2
Zi:l Uy c C

h(£0 Hu)) #0 =

e < (Cand — < < —
2, amdy sus
c C
IEN E 2 o C? and — < up < —.
2 u; and o <up <

Hence, f(u) = 14 (u)[h(¥ " (u))+h(=¥ 1 (u))] € L*(R*) has support in the compact

set

. . ) ‘62 02
{M(ug, . oyug—r)  ur, o up—r] < CF < {ug 5 < |luk|| < 7}

Thus, if we show that (232 S,z = € L*(R*), we will have proven the claim. We compute

|f (uw)? ok
/]Rk (2uy )k du < CEHfHH(Rk) < 00.

]

The following lemma is a generalization of Lemma 4.4 in [29], which is about
functions in L?(R?). The preceding lemma is neither stated nor proven in [29],
but it is necessary to justify the proof of Lemma 4.4. Also, the hypotheses of the
following lemma in the case that k£ = 2 are slightly different that than the hypotheses
on Lemma 4.4 in [29]. The hypotheses in [29] allow for possible divergence of the
integrals and make certain lines in the proof purely formal calculations. Other than
those points, the proof of the following lemma closely mimics the proof of Lemma

44 in [29].

Lemma 87. Let 1, = L, Let h € Ly(RF). Then

J.

dy = / Ih(z) + h(~2)

k
+

/ ()2 V@) gy
RF
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Proof. By the properties of ¥ listed in Proposition 84,

/h(w)e%i(y’q’(w»dx = / +/ h(x)e?™ WY @) gy
RF RE  JRE

= / h(x)e%“y"l’(x»da:%—/ h(—2)e?™ @YD) gy
Rk

= [ Ih@) + At
= /R’i (AU~ (u)) + h(_qffl(u))]e%i(ym (2uci1§k/2

/Rk (;1;,{(;)/2 [P(U ! () + A(=0 ! (w))]e*™ ) du(4.7)

Since =W [A(W~1(u))+h(—T ! (u))]e? ) e LINL2(R*) by Lemma 86, it follows

1y
(2ug)*/

from Parseval’s equality that

[(Ban 4.7) |12y = /R k /R k (;l;()i—)/g[h(qf—l(u))+h(—x1/—1<u)>]ezm<y,u>du dy
N /R %[hﬂf‘%u))m(—ﬁﬂ(u))} du
1 _1 2 du
_ Rk|h(qf (w)) + h(—T 7 (u))| a7
k
- Rk|h(x>+h(—x)|2x£id’“x
= [ )+ nop
Rk Lk
]

Proposition 84 can be used to prove the equivalence the wavelet and meta-

plectic representations of the (TDS)j groups.

Theorem 88. Let u € R* and estend the map Qf(u) = |2ug| ¥4 f (¥~ (u)) as an
even function to R¥\{xizy... 2, = 0}. This is a unitary map of L%, (R¥) onto

even

itself that intertwines the representations ™ and .
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Proof. Let k > 1. Initially note that Q7' f(u) = |ug|*?f(¥(u)). Let f € L2, (RF).

We use the Jacobian calculation from Proposition 84 to determine that

2 2
2 k = d
IQf ey = [ 1@F ()P
1

= 2 Gl )

. / f(2)2da
Rt
ST,

As a surjective isometry @ is a unitary on L2 (R¥). By Proposition 84.c and the

fact that the kth coordindate of a vector is fixed by multiplication by a shearing

matrix, we obtain

(A (QF) () = 2e720(Qf)(tS_gu)

I ST Sy

= We U (tS-gu))
_ tk/4 —27i{y,u) 1/2 -1

= e TS ),

We apply lines (4.3) and (4.4) and Proposition 84.d to obtain

1
Q(u(Atey)f) = W(M(&,z,;,)f)@q(“))
k
_ ¢ M B VI W) (4128, 0 ()
EEE
k
_ t /4 —27ri<y,u)f(t1/257£/2\11—1(u)>
|2uk]k/4
= T(Atey)(QF)(u),
as desired. n

Finally, for H = (TDS);, we characterize the ¢ which satisfy Eqn (4.1).
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Theorem 89.

dt
1wy = [ 1 (AP gyt for all £ € R
(TDS)

if and only iof

Qd Qd
2 = / ¢'¢(y)'y_§“: / P (48)
0 = [ et (4.9

Proof. The case k = 1 was proven in [39]. Let k > 1. Assume that for all f € L*(R"),

2 —
ey = 10 A gt

Then, in particular, this holds for all f € LN Ly(R?). Let f € LN Ly(R¥) and set

h(z) = f(x)p(t"/2S_y9x). Since ¢ € L*(RF), h € L>* N L*(R*), we use Proposition

84 to obtain
2
dt
2 o 27m (y,9(z
[ lze@ey = /Rkl - / N dx t(k/2)+1dyd£

o de dit
_ 2
= /kl/ / —x)| xz t(k/2)+1d€

* dx dt
_ /0 (@) + 2RA () + (=) ") T et

=
<)

FS
%

= A+B+C,

where

B 1/2 odx  dt
w = [ s
B - / / odr  dt
1
dr dt

Rk
1/2 _
- ” —t2S o) [? kt(k/2)+1d€
C = 2R / / F@)F (=) (7S _gyp) p(—t7S o) kt(k/2)+1d£'
Rk—1 Rk
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Assume further that f vanishes on R¥. Then B = C' = 0 and || f|| 2wey = A
perform a change of variables
Y1 12 () — Gay)
Yo tY2(zy — %%)
(t,0) —y = : =128 o1 =
Yk—1 2 (g — Zk;l‘k)
Yk Y2y,
The matrix of mixed partials is
lt 1V2(g) — e—lxk) %til/Q(xQ — %xk) %til/z(xk_l — e’“;xk) %til/zmk
. 1 0 . 0 0
0 . o 0 0
t1/2g
0 0 . — 0

So dtdl = = 2)/2 kdy and t7F = Qk Thus,

Iy = [, [, 170t |xk o)
-/ / DI d:z:dy
Rk

ST / ()2 dy.
yk

Ry

Similarly, now assume that f € L N Ly(R¥) is supported in R¥ . Then,

||fH%2(]R’C) -

2k
= / / )| p(—y) | 5 daedy
RE yk

= Wl [, oo ey

Rk k
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Thus any reproducing function must satisfy (4.8). Now simply assume that f €

L>® N Ly(RF) and assume that ¢ satisfies (4.8). Then

HfH%Q(]R’“) ”f“LQ Rk) + HfHL2 Rk ) 7

which implies that C' = 0. Also

o=C=2m [ [ F@)F—o)d)o(—y)dyda. (4.10)

RE JRE Yk
Assume that ka (z)f(—x)dx # 0. If f is also real valued, then (4.10) implies
that R[5 g_b(y)gb(—y)yd% = 0. If f is purely imaginary, then (4.10) implies that
+ k

%fm E(ZJW(—ZJ);T% = 0. Hence ¢ must satisfy (4.9).
k

Conversely, assume that f € L N Ly(R*). By the preceding arguments,

— 2 2
[ Wit = [ (g [ o) S

2k
2d - 2_d
# f @ [ 160
k

o [ f@)F(—a)de | $<y>¢<—y>%dy.

k k
RE RY k

If ¢ satisfies (4.8) and (4.9), then

[ e tmdycw—(/ + [ )If Pz +0 = || e
(TDS)g Rk RE

Now let f be any arbitrary function in L?(R¥) where ¢ still satisfies (4.8) and (4.9).
Since L™ N L5(R*) is dense in L?(R¥),we can chose a {f,} C L>® N Ly(R*) which
converges to f in L2(R¥). For any f,, fm, the difference f,, — f,, lies in LN Lo (R¥).

Hence

H(fmﬂ((At,f,y)@ - <fm7ﬂ((At,€,y) >||L2 (TDS)}, = |fn— fm||2L2(1Rk) —0
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as n,m — oo. Hence, {{f,, t(Atsy)®) }n is a Cauchy sequence in L*((TDS)). Also,
it follows from the Cauchy-Schwarz inequality over L?(R*) that {(f,, t(Aie,)9) tn
converges pointwise to (f, pt(Arey)9P). A sequence which is Cauchy in norm and

additionally converges pointwise also converges in norm to the pointwise limit. Thus,

1 Bory = T [1fulZaqery
= im0 dydt

k+1
= J(TDS); th

= A d dar,
o, 15 A

as desired. O

4.3.1 Building Reproducing Functions for (TDS);

We would like to present some simple methods to build reproducing functions

for (TDS),. We are inspired by [30], which contains the following two theorems.

Theorem 90. ¢y € L*(R) is a reproducing function for R? x {I} < R? x Sp(1,R)
if and only if ¢o € L*(R) and ||¢o]| = 1. ¢1 € L*(R) is a reproducing function for

(TDS); < R? x Sp(1,R) if and only if ¢, € L*(R) and

| e@rs = [Cacar =5 [ awntas -o

Theorem 91. Let ¢y € L*(R) be a reproducing function for R*x{I} < R*xSp(1,R)

and ¢1 € L*(R) be a reproducing function for (TDS); < R? x Sp(1,R). Then if
P1(y) = yo(y),

oa) = =l d)a), R
is a reproducing function for (TDS),.
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We generalize this result to obtain the following theorem.

Theorem 92. Let ¢y € L*(R) be a reproducing function for R®x{I} < R?*xSp(1,R)

and let ¢p_1 € L*(RFY) be a reproducing function for (TDS)x_1. Then

o(x) = E(% ® dp_1)(z), x€RE

is a reproducing function for (TDS).

Proof. By Theorem 90 ¢ satisfies ||¢g]| = 1 and ¢ satisfies

_ dx
1= 2 ey
RY Tg—1
d
1 = Qk_l/ ’¢k_1(—2§')|2%, and
RE-1 T
+ k—1
_ — dx
0 = 2k 1/ ¢k,1($)¢k,1(—$)m.
k-1 (k-1)
Ry L1
So
dx x dx
ok 2 &b 2k/ Yk B 2
L 1w [ @ oD
_ ok-1 2 o dx
= 2 |0 (1) "diy |or-1(2)" 55
R RE-1 T
+ k—1
_ ok—1
= 271 o
= 1.
Similarly, 2% [0, |¢(—2)|*%% = 1. Finally,
+ Ll
—dx 1  — - dx
¢($)¢<_m>ﬁ = = [ do(x1)o(—x1)dxy ¢k71(55>¢k—1(—l‘)m
Rk Ty, 2 Jr RE-! x( )
+ + k-1
1 -
= 3 (/ ¢0(I1)¢0(—$1)d%’1> -0
R
= 0.
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This leads to the following corollary.

Corollary 93. Let ¢g € L*(R) be a reproducing function for R? x {I} < R? x
Sp(1,R) and let ¢; € L*(R) be a reproducing function for (TDS),. Then

1 ~
6@) = 575 ((E5100) @ 61) (2), @ € R,

where ¢1(y) = y¥1o1(y), is a reproducing function for (TDS)y.

We shall now now explicitly construct a class of functions which are reproduc-

ing functions for (TDS);.

Theorem 94. Let f : R — R be supported in some interval [0,b], b > 0 and satisfy

[ fA(z)dz = 1. Fora >0, define
o) =z (flx—a) = f(—r+a+2b)+ flz+a+b)+ f(-z—a—b).
Then ¢ is a reproducing function for (TDS)j.

Proof. By Theorem 90, it suffices to show that

1'2
1 d o d
3 = | @PS = [ eors

We note that the following shifts have supports contained in

0 = / T 3@ and

shift supp

f(-—a) la, a + b]
fl= +a+2b)  Ja+ba+2
f(-+a+b) [-a—b,—d|
fl=-—a—b) [~a—20,—a—1

101



So

00 — dr a+b — dr a+2b — dr
| @i = [ re—asn T - [ e ar i
a+b a+2b
= / f(x—a)f(—x—i—a—I—b)dac—/ f(—x4+a+2b)f(r —a—b)dx
a a+b

= /CLJr f(yc—a)f(—:z:—l—ajLb)d:c—/a+ f(=(u+b)+a+2b)f((u+b) —a—b)du

= 0.

Also,

Az —a)+ f2(—z +a+2b)dx

I,

o\_>

8

=N

=

T
Tl &

I

+ 8

o
=
o,

A~z +a+0b)+ f(x —a—b)dz

A

o\
8
SN
|
=
s
&w|§.
|
DO | = %IHC\
+ 8

O
The restrictions on f are so light that we are able to grant ¢ certain properties.
Example 95.
o Let f(x) = 1[0,%}7 then f trivially satisfies the hypotheses of Theorem 94.

o If f= \/%T cos -1{0, 7], then a simple calculation shows that f may be used as

in Theorem 94.
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o If f € C°(R) has support in [0,b] and is scaled so that [ f* = I, then the

resulting ¢ will also lie in Cg°.

4.4 Shearlets and the extended metaplectic group

Inspired by our work on the translation-dilation-shearing groups, whose very
names suggest something shearlet-like, we would like to connect the continuous
shearlet transform to a subgroup of Sp(2,R) in such a way that the methods of
section 4.3 may be applied. We hope that this novel approach will yield a natural
generalization of shearlets to higher dimension. To this end, we present the following

definition and proposition.

Definition 96. The continuous shearlet group, (CSG)a, is

S_t/2A4 0
(CSG)y ={ Sy = ca>0,0 R,y R?,

ByS—E/QAa tSE/ZAgl

1 7 1 0 0 v
where S, = , Al = =14,, and B, = = B(yQ).

0 1 0 a %2 Y2 i "
Proposition 97. (CSG); is a Lie subgroup of Sp(2,R) of dimension 4.

Proof. Let 744, and yaj,g be arbitrary elements of (CSG)y. We first show that
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(CSG), C Sp(2, R).

‘ Aatsff/Q Aatsff/QBy 0 [2
a,é,yjya,f,y - <Spa,ﬁ,y
0 LA S —I, 0
_AatS—é/QBy AatS—E/Q S—Z/QAa 0
—'A S 0 ByS_tpAa 'Sep ALt
_AatS—Z/QByS—E/QAa + AatS—Z/QByS—ﬁ/QAa AatS—E/ZtSE/QAgl
A Sy g A, 0
We now compute
S,g/z.Aa 0 575/2./4;1 0

ByS_g/QAa tS(/QAgl BgS_g/Q.Aa th/QAgl

S—Z/QAO,S_Z/QA& 0

ByS_g/gAasfg/Q.Aa + th/QA(;lBgsig/2Aa th/Q.A;HSg/Q.AgI

S_g/gsfayzg/zAaAa 0

(ByS_t/2Aa + ' Spya A By)S 0 Aa 'Sup'Spurgyn Ayt AL
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where (B,S_¢/2Aq + tSe/zAJIBg)S—Z/QAé

0 a2y, 0 7o 1 =a
= +
Y _ - - _ _
Y2 21 Ly 4 a2y, a*?gy L+ alg 0 a2
0 a—l/Qy2 4 gQ 1 _gf21/22
g1/ _ ~ - _
Y2 + a2 21 Lyy +a 2y, + L0 + a'?y 0 a'/?
0 (aa) "2 (ys + a'/?g)
~ —(a@)—1/2 = ~ ~\_ ~ ~
Y2 + a'’?g, %(5 + a'20)(y2 + a**a) + (aa) "2 (g1 + agy + a*/20g,)

= B(y1+a@1+a1/2€@2)S—(Z+a1/22) Aa(z-
y2+a1 2@2 2
— ~ 7 ~ _ ~ 1/2e~
So ya,g,yy&7~’g = Saiy Where a = aa, = {+ a0 and 7 = (ylz‘;iﬁ%@ 92), Thus

(CSG), is a Lie subgroup of Sp(2,R). The parameterization of (CSG), yields the

dimension. O

As we did in Section 4.3, we shall again present three representations of

Y

(CSG)s2. We shall begin with a “wavelet representation,” which we shall also denote

with a v.

Definition 98. Define the wavelet representation of (CSG)y by

I/(ya,g’y) = TyD(SgAa)—l .

Proposition 99. v is a unitary representation of (CSG)s.

Proof. Each v(%,,,) is a unitary operator on L?(R?). In the proof of Proposition

97, we showed



where @ = aa, { = ( + a'/%( and 7 = (ylzz%;%;?k) Thus, it suffices to show that

TyDs,4,)-1T5D(s;45)-1 = T3D(s,4,)-1. Commutation relations yield that
TyDis,a0)-1 15D (5,001 = TyTs,a,5D (5,401 Ds;40)1
= Tyisoa.9Ds,405;45)-1

=T

<y1+a§1+a1/25§2)
y2+a1/2§2

Ds

Ha1/2gAaa)_1 )

as desired. Strong continuity follows from traits of the dilation and translation

operators. 0
We obtain the second representation by conjugating v with F.
Definition 100. The unitary representation 7 of (CSG)s is
T(Fapy) (1) = Fov(Lusy) o F L f(u).

Finally, we consider the metaplectic representation of (CSG),. For f € L*(R?), it

follows from lines (4.3) and (4.4) that

S_ypda 0 I 0
(S f(@) = |p Iz f (@)
0 th/g.Agl AatS,g/QByS,g/gAa I
I 0
_ a1/4 U f (A;lsg/Q.I)

ALS—0)2B,S 0 A, 1

B a1/4e—ﬂi<(v4ats—£/26ys—g/2~’4a)(‘AglSZ/QZ)’AEIS€/2$>f(A;ISE/Ql')
= @Ml S-eaBum Siyan) £(A-LG, )
= a"teTm B FATS) ).

We move on to presenting a Haar measure of (CSG)s.
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Proposition 101. Let da, dy and d¢ be the Lebesque measures over Ry, R? and R,

respectively. Then %dydf is a left Haar measure of (CSG),.

Proof. Let f be integrable with respect to %dydﬁ. We shall use the notation

f(&7 f, y) = f(ya,f,y)'

Then

d o0 - d
/ (257 aty) ?dydﬁ = / / f(aa, 0+ a2, 5+ SgAay)—(;dydE
(CSG) R2 JO

1
= /// f@l+a UQEy—l—SAa?/)da s dydl
R2 (@/a)
_~ B da~ dy
_ da~32dy d
- //]1@/ f(a ,,y /a1/2a3/2

= [ ety Sy
(CSG)2

Also, in analog to line (4.5), define the mapping

1.2
@:RQ—MWbymH(Q%).

1T
Also define

Rzi = {(xl) L Xo §£ O,il’l > O}

X2
Proposition 102. The mapping ® induces diffeomorphisms ® : ]th — ]R2+ and s

such that ®(—x) = ®(x). Further, it satisfies
a. The Jacobian of ® at x € R2 is Jo(x) = —a3;

b. The Jacobian of @' : R — R at u = ®(x) is Jp-1(u) = 72;

2uy’
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c. DA Spu) = A;1Sp0® M (u) for every u € R2; and
d. (Byz,z) =2(y, ®(x)) for every x € ]th and every y € R2.

Proof. By definition, ® is even. Note that ®~!(u) = (“2\2/%?) We now calculate

the matrices of the partials:

Ty ; 1=3—]
or. x5 i=j=2 and
J
0 ; else
\
(2u11)1/2 ; 1=3—]
8@‘1(u)i
_— g —2’1/,2 . — . — 2
0Uj (2u1)3/2 ;0 J
0 : else
\
Hence
00(x);
Jo(x) = det (z) = —23 and
an i
8@’1(u)i —1
Jo- = det| —————— —
® 1(U) ¢ < 8Uj > 2U1

We now prove parts (c) and (d):

-1 t -1 auy
LA Su) = @ (a1/2 £u1+a1/2u2)
u1+a1/2u2
_ V2auy
< v 2auq )
B (5\/2ul+ \;;7)
al/2\/2u,
2

U

= _/4;15 (x/ﬂ)
/2 o

= A;'Si0 (u),
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and

s "))

Y2 U1

_ << T2Y2 )($1)>
T1Ys + Totr ) \ @2

= T1T2Y2 + T1T2Y2 + x%?ﬁ

= (). (22)

= 2(y, (x)).
[l

We now use these results to show that the wavelet and metaplectic repsenta-

tions of (CSG), are equivalent.

Theorem 103. Let u € R2 and extend the map

1
2w 12

Pf(u) F(@7H (w)

as an even function to R*\{z1xo = 0}. This is a unitary map of L?,,,(R?) onto

itself that intertwines the representations w and p.

Proof. Note that P71 f(x) = xof (®(z)). Let f € L%, (R?). It follows from the

even

Jacobian calculation in Proposition 102 that

1Py = [ PrPde

=;@(iﬁw@lwWW

- 2 [ i@l

2
+
11172 r2)-
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2

P is a unitary operator on L2 . (R?) since it is a surjective isometry. By Proposition

102, (4.3), (4.4) and Definition 100

T(Fagy)(P(u) = e >70D, g, (Pf)(u)
_ a3/46—27ri<y,u) (Pf) (AathU)

- 1
— a3/4e—27rz<y,u> f(q)—l (AathU))

|2auy|1/2
a1/4 —2mi(y,u - -
= A (S @ ()
at (2(y,2(2(w)) £( g—1(t -1
= We A (A, (56/2)<I) (u))
a/l/4 'B(D—l <I>_1
= e O O S ()0 w)
1
1

N Ww(fya,e,y)f)(@*l(“))

= P(u(Faey) ) (u).

Definition 104. Define
Ly(RF) = {f(z1,22,...,2x) mapping R" — C: f(za,..., 25, 31) € Lo}

The next two lemmas are the workhorses needed to prove that (CSG), is
reproducing.
Lemma 105. Let 1, = 1y . If h € L, (R?) then

Ly (u)
2u1

[R(®(u)) + (=@ ()] € L' N L*(R?).

Proof. The proof is exactly like the proof of Lemma 86, but with ® instead of ¥, z

and 9 swapped, u; and us swapped, and Ri instead of Ri O]
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Lemma 106. Let h € £5(R?). Then

J.

Proof. By Proposition 102

/h(x)e%i(y’@(w»dx = (/ +/ )h(x)e%i(y’q)(:”»dx
R2 R2 R2

e

= / [h(z) + h(—x)]e*w®@) gy

2
/ ()22 @) gy
RQ

dy= [ Ihia)+h(=a)

h(!ﬁ)@Qm y,®(x dl‘ + / h(_$)e27ri<y,<l>(—50)>d$
RZ

2

/R L Q) 1 1 ) + h(—0 ()] @) du| dy

[Ban(@11) ey = [

R2 2 2uy
- [ 2153[ (©1(u)) + h(—® (u)]|2du
» . 5 du
_ /Ri]h(cb () + h(=2 )P s
o T3dx
- /Ri|h(m)+h( z)] (12)2
|2dx

[]

We show that (CSG) is reproducing and characterize the reproducing func-

tions.

Theorem 107. If ¢ € L*(R?), then

da
HfH%Q(RQ) = /(CSG |(f, 1(Fay) @ )]2$dyd€ for all f € L*(R?)
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if and only if

L Qdy Qdy
HE /| o /RQH e (112
0 = [, 3w 0y (413

Proof. Assume that for all f € L*(R?),

da
o = [ I 0 v

Then, in particular, this holds for all f € L>® N L(R?). Let f € L™ N L4(R?) and

set h(z) = f(2)p(A;1Se22). Since ¢ € LA(R?), h € L' N L?(R?). Thus, we obtain

ey = [ [
:l// Aﬁh )+ h(— )W@%%M
— /R/O /Ri(|h(x)|2+2§]%h(x)h(—$)+|h(— z)] )if Ci%ﬂ”

- A+B+C,

2
s T da
/R2 h(x)e2™ W2 @) gy 5/2dyd€

where

OO dr d
A= [ @R sy
R JO R3
o dr d
A R e e L=
RJO JRZ
dx da

¢ = 2%/]1@/0 2 f(@) F(=2) (AT Spyam) (= AL Sepo) —5 o it

Assume further that f vanishes on R?2. Then B = C' = 0 and || f|| 2wy = A We

perform a change of variables

l
(a,0) =y = (y1,12) = A;ng/Qx = (r1 + 5;527@1/2)'
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The matrix of mixed partials is

0 2a 'z,

w|§

So dadl = +—ir—dy:dy, =
4 2

4

— x
2 =2 Thus,

Y2

, dr [ 4 I%
_ - = —1d
11152 ey / 2 / 7o) () (y3> ’
- / / z)*|e(y |2—4df’5dy
R2 RQ y2

4
oy / ()P 2 dy.
R2 Y

2 2

Similarly, now assume that f € L> N £5(R?) is supported in R2. Then,

I Iz =

- /]R /R z)l’l¢(= )|2i4dxdy

= 1 Wes [ lol=Pdy

2 Ya
Thus any reproducing function must satisfy (4.12). Now simply assume that f €

L> N L5(R?) and assume that ¢ satisfies (4.12). Then

1122y = £ Iz ey + 1N 7age ) + C

which implies that C' = 0. Also

0=C=2% F (@) F(—2)3(4) S —y)—dydz. (4.14)

R2 JR2 Y2
Assume that fRQ (z)f(—x)dx # 0. If f is also real valued, then (4.14) implies
that %fRi g_b(y)qb(—y)%{ = 0. If f is purely imaginary, then (4.14) implies that

%fRi 5(y)¢(—y)j—éj = 0. Hence ¢ must satisfy (4.13).
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Conversely, assume that f € £,(R?). By the preceding arguments,
2 y g arg

2@ — 2 gi
/(CS% K (Faso)o) oyt = [ M @lds / , 190 5
4
2 . 2
+ [ @t [ oo
w28 [ f@)F(—a)da | By)6(—y)—dy.
RY 115 Yo

If ¢ satisfies (4.12) and (4.13), then

pda, ) o
/(CS% (s 1(Faey) ) 5 dydl = (/Rz +/ﬂ§i> f(@)[Pdz 4+ 0 = || ]| 22ze)-

Now let f be any arbitrary function in L?(R?) where ¢ still satisfies (4.12) and (4.13).
Since L N L4(R?) is dense in L?(R?), we can chose a {f,} C L> N £,(R?) which
converges to f in L2(R?). For any f,, fm, the difference f,, — f,, lies in L> N L5(R?).

Hence

[ frs i(Fa0)8) — ([, M(ya,&y)@H%?((CSG)Q) = |fn— fm”%2(R2) —0

as n,m — oo. Hence, {(fn, t(-Lary)9) }n is a Cauchy sequence in L*((CSG),). Also,
it follows from the Cauchy-Schwarz inequality over L?(R?) that {(fn, u(-Lary)®) In
converges pointwise to (f, u(-#ey)¢). A sequence which is Cauchy in norm and

additionally converges pointwise also converges in norm to the pointwise limit. Thus,

||f||%2(]1{2) = nli_)nolonfn”%?(R%
. da
= i [ il T ey

=00 J(CSG),

da
= [ RS0 vt
(CSG)2 a

as desired. O
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4.5 Conclusion

Dahlke et al. created shearlet analogs for L?(RY), d > 2 in [31] and [32].
One paper deals with anisotropic dilations, which generalize the parabolic scaling
matrix, and one paper uses isotropic dilations. They work from the perspective of
co-orbit space theory and obtain a different generalization of the shearing matrix. It
is curious because no intuitive generalization of the shearing matrix, other than the
one employed in Section 4.3, yields a reproducing subgroup. We plan on using co-
orbit space theory to analyze each (TDS); in order to find discrete, implementable
transformations. The generalization of the Translation-Dilation-Shearing group in
Section 4.2 may be used to analyze multidimensional data and images. We are
currently working to find the appropriate definition of (CDS), for & > 2, generalizing
the results of Section 4.4. Finally, we would like to completely characterize the
dimensions of the reproducing subgroups of R*xSp(2, R). The results of this chapter
successfully integrate shearlet theory into the theory created by Cordero, DeMari,
Nowak and Tabacco and hopefully will lay the foundation of new transforms in

various applied fields.
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Chapter 5
Grassmannian fusion frames

5.1 Introduction

When data is transmitted over a communication line, the received message
may be corrupted by noise and data loss. As an oversimplified example, if I send
you the message 1729, you could receive the noisy message 1728 or nothing at all.
Representing data in a way that is resilient to such problems is clearly desirable.
Expressing data using a redundant frame provides some protection, but some frames
work better than others. Goyal et al. proved that a normalized frame is optimally
robust against (o.r.a.) noise and one erasure if the frame is tight. Furthermore, a

normalized frame is o.r.a multiple erasures if it is Grassmannian ([96], [7]).

Definition 108. For F = R or C, define
F(N,FM) = {e )L, CFM : |leg]| = 1 for all 1 <4 < N and {e;} is a frame for F}.
The mazimal frame correlation is

Moo({eitily) = max {[{e;e;)[}.

1<i<j<N

A sequence of unit norm vectors {u;}, C FM is called a Grassmannian frame if it

is a solution to

min ){Moo({ei )}

{e;}eF (NFM
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If N = M, the Grassmannian frames are precisely the orthonormal bases for
FM_ If N =3 and M = 2, the 2-dimensional vectors representing the cubic roots
of unity are a Grassmannian frame. However, the vectors representing the fourth
roots of unity do not form a Grassmannian frame for N = 4 and M = 2. Since
1((1,0), (—1,0))| = 1, the fourth roots of unity actually have the maximum possible
maximal frame correlation. The following theorem is proven in a number of classical

texts, see [96] for one proof and citations of other methods.

Theorem 109. Let {e;}Y, be a normalized frame for FM. Then

N N-M
Moo({eitizy) = MN 1)

(5.1)

Equality holds in (5.1) if and only if {e;} is an equiangular tight frame. How-
ever, equality can only hold for certain N and M. Bodmann and Paulsen proved
a functorial equivalence between real equiangular frames and a-regular 2-graphs,
where a depends on N and M [20]. An a-regular 2-graph is a particular type of
hypergraph. This correspondence can be used to characterize when equiangular
frames exist. Other than the case N = M + 1, there are very few known pairs
(N, M) which yield equiangular frames and, further, there are many pairs (N, M)

for which it has been proven that no equiangular frames exist. When equiangular

frames do not exist, it can be complicated to construct Grassmannian frames.

Definition 110. For 1 < m < M, set G(M,m) to be the collection of m dimensional
subspaces of FM. As a manifold, G(M,m) = O(M)/(O(m) x O(M — m)), where
O(M) denotes elements of the R orthogonal group or the C unitary group. G(M,m)
is also an algebraic projective variety.
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G(M,m) is called a Grassmannian. The Grassmannian packing problem is the
problem of finding N points in G(M,m) so that the minimal distance between any
two of them is as large as possible. Finding Grassmannian frames is equivalent to
solving the Grassmannian packing problem for G(M,1). It is natural to ask what
analytic structures one obtains by considering the Grassmannian packing problem
for m > 1.

Fusion frames, originally called frames of subspaces, were introduced by Casazza
and Kutyniok in [22]. There are many potentially exciting applications of fusion
frames, in areas such as coding theory [19], distributed sensing [23], and neurology

91).

Definition 111. A fusion frame for FM is a finite collection of subspaces {W;} ¥,
in FM such that there exist 0 < A < B < oo satisfying

N

Allz|* < Y lIPal® < Bl

i=1
where P; is an orthogonal projection onto W;. If A = B, we say that the fusion
frame is tight.

For two subspaces W;, W, C FM of equal dimension m, define the chordal

distance

dist(Wi, W;) = [m — tr(P,P})]"/2,

where P; is an orthogonal projection onto W;. A tight fusion frame consisting of
equal dimensional subspaces with equal pairwise chordal distances is an equi-distance

tight fusion frame.
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Similar to (1.3), a fusion frame is tight with bound A if and only if

N
> Pi=Aly. (5.2)
=1

Fusion frames may either be viewed as generalizations of frames or special types
of frames. In the former sense, we are merely replacing the projections (modulo a
constant multiples) of vectors z € H (on line (1.2)) onto the subspace spanned by
each frame vector with projections onto spaces of dimensions possibly higher than
1. In the latter sense, we may see a fusion frame as a frame with sub-collections
of frame vectors which group in nice ways. As is common in the literature, nice
is an oversimplification of some very deep properties. In fact, splitting frames into
such sub-collections is related to the (in)famous Feichtinger Conjecture. A fusion
frame is o.r.a. against noise if it is tight ([77]), a tight fusion frame is o.r.a. one
subspace erasure if the dimensions of the subspaces are equal ([19]), and a tight
fusion frame is o.r.a. multiple subspace erasures if the subspaces have equal chordal
distances. An equi-distance tight fusion frame is a solution to the Grassmannian
packing problem ([77]). The following definition does not exist in the literature but

seems quite natural.

Definition 112. A fusion frame {W;}Y, for RM consisting of d-dimensional sub-
spaces shall be called a Grassmannian fusion frame if it is a solution to the Grass-

mannian packing problem for N points in G(M,m).

We would like to construct such objects. The idea is very simple and makes

use of Hadamard matrices.
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5.2 Hadamard matrices

The first Hadamard matrices were discovered by Sylvester in 1867 ([97]). In
1893, Hadamard first defined and started to characterize Hadamard matrices, which

have the maximal possible determinant amongst matrices with entries from {£1}

([61]).

Definition 113. A Hadamard Matriz of order n is an n X n matrix H with entries

from {£1} such that H(*H) = nl,.

In the original paper by Hadamard, it was proven that Hadamard matrices
must have order equal to 2 or a multiple of 4. It is still an open conjecture as to
whether Hadamard matrices exist for every dimension divisible by 4. However, there
are many constructions of Hadamard matrices, which use methods from number the-
ory, group cohomology and other areas of math. Horadam’s book [71] is an excellent

resource. One class of Hadamard matrices are formed from Walsh functions.

Definition 114. The Walsh functions w; : [0,1] — {£1} C R, j > 0, are piecewise

constant functions which have the following properties:

1. wj(0) =1 for all j >0,

2. w; has precisely j sign changes (zero crossings), and

3. <wj7wk> = Ojk-

Walsh functions have been used for over 100 years by communications engi-
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neers to minimize cross talk. The first four Walsh functions are

wo = Iy

wyp = I[[0,1/2) - IL[1/2,1}

w2 = Lpaya) — Lpjasia) + Lija

w3 = l1/a) — Lpyaaye) + Lpjezey — Ligja-

K

5w » one obtains a Hadamard

By sampling the first 2" Walsh functions at the points

o= (s (7))
" T\2n 0<j,k<2n

is a 2" x 2" Hadamard matrix. There is a speedy algorithm, the Fast Hadamard (or

matrix; that is

Walsh) Transform, for multiplying a vector by such a matrix.

5.3 Construction

The idea behind the new construction of the Grassmannian fusion frames is
very simple. We remove the first ¢ rows of a Hadamard matrix H to obtain a
submatrix H’. The columns of H' will then be partitioned into spanning sets for
subspaces. Since the elements of the matrix are +1, the computations should be
simplified and the resulting (fusion) frame should be easy to implement. It is well-
known (see, for example, [71]) that any Hadamard matrix can be normalized so that

first row consists solely of 1s.

Theorem 115. Let H be a 2™ x 2™ Hadamard matriz indexed by 0, ... ,2" —1 which
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has been normalized so that the first row consists solely of 1s. Then

1 . n
ler = o= (H{ F)igjzz—1 : 0< b <27 — 1)

is a Grassmannian frame for F2" 1.

Proof. For any 0 < ky, ko < 2™ — 1,

(H(j,k1))o<j<on—1, H(j, k2))o<j<on—1) = 2"k, and

(H(k1,7))o<j<on—1, H(k2, j))o<j<on—1) = 2"0k; ks

Thus (e, , €x,) = 57— (2"0k, 1, — 1), and the collection is equiangular. We now show

that the e, do indeed form a frame. Let z € F?"~! be arbitrary. We verify that

(1.3) holds. Let

L= (g (1)

0<k<2n—1,1<j<2n—1 .
Then, by the orthogonality of the columns,
an—1 on

Z (x,ep)er = "LLx = TR

k=0

]
We follow it up with the construction of a class of Grassmannian fusion frames.

Theorem 116. Let W, be the 2™ x 2™ Walsh-Hadamard matriz indexed by

0,...,2" = 1. Then
{Wk = span {(Wn(j7 k))a<j<on—1, Wy (4, k + 2n_1))2§j§2"—1} 0<k< 2n_1}

is a tight Grassmannian fusion frame for F*" =2,
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Proof. Since

W,(0,k) = 1lfor0<k<2"-—1
1 for0<k<2n -1
Wn(17k> = )
-1 for2mt<k<2"—1

For any 0 < ki, ko < 2" — 1, (W, (J, k1)) 2<j<on—1, Wi (J, k2))a<j<on—1)

”

2" — 9 ki = ko
=91 -2  for0<lky k<2 ' —lor2" ' <k k,<2"—1

0 else.

\

Thus, for each 0 < k < 2771,

1 , 1 , n—
{\/ﬁmfn(% k))a<j<on-1, W(Wn(ﬂ k+2 1))2§j§2n1}

is an orthonormal basis for W, and P, = *L; L, where

L= (\/%(Wn(j, kot i)))

i=0,4,1<j<2n—1

For 0 < kl,kg < n—l 1,

tr(P/ﬂsz) = tr(*Llelﬂ(*LkszQ))

—2
2n — 2

= tr(*Lkl( [2)Lk2)

= 2n_22tr<*Lk1Lk2>

-2 =2 -2

B 2n—2(2n—2+2n—2
2

)

Thus the W, have pairwise equal chordal distance. We now show that the W, do
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indeed form a frame by verifying that (5.2) holds. Let x € F?" be arbirary. Then,

(gj pk>x S TSI %) N S S AR

£ "2 2 —2

= on 9"

5.4 Future Work

Removing the first 3 rows of a Walsh-Hadamard matrix does not yield an equi-
distance fusion frame. However, there has been recent work done to numerically
find optimal Grassmannian packings ([41]) which works well in some dimensions.
However, in other dimensions the convergence is incredibly slow. The algorithm uses
a random initial configuration. Perhaps by seeding the algorithm with a Hadamard
submatrix, the convergence would accelerate. On the other hand, removing the first
4 rows of a Walsh-Hadamard matrix does yield an equi-distance fusion frame. The
proof is very similar to the proof of Theorem 116 in the preceding section. We
conjecture that removing the first 2¥ rows from W,,, n > k will always yield an
equi-distance fusion frame. Finally, we would like develop an algorithm for a fast
implementation of the Walsh-Hadamard-generated fusion frames utilizing the Fast

Hadamard Transform.
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Chapter 6
p-adic wavelets

6.1 Introduction

Kurt Hensel introduced the p-adic numbers Q,,, p prime, in 1897 motivated by
the connections between algebraic field theory for numbers and for functions ([68]).
The p-adic numbers still play a big role in algebraic number and function theory
([74]), but there is a growing movement to incorporate p-adic numbers into pure and
applied analysis. The strange topology of @, seems ideal to model quantum physical
phenomena (see, for example, [73]). There even seems to be a relation between
distance in a p-adic model and genetic code degeneracy ([44]). A good physical
model will contain some sort of differentiation. One cannot define a derivative
on p-adic function spaces, but the p-adics are locally compact abelian groups, so
there exists a Haar measure. Thus, one can define pseudo-differential operators over
the p-adics. It ends up that p-adic wavelets diagonalize certain pseudo-differential
operators ([2], [92]).

Up until now, all p-adic wavelet systems have been formed using dilations by p.
However, there is no reason to believe that other matrix dilations could not be used.
Furthermore, it is well known (see, for example [36]) that a wavelet basis formed
from a real multiresolution analysis (MRA) generated by dilations by a matrix A

contains | det A| — 1 generating wavelets. Thus, we would like to generate an MRA
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with a p-adic matrix A for which |det A|» = 2.

6.2 Preliminaries

6.2.1 p-adic numbers
We begin by defining a valuation.
Definition 117. Let F be a field. A wvaluation |-|is a map |-|: F — R satisfying :
1. o] >0 for a a € F, and |a| = 0 if an only if a = 0,
2. For all a, § € F, |af| = |a||f], and

3. Forall a, B €T, |a+ 38| < |a| + 0]

A valuation is called non-Archimedian if it satisfies the strong triangle inequality;
that is, for all a, B € F

|+ B < max{e, [5]}-

Two valuations | - |1, | - |2 are said to be equivalent if there exists a positive real

number s such that for all « € F, |afy = |a]j.
We now define the p-adic valuation.

Definition 118. Given a prime p, every non-zero rational number r may be written
uniquely as p'm/n, where ged (m,n) = 1 and p  m,n. The p-adic absolute value

|-|, is a valuation on Q defined as

0 ifr=20
|T|p:

p~t ifr#0
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The p-adic numbers Q, are QQ analytically completed with respect to the p-adic

absolute value.

The p-adic valuation is non-Archimedian, and, thus, @, has an interesting
topology. For example, every ball is both topologically closed and open, and any
two balls are either nested or disjoint. Over Q, all of the valuations are known; this

is one of a handful of results in number theory known as Ostrowski’s theorem.

Theorem 119. Every non-trivial valuation of Q s equivalent to either a p-adic

valuation or the Euclidean absolute value.

The proof of Ostrowski’s theorem is quite simple, given certain elementary
facts of valuation theory, which we will not state here.

For every prime p, the additive group of Q,, is a locally compact abelian group
which contains the compact open subgroup Z,. The group Z, is the set {a €
Qp||lal, < 1}, the unit ball in Q,. Equivalently, Z, is the subgroup generated by
1. It is well-known ([90]) that since @, is a locally compact abelian group with a
compact open subgroup, it has a Haar measure normalized so that the measure of
Z, is 1. For simplicity, we shall denote this measure by dx. The metric on Q, is
induced by the valuation.

Every p-adic rational number z may be expanded

o0

k

T = E agp”,
k=K

where |z, = p™® and for all K < k < oo, ay € {0,1,...,p — 1}. Notice that the
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series

- =
converges. Thus, for each prime p,
p—1 <
Sy -t
-D
k=0

Definition 120. For any z = > - . au.p* € Q,, we define the fractional part of x,
{z} = Z,;:lK aip®, where the sum is formally 0 if K > 0 and the integer part of z,

(2] = > p2y ap®. We also define the set
I,={re€Q,: {z} ==}

I, is a set of coset representatives for Q,/Z,. Since Z, is open, I, is discrete.
This set will be very useful in the work that follows because @Q, has no discrete
subgroup. We mention the p-adic valuation of elements of finite algebraic extensions,

which we shall use to analyze eigenvalues.

Definition 121. If « is the root of a monic, irreducible polynomial 2" + a,_j2" ! +

..t ap € Qplz], we define |a|, = {/]aolp-

Also, for any k£ > 1, Q’; is a vector space over Q,. We shall denote the norm

with single bars, rather than double bars, and define it as

Definition 122. For any "(zy, 2o, ..., 1) € Q%, the norm is
1w, aly = max (1)
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6.2.2 p-adic wavelets

There are two main function theories over the p-adics. One deals with functions
Qp, — C and the other with Q, — @Q,. We shall only deal with the former theory.
The latter differs dramatically from the former. For example, p-adic valued functions
have no Haar measure, but there is differentiation. For an analytic treatment of both
function theories, see [73].

In 2002, Kozyrev published the first example of a p-adic wavelet ([76])
(D Tyl Foh 1y (2) = p9/2el ko0l (Yo—a): k=1,2,...,p—1,j € Z,a € I,,}.

Since @, does not have a discrete subgroup, he translated by a discrete set of coset
representatives. This approach is typical, not only in p-adic wavelet analysis, but
also in Gabor theory over locally compact abelian groups ([54]). Also notice the

sign of the exponent of the constant that comes out during dilation

D,f(z) =p ' f(px),

in contrast to the real case. This is due to the p-adic valuation.

After Kozyrev’s publication, Shelkovich and Skopina created a p-adic MRA
theory ([92]), and Benedetto and Benedetto introduced p-adic wavelet set theory
([15], [10]). We shall be concerned with p-adic MRA. We now define a p-adic MRA,

generalized for this thesis.

Definition 123. Let A € GL(k,Q,). If the p-adic valuations of the eigenvalues are

all strictly greater than 1 and |det A|, € N then A is an ezpansive p-adic matrix.
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Definition 124. Let A € GL(k,Q,) be an expansive p-adic matrix. A collection of
closed spaces V; C L*(Qf) is called a multiresolution analysis (MRA) for L*(Q}) if

the following hold:
a. V; C Vjq, forall j € Z,
b. U,z Vj is dense in L*(Q,),
c. ﬂjesz = {0},
d. f(-) eV e f(A) € Vjyy forall j € Z, and

e. there exists a function ¢ € V), called the scaling function, such that the system

{¢(- —a) : a € I’} is an orthonormal basis for V4.

The structure is very similar to an MRA over R¥. Notice that by definition,
the functions {|det A];,ﬂ(b(ij —a) : a € I’} form an orthonormal basis for V.

Mimicking real MRA, for each j € Z, we define wavelet spaces W; by
Vien =V © W
It then follows from Definition 124.b-d that

L*(Q}) = P w;.
jez
Thus, if 1) € Wy is such that {¢(x —a) : a € I}} is an orthonormal basis for Wy,

then

{|det A|"*Y(Alz —a):j €Z,a € ¥}
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is an orthonormal (wavelet) basis for L*(QF) We call such a ¢ a (p-adic) wavelet
function. It follows from Definition 124.a,d that a scaling function ¢ must satisfy
¢= a,p(A —a)
aclk
for some «, € C. We call such a function refinable. Assume that the II’f translations

of ¢ € L*(QF) form an orthonormal set and that ¢ is refinable. Then define
V; =span{¢(A- —a) :a € I}}.

Clearly, parts (d) and (e) of Definition 124 are satisfied. In the real case, the
refinability of ¢ would also give us (a). However, that is not true in the p-adic case
because I} does not form a group. In order for (a) to be true, ¢(- — b) must be
refinable for each b € II’f.

The number of wavelet functions needed to create an orthonormal basis cor-
responding to an MRA is equal to |det A| — 1, where the bars represent whichever
valuation one is working with. The only previously known wavelet bases for L*(Q3)
required 3 wavelet generators. We would like to construct an MRA for L?(Q2) using
a matrix A for which | det Al = 2. We now have the tools we need to construct
this new MRA. We shall construct the MRA in Section 6.3. We shall also present a
wavelet for this MRA in 6.4. Finally, in Section 6.5, we review future directions for

the research.
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6.3 MRA construction

Let
-1
1 1
Azl—l R
1 1
L1 ~3 3

the inverse of the well-known quincunx matrix. In [52], a multiresolution analysis
was presented for L?(IR?) which used dilations by the quincunx. Since |det A7 = 2,
there was only one wavelet generator. However, its support was a fractal, the twin
dragon fractal. In contrast, we shall see that the MRA for L?(Q3) associated to this
matrix corresponds to a wavelet with a simple support, namely, Z2.

The inverse of the quincunx matrix is expansive since the eigenvalues lTﬂ have

2-adic valuation v/2 > 1. Furthermore,

=2
2

Y

1
|detA‘2 = ’5

so we hope to obtain an MRA with a single generating wavelet. We first prove a

lemma that will be useful in computations which will follow later in the thesis.
Lemma 125. Let 21,29 € Q.

o If |x1]o > |x2|2 then |x1 4+ 2o|o = |21 — X2|o = |21|2;

o If |z1]o < |xa|o then |1 + x9|s = |21 — @a|s = |2a|o; and

o If |.T}1‘2 = |LE2’2 then |LE1—|—$2|2 S %|.’L‘1—ZL’2|2 = }l’l’1|2 or |.’I}1—.132|2 S %’x1+x2’2 =

%|I1|2.
Proof. Set 27%i = ||y for i = 1,2. There exist ap € {0,1} and 3, € {0,1} such

132



that

Ty = 2K1—|— Z O{k2k and

k=Ki1+1
Ty = 282+ Z B,2".
k=Ko+1
Since —1 =Y 77 2%,
9] k
—ry =24 Y (14 ) B2t
k=K2+1 j=Ka+1
Assume that |CL’1’2 > |ZE2|2, then Ky > K+ 1. So
Ko—1 o)
|l’1 + {L'2|2 = 2K1 + Z Oék2k + (1 + ak)2K2 + Z (O{k + ﬁk)Qk
k=Ki+1 k=Ko+1 2
— |Jf1|2,
and
Ko—1 0o k
o1 =2y = 2+ ) P+ 1+ a2+ D (aw+ 1+ ) B2
k=Ki1+1 k=Ko+1 j=K1+1 2
= |l‘1|2.

By symmetry, if |z1]s < |22|2 then

|z1 + 22]2 = |21 — 2|2 = |22]2.

Now assume that |z1|y = |z2]2. Then

o0
214+ 22 = (14 a1 + Broi1)25 T + Z (o + Bg)2"
k=K1+2 2
=l for ag, 1 = B
< Bl for ag 1y # Brypa.
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Similarly,

00 k
T1 — @2ls = |(24 a1+ Bro)25 T + Z (. +1+ Z g;)2"
k=Ki+2 Jj=Ka+1 2
= |xél2 for ag, 11 # By

|z1]2 _
S 4 for aKl—‘rl - ﬁKg—}—l'

[]

We wish to find a candidate for a scaling function from which we can build an

MRA.

Proposition 126.

72 =A"'70 <A—1Z§ + (g)) :

where U represents disjoint union.
Proof. We decompose Z3 into

72 =SSy Ss LSy,
where

Spo= A € Zy : |x1|a = |22|2 = 1}

8
~

8
&

Sy = { € Z2 |£I?2‘2 =1, ’.T1|2 < 1} and

8
&

Sy = |

() <=

S, = {(xl)e s = 1, ]y < 1}
)
(

i
1) 2o, |22)2 < 1)

X2

It follows from simple parity arguments that

ATS UATNS, €8y, ATNS,UATNS; C S
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Also, S1 + ((1)) =S5 and Sy + ((1)) = S3. We shall now prove that
ASl g 52 L Sg and AS4 g Sl L S4.

Assume that x € S; then Ax = %( Tt ) It follows from Lemma 125 that one of

—x1+T2

|%x1 + %@]2 and | — %xl + %x2|2 is %’%I1|2 =1 and one is < %\%l’1|2 = % Either
way, Ax € Sy U Ss. Thus , S} = A71S, L1 A~LS,.

Now assume that z € Sy. If either |z1|o, |22]2 < % or if |z1]y = |xa|a = %, then

it follows from Lemma 125 that

1 n 1 1 . 1 <1
=T =T — =T =T .
2 1 9 2 27 9 1 9 2 )
If instead |I1‘2 < ‘x2’2 = % or ‘x2’2 < ’131|2 = % then
. Lot 1
1)+ —my| = |—=m + —ze| =1,
27t T 27, 27t T2,

Thus, AS,; C S U Sy, which implies that Sy = A7'S; U A71S,. Hence, A7'Z3 =

S1 U S,. Furthermore,

A7'75 + (2) = (S1USy) + ((1])

= Sy USs.
0
Define
¢(x) = Lgz(x)
and
ijm{Qb(Ajl'_@ ca € I3} for j € 7. (6.1)
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We shall show that ¢ and the V; form a multiresolution analysis.
Proposition 127. Let V; be defined as in (6.1). For all j € Z, V; C V4.
Proof. The proposition is equivalent to the statement

G(Az — a) € Spam{p(AT 'z — b) b e I3}

for all j € Z and a € I3. Further, it suffices to prove this statement for the case
j = 0. The remaining cases will follow from the substitution z — A’z. It follows

from Proposition 126 that ¢ satisfies the refinement equation

o) = olan) + oz + (|12))

Furthermore, ¢ is Z3-periodic. Let a € IZ. Then

dlx—a) = ¢(Ar — Aa) + ¢(Az — Aa + Gg))

— (Az — {Aa}) + ¢(Ax — {Aa — Gg) 1.

We now make note of an important lemma.

Lemma 128. For each z € Q3, there exists N € Z such that

Proof. We first employ a (real) linear algebra trick to compute ANz. Namely, we

view A as a dilation and rotation. We write



~F
N~—

sin(
Ak — 2716/2

sin(—%)  cos(%)

In particular, if k is even,

27T ; iftk=28j
‘ 0 1
2~ (47 +1) cifk=8j+2
-1 0
AF = A —1 0 .
2~ (47+2) cifk=8j+4
0 -1
4 0 —1
2~ (47+3) . ifk=8j+6
1 0
\
Hence, if k € Z and = € Q3,
| A% 2]y = 25|25 (6.2)
Set N to satisfy 27V/2 = |z|,. O
Corollary 129.
U ANZ; = Q3.
NezZ
Proof. The corollary immediately follows from the lemma. O]

The following proposition is a generalization of a similar theorem in [3], which

itself is an extension of a theorem well known in real wavelet theory [38].

Proposition 130. Let ¢ € L*(Q3). Define the spaces V;, j € Z be defined as

span{p(Aiz —a) : a € I3}, j € Z. Also assume that p(- — b) € UjezV; for any
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be Q3. Then
U V; is dense in L*(Q3)
JEZ

if and only if

| Jsupp p(A~7-) = Q3.

1€EL
Proof. The proof is exactly like the proof of theorem 2.4 in [3] with Q, replaced

with Q2, I, replaced with I3, and p~7 replaced with A7. O
Corollary 131. For ¢ = 1z and V; defined as in (6.1),
UjezV; = L*(Q3).

Proof. Tt follows from the Z2-periodicity of ¢ and Corollary 129 that the hypotheses

of Proposition 130 are satisfied. O
We are almost done showing that ¢ and the V; form an MRA.

Proposition 132. Let V; be defined as in (6.1). Then

(Vi = {0}
jEz
Proof. Let f € NjezV;. Thus, for each j € Z, there exists {c;q}aesz satisfying

f@)=>" cia(Az —a).

a€l?
Fix y € Q2. By line (6.2) in the proof of Lemma 128, if |y|, = 272, then |[ANz|, = 1.
Also note that |[Ayla < 2|y|e. Making use of line (6.2) again, we note that if M is

even and M < N then

M

|AMy|, = 27 |yl =277 <1,
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IfM=2K+1and M < N — 1 then
|AMy|y < 2|A%Ky|, = 2KH1-% < 1.

Thus, if M < N, then AMz € Z2, which implies that |[AMy — al, > 1 for all a € I3,
a#0. So p(AMy —a) =0 for all M < N and a € I3\{0}, while ¢(AMy) = 1 for all
M < N. Thus, f(x) = cpp for each M < N. Similarly for another point y’, there
exists N’ € Z satisfying |AN'y/|, = 1, implying that f(y') = caro for all M < N'. By
considering small enough M, we obtain f(y) = f(y'). Since y and y’ were arbitrary,

f is constant. The only constant function in L?(Q3) is the 0 function, as desired. [J

The following lemma is implicit in many other works on p-adic wavelet theory.

Lemma 133. If 1} is defined as in (6.1), then {¢(- —a) : a € I3} is an orthonormal

basis for V4.
Proof. Since I7 is a set of coset representatives for Q3/Z3, for distinct a,b € I3
supp ¢(- — a) Nsupp ¢(- — b) = 0.

We use a Haar measure normalized so that the measure of Z3 is 1. Thus, {¢(- —a) :
a € I2} is an orthonormal set. Since Vj is the closed span of {¢(- —a) : a € I3}, the

claim is proven. O

We are finally prepared to prove that ¢ and the V; form a MRA.

Theorem 134. Let ¢ = 1. Further define

N
N

A = and



Then {V;} is a multiresolution analysis for L*(Q3) and ¢ is a scaling function for

this MRA.

Proof. Using the lettering from Definition 124, (a) follows from Proposition 127, (b)
follows from Corollary 131, (c) follows from Proposition 132, (d) follows from the

definition of the V; and (e) follows from Lemma 133. O

6.4 Wayvelet construction

We define the function ¢ (z) = ¢(Azx) — ¢p(Ax — (1/2)). We would like to show

1/2

that 1 is a wavelet corresponding to the MRA in Theorem 134. We make note that
BAz) = 5(0() + (@) (63
o= (o)) = 56(0) - (o) (6.4)

Lemma 135. Let a,b € I3. If A(b—a) or A(b—a) + (1/2) is in Z32, then a = b.

1/2

Proof. It A(b —a) € Z2 then b — a € Z3 since A7'Z3 C Z2. As I3 is a set of coset

respresentativies of Q3/Z2, a = b. If

1/2\ 1/2 9
A(b a)+(1/2>—A(b a+(1/2>)€Z2,
thenb—a+([1)) € Z2% and thus a = b. O

We need to prove another lemma before proving the final theorem.
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Lemma 136. Define

U = {Abel;:be I},
0 2
Uy = {Ab+ () e2:bel?}
= {A I2
Us { b+(1/2>€ :be I3}, and

U, = {Ab+( )eﬂ be Y.
Then[2 U1|_|U2|_|U3|_|U4

Proof. We begin by making a comment about notation. For any prime p it is

impossible (see, for example [73]) to define a partial order structure on Q,, such that
e 1>0> 1,
e if a,b >0, thena+b>0, and
e if a, > 0 for all n € N and lim,,_., a,, = a, then a > 0

all hold. However, in order to prove this lemma, we shall use the symbols “<”
and “<.” When those symbols appear, they will be used between 2-adic numbers
which are also non-negative dyadic rational numbers. The symbols should then be
interpreted as coming from the canonical strict total and total orderings placed on
the non-negative dyadic rational numbers as a subset of the real numbers.

Assume that @ = (') € I5. We analyze when A™'a, A™"(a — ), A Ya —

(172)) and A~ (a — (3'2)) lie in I3.

1/2 1/2
A la = (a1 B ag)
ap + ao
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lies in 12 if and only if ay < a; and 0 < a; + ay < 1. Similarly,

e (= (et

lies in I3 if and only if a; < ap and 1 < ay + ag < 2,

e ()

lies in 2 if and only if ay < a; and 1 < a; + ay < 2, and

e (- ()

lies in I3 if and only if a; < ap and 0 < a; + as < 1. Thus,

Uy = {acll:a;<a and0<a; +ay <1},
Uy = {acli:a<ayand1<a +ay <2},
Us = {ae[i:aggaland1§a1+a2<2}, and
U = {ac€li:a<aand0<a; +ay <1},
which implies that 12 = U, U U U Uz LU Uy. ]

We introduce the following notation. Let
U = {beli: AbcU},
: 0
U, = {bEIZIAb—i‘ 1 GUQ},
1/2
U3 = {b S 122 . Ab+ (1;2) S U3}, and

—1/2
U = {bel?:Ab Ul
Note that Ul N UQ, (73 N U4 = (), but the other pairwise intersections are not empty.

Thus, unlike the U;, the U; are not disjoint. However,
122C01UUQC01UUQU03UU4. (65)
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Theorem 137. ¢ = ¢(A-) —p(A- —Gg)) is a wavelet corresponding to the MRA in

Theorem 134. That is, {1(-—a) : a € 13} is an orthonormal basis for Wy = V, & V}.

Proof. We first show that {¢)(- —a) : a € I3} is an orthonormal set. We compute
for a,b € I3, using Z3-periodicity of ¢,

2((x — a), Pz — b)) = [det Ao (¢ (2 — a), ¢ (x — b))

= |det Al2(¢(Azx — Aa) — ¢(Ax — (Aa + (1/2) ¢(Az — Ab) — ¢(Az — (Ab+ (1/2))»

1/2 1/2
— (b(x — Aa), bz — Ab) — bz — (Ab+ G@
Hole — (Aa+ (}g))) O — Ab) + oz — (Ab+ (1@)»
= (plr — Aa), 6(z — Ab) — Bz — (Ab+ Gg) —(w— (Ab+ G@ )

= 200e — Aa), 9l — D) ol — (b + (1@ )

= 2¢(x), d(z — A(b—a)) — d(z — (A(b—a) + Gg)m
2 ifb=a
0 ifb#a
by Lemma 135. Hence {¢(- —a) : a € I3} is an orthonormal set. We now show that

Y(x — a) € Vi for each a € I3. We compute for a,b € I3, using the Z3-periodicity

of ¢,

| det Al2((z — a), (z — b))

= |det Al2(¢(Az — Aa) — ¢(Ax — (Aa + (1?;) ¢(Azx — Ab) + ¢p(Ax — (Ab + (ig))»

= (¢(z — Aa), p(x — Ab) + ¢(x — (Ab+ (1;;)

V) ot a0 = ofa — (av-+ (12 ))

= @@—A@@@—Ab+¢x—l%+< ) d(x — Ab) — ax—mu+Gg>m

+p(z — (Aa+ <

= 0,
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as desired. We finally claim that if f € Vi, f € V5t and f L 9(-—a) for each a € I2,
then f = 0. Assume that f € Vi. Then there exists {c,} € ¢(*(I3) such that we may

use Lemma 136 as well as lines (6.3) and (6.4) to expand f as

f@) = 3 cad(Ar — a)

a€l?
0
= Z capp(Ax — Ab) + Z CAb+((1))gf)(Ax — (Ab+ <1>)) +
beUl bEﬁQ
1/2 —1/2
ZCAIH- 1;3 (Ab+<1/2) +ZCAb+ 11//22 A.T—(Ab+<1/2>))
beUs bely
= chAb (x =) +¢(x—10)) ZcAb+ d(x —b) +Y(x — b))
b€U1 b€U2
+— Z Ab+}/§ d(x —b) —P(z — b)) Z Ab+ 1/2 d(x —b) —Y(z — b))
bEUg / b€U4

If f € Vg, then for all a € I2, 0 = (f, #(- — a)), which implies that

0 = ZcAb(qS(a:—b)+@/J(x—b (x —a) +ZcAb+ o(x —b) +Y(z —b), p(x — a))

b€U1 bEUQ

+D e Capy (172)(0(2 = b) = ¥(@ = 1), 6(z — a))
bGUg

+ D Cape () (0w = ) = vz = b), o(a — a))
b€U4

CAq foraefflﬂﬁgﬂﬁf

CAa‘|‘CA _"_(%3) for a € Ulmﬁg

Caq + CAa+(_11/22) for a € le N ﬁ4

CAa+((1)) foraefbﬁffgﬁfff

cAa+()+cA (172 foraeffgﬂﬁg

1/2

CAa+()+CAa+( 1/2) foraGUQHU4

1/2

CAa+(1/2) for a € ﬁg N Uf N UQC

1/2

CAa+(71/2) for a € 04 N Ulc N UQC

1/2
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By line (6.5), these cases exhaust all of the a € 3. Hence,

fla) = Z ca(r —b) + Z cAb+(<l))w(:v —b).

beU1N(T3UT,) beUaN(UsUT,)

If further, f L (- — a) for all a € I3, then

0= > ewE-du@-a)+ D ey —b)v—a)

b€01ﬂ(U3U04) bEUQﬂ(UgUU4)

CAq fora € Ulﬂ(03UU4)

CAaJr(?) for a € (72 N (U3 U U4)

Hence f is identically 0. O]

Thus, {DanTyth : n € Z,a € 12} is an orthonormal basis for L*(Q3) generated

by a single wavelet.

6.5 Future work

It has been proven that the Haar MRA is the only MRA that exists for L*(Q,)
under dilation by p ([3]). One possible choice for the scaling function of such an
MRA is 17,. The known MRAs for LQ(Q’;) are tensor products of the 1-dimensional
systems. It follows from the definition of the @’; metric that ®f:1 1z, = lzx, which
for p = 2 and k = 2 was the scaling function used in this thesis. It remains to be
seen if there exists a p-adic MRA for which lz; cannot be a scaling function. We
would like to construct MRAs using different dilations in order to try to answer this
problem.

Benedetto and Bendetto initiated the study of local field wavelet sets, which
included the construction of p-adic wavelet sets ([10], [15]). We are also interested in
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constructing wavelet sets associated to this new dilation. Unlike in the real setting,
p-adic wavelet set wavelets are already “smooth,” so there is no need to smooth

them as we did in Chapters 2 and 3.
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