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Chapter 1
Introduction

1.1 Quantization of signals

In signal processing, transmitted signals in analog form need to be converted
into digital form for storing, coding, and recovering purposes. This process of analog-
to-digital (A/D) conversion consists of two main steps: sampling and quantization.
In the sampling step, a given signal x is expressed as a linear combination over an
at most countable dictionary {e,},cn with real or complex coefficients, i.e., x =
Y nen Tnen (zn € C or R). The expansion is said to be redundant if the choice of the
coefficient sequence {x,},ca is not unique. We shall refer to a coefficient sequence
{Zn}nea as a sampling sequence. In order to be able to process the signal, one
needs to reduce the continuous range of the sampling sequence consisting of real or
complex numbers to a finite set. This step of signal processing is called quantization.
More precisely, quantization is a mapping process with a map @) such that @) : x —
T =), cpnen, Where, for each n € A, ¢, is an element from a finite set A called
the quantization alphabet. The map @ is naturally called a quantizer. We see that
Q replaces the sampling sequence {z,}, ., With {g,},c, in a linear manner; so we
refer to this manner of mapping as linear reconstruction. The natural question
arises: how different is the new expansion = ) _, qne, from the signal x7 This

difference occurring in the quantization step is called quantization error, and it



is measured by computing ||z — Z||, where || - || is a suitable norm in the space
of signals. An optimal quantizer is the one that minimizes the quantization error
norm. Nevertheless, finding a good quantizer has been proved to be a nontrivial, yet
challenging, problem to the engineering community involved in signal processing.
For reasons of applicability, an audio signal f of interest is usually modelled
as a bandlimited function. This means that f is an L* function on R whose Fourier
transform f (as a distribution) is compactly supported. For each 0 < T' < 1, the

function f can be reconstructed from the sampling sequence { f(nT)}, ., as follows:

f(&) =T f(nT)g(t — nT), (1.1.1)

nez

where ¢ is an appropriate smoothing kernel or sampling function. Applying a first

order XA scheme on f yields a function fT such that

frt) =T qlg(t —nT), (1.1.2)

neL

where each ¢ € {—1,1}. Standard analysis (see, e.g., [3],[7]) has shown that for

some absolute constant C' > 0,

Jr-7,. <cx

However, numerical experiments suggest a better bound than 7. More precisely, it

has been conjectured that there exists an absolute constant C' > 0, independent of
f, such that

1 -2

lim —— ‘f(t) ~Fr)| ar < or®. (1.1.3)

K—o0 2K Jiy<k

This means the approximation error decays “on average” like 7°/2 [7]. We shall see
later that the basic bound T corresponds to the basic bound 1/N in Euclidean norm
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in the setting of finite frames for R? where N is the frame size. This correspondence
suggests that there should be a better bound for the setting of finite frames as well.

We shall assume that the signal of interest is an element of the Euclidean
space R?, and that the sampling coefficients are real numbers. We shall also focus

on structured dictionaries called frames.

1.2  Overview of the thesis and main results

We begin Chapter 2 by discussing material on frame theory. We discuss the
definition of frames in Hilbert spaces and prove some properties of frames in this
setting. Then we focus on finite frames for Euclidean space RY. Some interesting
results dealing with finite unit norm tight frames are analyzed, based on the works
by Benedetto and Fickus [14] and by Zimmermann [20]. We pay attention to a
specific infinite family of frames called the harmonic frames. This family of frames
provides substantive structure, and it is used in Chapter 5 to provide examples
to illustrate the results on quantization error. The notion of the first order frame
variation, o(F, p), is introduced, and it is generalized to define the nth order frame
variation, o,(F,p). We derive a general formula of o, (F,p) for harmonic frames.
We shall see that frame variation plays an important role in the basic quantization
error as it relates the dependency of the XA scheme with the properties of frames.

In Chapter 3, we discuss a classic quantization scheme called Pulse Code Mod-
ulation (PCM) and derive quantization error estimate associated to this scheme for

finite frames for R?. We then provide the setting of this thesis, viz., the first order



K-level YA scheme with step size §. The quantizer map is defined algorithmically.
However, this makes it inconvenient to program numerical experiments using MAT-
LAB so we derive the general formula for this quantizer. Then we derive a basic
quantization error estimate based on the XA scheme. This is done in [16], where it
is proved that if F is a unit norm tight frame for R? of cardinality N > d, then the

K-level XA scheme with quantization step size § gives quantization error

~ od

where x is a given signal, = is the quantized signal, and ||-|| is the d-dimensional
Euclidean 2-norm.

In Chapter 4, we first provide the background material from the theory of uni-
form distribution of sequences of real numbers [17]. In particular, we define uniform
distribution modulo 1, and state examples of real sequences with this property. We
then discuss the notion of discrepancy of a finite sequence and prove some basic
results on the bound of discrepancy. We provide two inequalities that improve the
bound of discrepancy and emphasize one of them, viz., the Erdos-Turan Inequality
which states the following: For any finite sequence x1, ..., x5 of real numbers and

any positive integer m, we have

N
1 2mihxn
N L€ ’

n=1

6 41 1
RO (R )
where Dy is the discrepancy of the sequence z1,...,xy. This inequality plays an
important role in our analysis of quantization error as it approximates discrepancy
in terms of an exponential sum which will be approximated further by a theorem
of van der Corput. This latter theorem states the following: If a and b are integers

4



with a < b, and if f is a twice differentiable function on [a,b] with f"(z) > p > 0

for all € [a,b] or f"(z) < —p < 0 for all x € [a,b], then

<170 - 7@+ +3)

b
Z e27rif(n)
n=a

In Chapter 5, we collect all the ingredients to give the detailed proof of the
theorem on improving the quantization error stated in [16]. We provide a new
construction which corrects errors observed in the original proof. One ingredient we
need in the proof is a result by Giintiirk [7, 8]. This theorem allows us to construct
an analytic function with certain properties such that the values at the natural
numbers correspond to the terms of a given real sequence. We prove the special
case of this theorem, and give an explicit bound for the inequality not given in the
original theorem. The quantization error obtained in this chapter is an improvement
from the basic error estimate obtained in Chapter 3. In fact, our improvement goes
from order 1/N to one of order 1/N°/4=¢ (e > 0) for certain choices of frames,
where N denotes the cardinality of frame. We show further that with a certain
natural assumption, the order of the quantization error estimate can be improved to
1/N*/3. This order is better than the order obtained by Giintiirk in [7] in the setting
of bandlimited functions. There he obtained a bound of order 1/N*/3=¢ for ¢ > 0.
On the other hand, the bounds we obtain for these improved estimates depend on
the given signals. One of the main goals of our future research is to dispense with
this restriction.

The last section of Chapter 5 is devoted to examples to justify the results of

the theorems we have proved. We show various graphs of quantization error norms



which are plotted against the cardinality of the frames. We analyze some interesting

phenomena concerning the periodic pattern occurring in the shapes of these graphs.

1.3 New results

In this section we specifically describe our own contributions.

e In Chapter 2, we generalize the notion of the first order frame variation
o(F,pn) to the nth order frame variation o, (F, py), where F'is a given frame
and py is a permutation of the set {1,..., N}. We then prove the explicit
formulae of o, (H%,p) for the harmonic frame H¢ with respect to the iden-
tity permutation p (Theorem 2.4.5). Such formulae can be used in refined
quantization error estimates. We also prove a result (Theorem 2.4.6), which
is a consequence of the proof of Theorem 2.4.5, which gives relatively sharp

inequalities for some new trigonometric binomial sums.

e In Theorem 3.3.1 of Chapter 3, we prove the general formula of the quan-
tizer associated with first order XA quantization. Theorem 3.3.1 is crucial in

programming numerical experiments using MATLAB.

e In Chapters 2 and 4, we give details for difficult issues concerning frames,
uniform distribution, and discrepancy, which are not readily available in the
literature. For example see Proposition 2.3.6, Examples 4.1.2, 4.2.8, 4.4.9,

Theorem 4.2.5. In particular, we proved in Example 4.1.2 that the following



sequence is u.d. mod 1:

e In Chapter 5, noting that there was a gap in the original proof of Glintiirk’s
theorem in [7] we provided a complete proof for an important special case.
Independently, Giintiirk has given a complete proof in [8] and in a private
communication, the latter after seeing our work. We also compute an explicit
bound of the inequality occurring in the theorem, which will be useful in eval-
uating quantization error independent of signal. We also correct the proof of
Theorem 5.1.1 from the original one by providing a new intricate construc-
tion. Finally, we have constructed a new class of examples of quantization
error plots, showing and giving preliminary analysis of various periodic pat-
terns of the shape of graphs of the quantization error as a function of the frame

size.

1.4 Definitions and notation

We shall use the following definitions and notation.

e The Fourier transform is formally defined by
fo = [ swe e
e We denote the characteristic function of a set F by 1g, i.e.,
1 ifrek,

0 otherwise.



e For x € R, we denote by |[z] the floor function of z, which is the largest
integer that is not greater than z; and we denote by {x} the fractional part
x— |z] €0,1) of x. We also denote by [x] the ceiling function of x, which is

the smallest integer that is at least x.



Chapter 2
Frame Theory

2.1 Overview

The necessary condition for a sequence {e,}>; of unit norm vectors to be
an orthonormal basis (ONB) for a Hilbert space H is that it satisfies Parseval’s
equation, that is,

o0

>l en)* = ||z]|* for all z € H. (2.1.1)
n=1

A relaxation of this condition (specified later) leads to a generalization of the notion
of ONB, namely frames. If a sequence {e,}>2, of vectors is a frame for a Hilbert
space H then it spans H and yet it is not necessarily linearly independent. In other
words, in the case of frames, for each = € H, there exists a sequence {z,,}>°, of real

or complex numbers such that

x = anen. (2.1.2)
n=1

Because the frame elements are allowed to be linearly dependent, the coefficients
{z,}5°, are not necessarily unique. We usually referred to this property as the
redundancy of frames and it is one of the main reasons why frames have been ex-
tensively used in signal processing. The notion of frames was introduced by Duffin
and Schaeffer in their 1952 paper [18]. The main subject of their study is non-

harmonic Fourier series, i.e., sequences of the type {€?"%},cz, where {\,}nez is



a family of real or complex numbers satisfying a uniform density condition. How-
ever, the potential of frames was not realized until 34 years later during the era of
wavelet theory, in a paper by Daubechies, Grossman and Meyer [19] (1986). Using
frames, they expanded functions f € L*(R) in a similar manner as using orthonor-
mal bases. The mathematical framework of signal processing was set rigorously by
assuming the signal of interest referred by the authors as “incoming information”
to be an element of a Hilbert space H, particularly of H = L?*(R). Parts of the

following materials on frames in Hilbert spaces are adapted from Chapters 3 and 5

of Christensen’s book [11].

2.2 Bessel sequences
Definition 2.2.1. A sequence {e,}°, in H is said to be a Bessel sequence if there
exists a constant B > (0 such that
Vx € 'H, i [z, en)|* < Bz (2.2.1)
n=1
A number B satisfying condition (2.2.1) is called a Bessel bound for {e,}> ;.

Lemma 2.2.2. Let {e,}5°, be a Bessel sequence in a Hilbert space H. Define the

associated Bessel map L : H — (*(N) by

v = {{z,en) by

Then L is a bounded (continuous) linear operator. Moreover, the corresponding

adjoint operator L* : (*(N) — H is given by
) S e
n=1

10



Proof. We see that L is well defined since {e, }. -, is a Bessel sequence. Let B be a

Bessel bound for the sequence {e, },~,. Then for each = € H,

ILxl* =[x, en)* < Bllz||.
n=1

So ||Lz|| < VB ||z|. This shows that L is bounded. Let ¢ € (*(N) and define

Sy = 3N ¢[n]e, for each N € N. Then for all integers N, M with N > M,

N 2

ISy = Sull® = sup | D clnl(en, x)
lel=1 ", 57
N N
< sw (3 JenlP ) (X Hew o))
lell=1 * —pr41 n=M+1
N
< B Y fdn)?
n=M+1

The first equality is an equivalent way of expressing the norm in a Hilbert space, see
Remark 2.2.3. The second inequality follows from the Holder Inequality. Now, since

c € (?(N), it follows that the sequence { S Jelk])? }oo is Cauchy. We therefore

see from the above calculation that the sequence {S,} -, is Cauchy, and hence
converges in H. To find the formula for the adjoint operator L*, we let ¢ € (*(N),

and let x € H. Then

(x,L*c) = (Lx,c) = Z(Lx)[n]m = Z(gg7€n>m
= S lednle) = (3 dnle). (222)

The last equality follows from the continuity of the inner product, see Remark 2.2.3.

Since this is true for all x € H, it follows from the Hahn-Banach Theorem that

[e.e]

L*c= Zc[n]en. O

n=1

11



Remark 2.2.3. In the proof of Lemma 2.2.2, we have used an equivalent way of
expressing the norm in a Hilbert space. This can be shown as follows. Let y € H.
Then the map ¢ defined by Yz = (z,y) is a bounded linear operator. From
Cauchy-Schwarz Inequality we have |[¢Yz| = [(x,y)| < ||y|| ||z| . Since the equality
holds if and only if x = ay for some scalar a, we see that |[¢Y]| = |ly||. Since
[0 = supjpj=1 [V¥2] = supy,— [z, y)|, it follows that [ly|| = supj,— [(z, y)|.
The fact that ¥ is bounded, and therefore continuous, allows the final equality in

(2.2.2).

We note that the proof of Lemma 2.2.2 remains the same if the order of the

sequence {e,} - has been changed. Hence we have the following corollary.

Corollary 2.2.4. If {e,},_, is a Bessel sequence in H, then Y | c[nle, converges

unconditionally for all ¢ € (*(N).

By Corollary 2.2.4 we see that it does not matter what index set we use to
index the series Y c[n]e, since each reordering of the sequence {c[nle,} -, will
have the series converge to the same element. Hence we can use natural numbers as

the standard index set.

2.3 Frames in Hilbert spaces

We are now in a position to state the definition of frames.

Definition 2.3.1. A sequence {e, } , of elements in a Hilbert space H is said to

12



be a frame for H if there exist constants 0 < A < B < oo such that
Allz)? <> [z, ea)? < Blz||* forallx € H. (2.3.1)
n=1

The numbers A and B are called frame bounds. The optimal upper frame bound
is the infimum over all upper frame bounds and the optimal lower frame bound is
the supremum over all lower frame bounds. We note that the optimal bounds are
actually frame bounds. A frame is said to be A-tight if A = B, and is said to be
unit norm if ||e,|| = 1 for all n. A frame is said to be ezact if it ceases to be a frame

when one of the elements is removed from the sequence {e,}, -, .
Some basic examples of frames are as follows:
Example 2.3.2. Let {e,}.—, be an orthonormal basis for H.

(i) By repeating each element in {e,} -, twice, we obtain

{fn};z.oZI = {617617627627 e }

which is a 2-tight frame. In fact, for each © € 'H we have

o0

Sl fdf = Sl P+ 3 e e

2 2 2
= [lzlI” + [l=f]” = 2 |l

(ii) By repeating only e;, we obtain

{fn};o:1 = {617617627637 . }

which is a frame with frame bounds A = 1 and B = 2. In fact, for each x € 'H

13



we have

l2l* =D Wevea)® < o el + ) Iz, el
= Z|<xvfn>|2
< S lmenl+ 3 el

= [l2l* + [l[* = 2 |=]* -
(iii) Let
{fn}zozl = {61’ \/_627 \/—627 7637 %637 7 }

This is the sequence where each vector \/iﬁen is repeated n times. As such, it

is a 1-tight frame. In fact, for each z € ‘H we have
o o

glen Z

2
2
=[]

(iv) Let v; = (1,0),v2 = (—=2/v/5,2),v3 = (4/4/5,1). By a direct computation, one
can show that {vy, vy, v3} is a 5-tight frame for R2. In fact, letting v = (a, b)

be a vector in R?, we have
2
D v, o) = @® + (——=a+2b)* + (—=a+b)* = 5(a® + b°) = 5 ||o||*.

Let {e,} -, be a frame for a Hilbert space H. We define an operator S : H — H by

[e.o]

St =L"Lx = Z(m, €n)en.

n=1

We see that since {e,}, -, is a Bessel sequence, Corollary 2.2.4 implies that S is a
well-defined operator. The operator S is called the frame operator for {e,} -, . We
prove some properties of the frame operator S in the following lemma.

14



Lemma 2.3.3. Let {e,} —, be a frame with frame bounds A, B. Then the following

hold:
(i) The frame operator S is bounded, invertible, self-adjoint, and positive.

(ii) The sequence {S™'e,},—, is a frame with bounds B~' and A™'; if A, B are
the optimal bounds for {e,} -, , then the bounds B~ A~' are optimal for

n=1~>

{S~te,} . The frame operator for {S e, } - is S71.

The sequence {S~'e,}  is called the (canonical) dual frame of {e,} ", . Before

proving the lemma, we state two classical results from operator theory.

Lemma 2.3.4 (Neumann Theorem). Let X be a Banach space and let U : X —

X be a bounded operator. If ||I — U|| < 1, then U is invertible with

o0

Utt=> (I-0)"

n=1

Furthermore, U < (1 — I =U|)~*

Lemma 2.3.5. Let H be a Hilbert space and let U; : H — H (j = 1,2,3) be self-
adjoint operators with Us > 0. If Uy < Uy and Us commutes with Uy and Us, then
U Us < UyUs. (By definition, two self-adjoint operators U < W if (Uzx,x) < (Wz, )

for allx € H.)

We are now ready to prove Lemma 2.3.3.

Proof of Lemma 2.3.3. (i) Since L and L* are bounded operator, the frame operator
S being the composition of these two operators is also bounded. Now since S* =
(L*L)* = L*(L*)* = L*L = S, the operator S is self-adjoint. By direct calculation

15



we see that for each © € H, (Sz,z) = 3.°°, |(x,e,)|*. So we can rewrite the frame

condition (2.3.1) in terms of S as
Al < S<BI (2.3.2)

This shows that for each z € H,(Sz,z) > Alz||*> > 0. So S is positive. By
subtracting BI and multiplying by B! through the inequality (2.3.2), we obtain
that 0 < T — B71S < BTEAI. Therefore

1= B8] = sup [((1 - B S)e,a)| < D=4

[lz]|=1

<1,

which, by Lemma 2.3.4, shows that S is invertible.
(ii) We first show that {S~'e,} —, is a Bessel sequence. Indeed, for each

r € H,

Z‘(x,s Z|S T,en) <BHS x|| <BHS 1H Iz

n=1

Hence the frame operator for {S~'e,} | is well defined. This frame operator acts

on x € 'H by
> (57 =S (STl en)en = STI9S T e = 57
n=1 n=1

This shows that the frame operator of {S~'e,} _, is S~'. Now since the operator
S~! commutes with both S and I, we can apply Lemma 2.3.5 and obtain that, upon
multiplying the inequality (2.3.2) with S—1,

Bl I<STT<ATL
This means for all x € H,

-1 H:L‘H (S7w, 2) Z‘ x, 571 g AL H:IJH2

16



Thus {S~'e,} -, is a frame for H with frame bounds B~' and A~'. Now suppose
that A, B are optimal bounds for the frame {e,} . Let C' be the optimal upper
bound for the frame {S~'e,} ~, and assume that C' < 1/A. Then since S™' is
the frame operator for {S~'e,} ~ | it follows that the frame {(S™')"'S™ e}~ =
{en}.2, has lower bound 1/C' > A. This is a contradiction since A is the optimal

lower bound for {e,} >, . Hence C'=1/A. We can show similarly that the optimal

lower bound for {S~'e,},_ is 1/B. O

Proposition 2.3.6. Let {e, },~, be a frame for a Hilbert space H with frame bounds

A, B and with frame operator S. Then the following inequalities hold:
Allz]| < ||Sz|| < B ||x|| for all x € H.

Proof. Let x € H. We shall prove the leftmost inequality first. By definition of
operator S, we have (Sz,z) = S°°° |(z,e,)|?. Tt follows from the Cauchy-Schwarz

Inequality and the frame condition (2.3.1) that

) 9 1 S
(Sl = (Sra)? < 1507 o < 152l 23 ..}
n=1 n=1

This implies
AN e < |15z
n=1

From the frame condition (2.3.1) we have S°°° |(z,e,)|> > Az, and so
A ||z))* < ||S)”.

Hence the leftmost inequality follows. Now we show the rightmost inequality. Let
¢ € (*(N) and recall that L*c = Y>> | c¢[n]e,,. By an equivalent definition of norm in

17



a Hilbert space, see Remark 2.2.3 and the Holder Inequality, it follows that

1| = sup [(L*c,y)| = sup | clnlen,y)
lyll=1 lyll=1| 7=t
- Sup [ ]<6n,y < Sup Z| enay
lyll=1 |7 =1 lwll=1, =1

< ()" s (Stennf)”
< VBld||.

Hence [|[L*]| < Vv B. Now since S = L*L it follows from a property of the adjoint
operator that

S| = |IL*L|| = |IL*||* < B.
Thus
[Szl| < ||S] [l=|| < B |z,

which is the rightmost inequality and hence the proof is complete. O

Now we arrive at the main elementary theorem in frame theory. All applica-
tions of frames start with this so-called frame decomposition which shows that every
element in a Hilbert space can be represented as an infinite linear combination of

the frame elements.

Theorem 2.3.7 (Frame Decomposition). Let {e,} -, be a frame for a Hilbert

space H with corresponding frame operator S. Then

= Z(x, Ste,e, = Z(w, en)S e,  for allx € H. (2.3.3)
n=1 n=1

Both of the series converge unconditionally for all x € 'H.

18



Proof. Let x € H. Then we have from properties of the frame operator in Lemma 2.3.3

that
r=95""r= Z(S‘lx, en)en = Z<:L‘, S~te,)en.
n=1 n=1

The last equality follows from the fact that S~ is self-adjoint. Now since {e,} -, is
a Bessel sequence and {(z, S e,)} -, € (*(N), it follows from Corollary 2.2.4 that
the series converges unconditionally. Similarly, by composing S~ with S we have

another way to represent the element z, that is,

x=S8"1Sr = Z(Sx, S~te,)S e, = Z(x, SSte,)S e, = Z(m, en)S ten.
n=1 n=1 n=1

The penultimate equality follows from the fact that S is self-adjoint. Since {S™'e, },~,
is a Bessel sequence and {(z,e,)} -, € (*(N), it follows from Corollary 2.2.4 that

the series converges unconditionally. Hence the proof is complete. O

2.4 Harmonic frames for R?

The atomic decompositions in (2.3.3) are the first step towards a digital rep-
resentation. If the frame is tight with frame bound A, then from (2.3.2) we have
the frame operator S = AI, and therefore we see that both of the frame expansions

in (2.3.3) are equivalent, i.e., for each x € H,

K

I
|
NE

(x,en)en.

n=1

For convenience, we let K = R or K = C. When the Hilbert space H is K¢
and the cardinality of frame is finite, the frame is referred to as a finite frame for H.
In this case, there is a systematic method to check whether an arbitrary finite set

19



of vectors is a tight frame. Let {Un},]:le be a set of N vectors in K¢ We define the
associated matrix L to be the N x d matrix whose rows are the v,,. The following

lemma, found in [20], allows us to determine whether {vn}fj:l forms a tight frame

for K¢.

Lemma 2.4.1. A set of vectors {'Un}i:[:l in K% is a tight frame with frame bound A

of and only if its associated matrix L satisfies
L*L = Aly,

where L* is the conjugate transpose of L, and 1 is the dxd identity matriz. Moreover

the frame {vn}nNzl is unit norm if and only if the diagonal of LL* equals (1,...,1).

Proof. Let x = (z1,...,74) € K% Then by a straightforward calculation, we obtain

Lz = ((x,v1),...,(x,uN)) (2.4.1)
From (2.4.1) we obtain
> Ha,va)* = (La)* - (Lx) = 2*(L*L)x. (2.4.2)

A set {v,}_, is an A-tight frame for K¢ if and only if 3. [(z, v,)|* = A|z|* =
x*(Al)z for all x € K% From (2.4.2) this is true if and only if 2*(Al;)x = 2*(L*L)x
for all z € K% and this in turn is true if and only if AI; = L*L. To prove the second
part we observe that the frame {v,}"_, is unit norm if and only if 1 = |jv,|* =

(Un, Un) = Z;l:l Un(j)vn(7) for each 1 <n < N. We see that the last sum is exactly
the nth diagonal element of the matrix LL* for each 1 < n < N. Hence the result
follows. O
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The following lemma determines the frame bound for a finite unit norm tight
frame in K. The first proof can be found in [20] where the author uses matrix prop-
erties, and the second in [14] where the authors use the definition of an orthonormal

basis.

Lemma 2.4.2. A unit norm tight frame for K¢ with N elements has frame bound

A= N/d.

First proof. We denote the trace of a matrix M by Tr(M). Tt is straightforward to
show that Tr(MN) = Tr(NM) for all matrices M, N that can be multiplied. Using

this property and Lemma 2.4.1, we have
1 1 1
A==-Tr(L*L) = =Tr(LL*) = =N.
“TH(L'L) = ~TH(LL") =

Second proof. Let {vn}fj:l be a unit norm tight frame for K¢ with frame bound A.

Let {e; };l:l be an orthonormal basis for K¢ Then

d d N N d N
Ad=Y"Alleal” =33 Hes v =33 e va)P =Y loal®> = N. O
Jj=1 7j=1 n=1 n=1 j=1 o

Now we introduce harmonic frames for R?. This family of frames has a Fourier-

based structure, and it provides good examples that we shall use later in Chapter 5.

N-1
n=0

The definition of the harmonic frame H% = {e,} N > d, depends on whether
the dimension d is even or odd.

If d > 2 is even, let

2mn . 21 2m2n . 2m2n 27rgn , 27rgn
cos sin
N’ N’ N’

(2.4.3)

forn=0,1,...,N — 1.
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If d > 11is odd, let

\/5 1 2mn . 27wn 2m2n . 2w2n QW%TL ) QW%n

n=1/—|—=,cos , sin , COS ,sin y...,COS , sin

d |2 N N N N N N
(2.4.4)

formn=0,1,...,N — 1.

Y

We shall now show that H$, as defined above, is a unit norm tight frame
for R?. From the identity cos?6 + sin®# = 1, it follows immediately that e, is unit
norm for each 0 < n < N — 1. To verify that H j‘\l, is a tight frame, we have options
either to apply Lemma 2.4.1 or to verify the definition directly. In this case it
turns out that the latter option is easier. We verify only the case when d is even.
The case when d is odd will be similar. So let d be even, let N > d, and take

x = (ay, by, ... ,a%,bg) € R%. We want to show that

N-1
o, ea) P = el (245
n=0
We have
N-1 N-1 , d/2 ,
g 2 (z,en)]? = 2 (jzlaj COS%% + b; sin 27;”)
N-1 , d/2 ——  omy
= nzo(;@/ajﬁ—bjsm( N (bJ))
K& 2 2 2 nj
— nzgj;(aj + b5) sin <T gbj)
= s 12 [ 2 9. (2T . /2mnk
+ n:();\/aj —i—bj\/ak—i—bksm <T +¢j> sm( N +¢k>

Now by using the identities

sin?f = (1 —cos260)/2 and 2sinfsint = cos(f — 1) — cos(d + 1)
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and interchanging the sums, the right-hand side quantity equals

/2 N-1 4
1 1 2m2ny
Z 2, 12
— (aj+bj) <§_§COS N +2¢j))

j=1 n=0
= 2m2n
+§Z\/a§+b§\/az+bz cos( = —k)+¢]_¢k>
J#k n=0
= 2m2n
s 3 cos (TG R+ 6+ 6).
i#k n=0

By using the identity
N-1

2mng
=0
nZ:OCOS( N —l—a) ,

which holds for each integer j that is not divisible by N and for each @ € R, the

sums above simplify to
/2

N N
5 Z(a? + b?) =3 ).

j=1

Since this is equal to & ZT]Y;OI [(z,en)|?, we obtain (2.4.5).

Definition 2.4.3. Let k,d, and N be integers such that 1 <k < N and 2 <d < N.
Let Fy = {e,}_, be a frame for R% Let py be a permutation of {1,2,..., N}. We

define the variation of order k of the frame F with respect to py as

N—Fk
or(Fn,pn) = Z ||Ak€pzv(n)||7
n=1

where A* denotes the kth order difference defined recursively by Aep, (n) = €py(n) —

epn(nin) and Afe, oy = A(AF e, () for all k > 2.

Frame variation is the quantity that reflects the “interdependencies” among
frame elements. More precisely, if a frame F' has low variation with respect to a

permutation p, then the frame elements will not oscillate too much in that ordering
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[15]. We shall see in Chapter 3 that the notion of frame variation plays an important
role in refining quantization error. Families of frames that have bounded frame
variation will result in a better quantization error. Harmonic frames are an example
of such a family of frames. In fact, one can compute the frame variation of harmonic

frames explicitly.

Lemma 2.4.4. Let a sequence {e, }, | of vectors in R? be defined by e, = (cos nf, sinnd)

for some 0 € [0,27]. We have, for each integer k > 1,

N
|AFe, || = (2sin 5) .

Proof. By induction one can show that the kth order difference is equivalent to the

following;:

k
[k
VE=1,2,..., Afe,=> (-1) (j>en+j. (2.4.6)

J=0

With another application of induction, one can show that

k
2k 2k
|AFe,||? = 22(—1)]( ) cos j — ( ) (2.4.7)
s k+j k

Now we shall use induction to show that the last step is equal to 2¥(1 — cos 6)*.
It is easy to verify the formula for £ = 1. Assume the formula holds for some k > 1,

ie.,

J

2 ;(—1)f (szj) cos jf — <2:> = 2%(1 — cos H)F. (2.4.8)

We want to show that the formula holds for £ + 1, i.e.,

k+1
2k 42 2k + 2
2 —1) 0 — = 2F1(1 — cos B)F !, 2.4,
JZ_;( )<k+1+j>cos‘7 <k:+1) (1= cosf) (24.9)
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The left side of (2.4.9) is
zki Kzzfj;) ' (ﬁﬁlﬂ o (2::) ) (%; 1)
_Qki W) (o) * (o) + () oo
()62
(o a2 (2o
+2§(_1)j(k+2 +1> Sje_( ) ( 1)

—= 2M1(1 — cosh) —22 ( )COS]+

j=1

k+2 A 9%
—22 ( )Cos(j—l)é’—?(k+1)
- 2k
= 2M1(1 — cos )~ — 2COS€Z(—1)j (k; —i—j) cos j6
k+2 o)
+251n92 ( )smy@—Qcos@Z (k+j> cos j6
k+2
—QSmQZ ( )Slﬂj@

2
= 211 — cos )" — Sy cos @ — Sy, cos O + 20059( :)

- 2k ‘
where Sk—2z k—l—j cos j0

= 2M1(1 — cos )" — 2C089(5k — <2kk>)

= 2"1(1 — cos )" — 2cos - 2F(1 — cos )"
= 2M1(1 — cos )"

and this is the right side of (2.4.9). Now using the identity that 1 — cosf =
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2sin?(6/2), we have the result. O

Theorem 2.4.5. For each integer k > 1, and each integer N > 2, if p is the identity

permutation of {1,..., N} then

ox(H%,p) = (N —k)2"sin (;\;)

12 1/2
2 <A(k: N,d) — £ (2:)) if d is even,
o'k<Hf\lf7p> = (

(N — k’)(a)
(N — k) (5)1/2 + A(k,N,d—1) — 4(%)) v if d is odd,

1
2 2\k

where
k
A(k,N,d) = Z
j=

Proof. From Lemma 2.4.4 we have

ow(H%,p) Z |AFe, || = i (251n<; 3\7)) = (N — k)2"sin (;\;)

/‘\

) sin (W) csc <%>

To prove the second formula for d even, we let e, be defined as in (2.4.3). Then

from formulae (2.4.6)—(2.4.8), we obtain

) ate, P :jf; [<§(_1)j G’) cos(n+ ) W) (JX; ( > sin n+3)2;£>2]
-yt () <2 L (5)
B ()
= A(k, N, d) - g(_l)j <k2+kj) - g(Qkk)
A N.d) - %1 (2:) (2.4.10)
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The last two equalities follow from two well-known summing identities. Combining
equation (2.4.10) with the definition of o4 (H%,p), we have the result. For the case
when d is odd we use the definition of e, defined in (2.4.4) and proceed similarly as

in the above argument. O]

Also, by using the same method as in the proof of Theorem 2.4.5, we have the

following theorem.

Theorem 2.4.6. Let 0 be a real number and let N, d be positive integers. Then we

have the following:

(” S ()™ = () ()
(ii)
e (2 ) sty () < a(2) 420 s ()
o)
(1i1)

(iv)



(i) )
2 () =2+ (V)]

Proof. By retracing the steps of proof of Theorem 2.4.5 beginning from the third

equality of (2.4.10), we have

n=0
B ZN:<_1)” 2N sin(d + 3)nf g 2N
a o N+n sin ”79 N

By letting # = 7 and noting that

d
St = 4]
2 2|’
=1
we obtain (iii). We observe that

d < [d/2] < d+2
A4d+2 — 2d+1 — 4d+ 2

Thus,

_[d/2] 1
Ly e

Dividing both sides of (iii) by 2d 4+ 1 and letting d — oo we obtain (iv). To obtain

(v), we substitute (iv) back in (iii) and solve for (v). The equality (vi) is obtained
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by adding (iv) and (v). Inequality (i) follows by noting that the left-hand side of

(2.4.11) is nonnegative. We obtain inequality (ii) by expanding

1
sin (d + 5)719 = sin(dnd) cos %6 + cos(ndf) sin %9,

and using 2.4.8. O

Remark 2.4.7. (a) We remark that the inequalities (i) and (ii) in Theorem 2.4.6
are quite sharp for certain choices of #,d, and N. For example, for § = 27/7,
d =1, and N = 6, the left side of inequality (i) is about 1385.817677, while
the right side is 1386. With the same values of 0,d, and N the left side of

inequality (ii) is about 923.9088384, while the right side is about 924.0911613.

(b) The combinatoric sum identities (iii)-(vi) also have a direct proof using some

properties of binomial coefficients.
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Chapter 3
Sigma-Delta (X¥A) Quantization

3.1 Overview

In this chapter, we shall discuss two schemes of quantization. The first one,
called Pulse Code Modulation or PCM, is considered perhaps the most basic scheme
of quantization. This scheme quantizes a signal of interest by replacing each coef-
ficient of the signal expansion with the element of a given discrete set (alphabet)
that is closest in distance to the coefficient. We shall discuss the PCM of finite
frame expansions of signals in R? and shall derive a quantization error associated to
this technique [16]. The second scheme of quantization, called Sigma-Delta (XA)
quantization, was introduced by Inose, Yasuda and Murakami in 1962 [23]. This
scheme is widely used in quantizing signals because of its robustness against circuit
imperfections, and it can provide high accuracy A/D conversion [3, 9, 25, 26]. We
shall see that this scheme uses feedback loops in the sense that the elements of a
quantized sequence keep being fed back into the scheme to produce new quantized
coefficients. This exploitation of feedback loops “generates a quantized signal that
oscillates between levels, keeping its average equal to the average input” [24]. We
shall use basic analysis to derive the quantization error associated to the XA quan-
tization. As such, we shall see that, in the setting of redundant signal expansions,

this quantization scheme outperforms PCM with respect to faster decay in quan-
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tization error. However, if the signal is expanded over an orthonormal basis, then
PCM turns out to be the optimal quantizer since it minimizes the Euclidean norm
of quantization error. More precisely, let = be a signal of interest in R, and let
{en}_, be an orthonormal basis for R%. (It follows necessarily that d = N.) Then

there exist unique cq,...,cy € R such that

N
r = E Cn€n.
n=1

Let ¢, ..., qn be the quantized coefficients obtained from PCM algorithms and let

T = ij:l gnen- Then by a property of orthonomal bases, we have

N

lz = 2" =) (cn — an)*.

n=1
Since PCM determines ¢,, an element of the given alphabet, in such a way that
| — @n| is the minimum for each 1 < n < N, we see that ||« — Z|| is the minimum

as well.

3.2 Pulse Code Modulation (PCM)

Let {e,}._, be a unit norm tight frame for R?. Then from Chapter 2, we have

the expansion for each x € R? by

g N
T= ;xnen, Ty = (T, e,). (3.2.1)

Definition 3.2.1. Let § > 0. The 2[1/d]-level PCM quantizer with step size 0
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replaces each z,, € R in the frame expansion (3.2.1) with

(

6([zn/8] —1/2) if |z,| <1,

= () = Y 5([1/6] = 1/2)  ifw, > 1, (3.2.2)

—-6([1/6] = 1/2) ifz, < —1.
\
Proposition 3.2.2. Let § > 0, and let ||| be the d-dimensional Euclidean 2-norm.
Let v € R? and let T be the quantized expansion given by 2[1/5]-level PCM. If

|z|]| <1 then the quantization error ||z — || satisfies

- d
o -3l < (5)0
2
Proof. First we write
Y
T= ; Qn€n, (3.2.3)

where ¢, is obtained from PCM for each 1 < n < N. Then, from the Cauchy-Schwarz

Inequality, we have for each 1 <n < N, that

|2n] = (2, en)| < |2l flen]] < 1.

For each 1 < n < N we have z,,/0 < [2,/0] < x,/0 + 1, so that

) Ty ) Ty, ) T, O 0
e — —_— — — — — —_— — << — PR— —_ = —.
5 = Tn 5(5+1>+2<xn Gn = Tn 5[5-‘—1- <xz,—9 54—2 5
Hence, for each 1 <n < N,
o
|zn — qn| < 7 (3.2.4)
From (3.2.3) and (3.2.4) we have
N N
- d o\ /d d
o= = 5 | Do = g < 5)(%) > e (5)
Thus, the proof is complete. O
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3.3 Sigma-Delta (X¥A) quantization

When first introduced, Sigma-Delta (XA) Quantization was used to quantize
oversampled bandlimited functions; so, before we define the definition of this quan-
tization scheme in the setting of finite frame expansion, we should understand the
definition in its original setting [9].

Let f be a bandlimited function on R with bandwidth 2 > 0 and assume that
f takes value in the interval [1, 2]. We recall from Chapter 1 that this means that f is
an L* function on R whose Fourier transform ]? (as a distribution) vanishes outside
[—,Q]. Then from the classical sampling theorem [3, 27], for each 0 < T < 1, the
function f can be reconstructed from the sampling sequence { f(nT)}, ., as follows:

f&)=T>" f(nT)g(t — nT), (3.3.1)

nez

where ¢ is an appropriate smoothing kernel or sampling function, that is, g € C*

and

1 for [£| <Q,
9(&) =

0 for |¢] > Q/T.

Then the first order XA modulator uses {f(n7')}, ., as inputs to generate the se-
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quence {qr(n)}, o, as follows:

4
Yopy FET) forn > 1,

FT(TL) = 0 for n = O, (332)

- S iy f(ET)  for n <0,
Qr(n) = [Fr(n)], (3.3.3)
gr(n) = Qr(n) — Qr(n —1), (3.3.4)
From (3.3.2) we see that Fr(n) — Fr(n — 1) = f(nT) for all n € Z. Since f takes
value in the interval [1,2] we can check that gr(n) takes either the value 1 or 2.
In fact, for each n € Z, we have Fr(n) — 1 < |Fr(n)| < Fp(n) and similarly
—Fr(n—1) < —|Fr(n—1)] < —Fp(n—1) + 1. Adding these inequalities yields
0< f(nT)—1=Fr(n)—Fr(n—1)—1

<qr(n) < Fr(n) —Fr(n—1)4+1= f(nT)+1<3.
Since gr(n) is an integer, from the above chain of inequalities we have either ¢gr(n) =
1 or gr(n) = 2. We note that the equations (3.3.2) and (3.3.4) correspond to “3”
and “A”, respectively; hence the name of the modulator. Since Fr and Qr will
accumulate into large numbers as time elapses, neither can be calculated in a circuit.
Thus one introduces the auxiliary variable up = Fr — Qp = {Fr} € [0,1). Then ur

satisfies the recursive relation:
ur(n) —ur(n —1) = F(nT) — qr(n). (3.3.5)
Since ur(n) € [0,1), from (3.3.5) we have the relation

gr(n) = | f(nT) +ur(n —1)]. (3.3.6)
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To see this, we observe from (3.3.5) that gr(n) +ur(n) = f(nT)+urp(n—1), so that
qr(n) + |ur(n)| = |gr(n) + ur(n)] = | f(nT) + ur(n — 1)|. Since ur(n) € [0,1), it
follows that |ur(n)] = 0 and hence (3.3.6) follows. Using the auxiliary variable ur,
now we can translate the procedure in (3.3.2)—(3.3.4) into the following equivalent

procedure:

ur(n) =ur(n — 1)+ F(nT) — gr(n)  with ur(0) =0, (3.3.7)

1 if f(nT) 4+ ur(n—1) <2,
qr(n) = (3.3.8)

2 if f(nT)+up(n—1)>2.
Formulae (3.3.7) and (3.3.8) motivate the definition of the XA quantization
for finite frame expansions in R?. Let K € N and § > 0. We define the midrise

quantization alphabet A% to be the set of 2K numbers in arithmetic progression

with common difference §, and the first number (—K + 1/2)d. Thus,
AS = {(—K 4+ 1/2)8, (=K +3/2)8,...,(=1/2)6,(1/2)s, ..., (K — 1/2)6}.
We define the 2K-level midrise uniform scalar quantizer with stepsize ¢ by

Q(u) = arg min |u — q|.
A9

qeAR
In words, Q(u) denotes the element ¢ in A% which is closest in distance to the
element u. By convention, if there are two elements in A% which are equally closest
to u, then Q(u) will be chosen to be the larger of these two elements. In order to be
able to do numerical simulation with A quantization, we need an explicit formula

for the quantizer (). The following theorem will let us do just that.
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Theorem 3.3.1. The quantizer QQ as defined above has the following formula:

sgn(u) (K — 3)0  if |u| > K4,

2

Qu) = (3.3.9)
(2 +[%])e if lu| < K6.

Proof. Let a real number u be given. If |u| > K¢ then the formula is easily verified.

D=

It

1

then by definition Q(u) = (K — 1/2)d. Since

we have |u/d] = K — 1. So

R R

Similarly for the case

—K5<ug(—K+%ﬁ.

Now assume that

(—K+%>5<u<<[(—%>6

and that for some m =0,...,2K —1

36



Replacing Q(u) with (—K + 1/2)§ + md, we have

0§%+K—m<1.

Hence

u
Ly g J:O
GrE=m
Now using the property that |x 4+ n] = || + n for all integers n and real numbers

x, we obtain that m = |u/d] + K. Replacing this value of m in Q(u), we get

o= (-xe o (e o= (o2

N [©
(e

Q(u1) F /

L2 %6 . U
I 2
/./_ ________ “<—95Q(U2)

Figure 3.1: Picture diagram of the quantizer Q.

Definition 3.3.2. Let {2, }"_;, C R, and let p be a permutation of the set {1,2,..., N}.

Then the 2K —level first-order XA quantizer with step size ¢ is defined recursively
by
Up = Un—1 + Tp(n) — Cn, (3.3.10)

Gn = Q(Un_1 + Tpm)), (3.3.11)
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where ug is a specified constant.

We usually refer to this definition as the first-order XA quantizer for short. We
see that LA quantizer produces two sequences: {u,}"_, and {g,}"_,. We shall refer
to {qn}ff:l as the quantized sequence and refer to {un}gzo as the auziliary sequence
of state variables. We shall refer to the permutation p as the quantization order.
The following proposition shows that the XA quantizer defined above is stable, that

is, the auxiliary sequence {un}i\;o is uniformly bounded provided that the input

sequence {xn}fj:l is appropriately uniformly bounded.

Proposition 3.3.3. Let K be a positive integer, let 6 > 0, and consider the XA

quantizer defined by (3.3.10)-(3.3.11). If |ug| < §/2 and for all integers 1 <n < N,

ral < (K= 3)s

then for all integers 0 < n < N,

lun| <

Proof. We may assume without loss of generality that p is the identity permutation.
We shall proceed by induction. The base step, |ug| < §/2, holds by assumption.
Next, we suppose that |u;_1| < 6/2 for some 2 < j < N. We want to show that
lu;| < 6/2. We have |uj_1 +z;| < |uj_1| + |z;] < KJ. We also note from the
definition of @ that if |u| < K¢, then 0 < Q(u) —u < §/2. Combining this with

(3.3.10)-(3.3.11), we have

Juj| = [(uj—1 + ;) — Quj—1 + ;)| < 5. O

N S
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The following Theorem is one of the main results found in [15]. It states the
basic quantization error estimate associated to the first-order YA quantization. We
begin with the setup. Let K € N and § > 0. Let F = {e,}._, be a frame for R?,
let p be a permutation of {1,..., N}, and let z € R? be the input. We form the

quantized expansion

N
F=) g5 epm) (3.3.12)
n=1
from the frame expansion
N
T = pr(n)S_lep(n), Tp(n) = <:L“, ep(n)>. (3313)
n=1

Here, {qn}T]:;1 is the quantized sequence which is calculated using the recurrence rela-

tions (3.3.10)-(3.3.11). We want to calculate how well (3.3.12) approximates (3.3.13).

Theorem 3.3.4. Given the A quantization as above. Let F = {e,}N_, be a finite
unit norm frame for R%, p a permutation of {1,2,..., N}, |ug| < §/2. If z € R?

satisfies ||z|| < (K —1/2)d, then we have the following quantization error:

- _ 4]
o= a1l < 15 (o) + vl + ua ).

where S~ is the inverse frame operator for F' and o(F,p), the frame variation with

respect to p, is defined by (see Chapter 2, Section 2.4)

N-1
o(F.p) = Y s = epminll-
n=1
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Proof.

N
T=TF = Y (Tpm) — @) S epm)

n=1

= Z(un — un_l)S_lep(n)
n=1
N-1
= D unS ™ (epim) — pntn) +unS " ep) — w5 ).
n=1
Since ||z|| < (K — 1/2)4 it follows from Cauchy-Schwarz Inequality that

VI<n <N, |on] = [z, en)] < |z]] [len]] < (K —1/2)d.

Thus, combining with the stability result of the sequence {un}nNzo from Proposi-

tion 3.3.3,
N1 o
o= < 32 215 llepn — eporsnl] + hund 1571 + fuol [15
n=1

= 57 (om0 + ful + vl )
O]

For the purpose of applicability we usually use unit norm tight frame for R? to
expand a signal of interest. In this case the bound of the quantization error derived
in Theorem 3.3.4 can be adjusted according to the properties of the frame operator
S. More precisely, from Lemma 2.4.2 and the condition (2.3.2), we have

N
§=-1, (3.3.14)

so that ||S™!|| = d/N and we have the following corollary.

Corollary 3.3.5. Given the SA scheme of Definition 3.3.2. Let F = {e,}~_, be
a unit norm tight frame for R with frame bound A = N/d, let p be a permutation
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of {1,2,... N}, let |lug| < /2, and let v € R? satisfy ||x|| < (K — 1/2)6. Then the

quantization error ||z — T|| satisfies

~ d 4]
o= 31 < 5 (o(Fp)g + bl + ual )

If we apply the stability result of the auziliary sequence {un}flvzl from Proposi-

tion 3.5.3 then we obtain
- od
|z — 2| < W(U(Fap) +2).

Since from Definition 3.3.2 the only restriction of the initial variable ug is that
lup| < §/2, to lower the bound of quantization error, we set the initial variable ug
to be 0. Moreover the bound of quantization error can be improved if one knows
more information about the variable uy. An example of frame that allows us to
characterize the variable uy based on the parity of the cardinality of frame is the
zero sum frame which is a type of frame for which the sum of all frame elements is

equal to 0.

Theorem 3.3.6. Given the YA scheme of Definition 3.3.2. Let F = {e,}"_, be
a unit norm tight frame for R? with frame bound A = N/d, and assume that F

satisfies the zero sum condition
N
D en=0. (3.3.15)
n=1

Additionally, set ug = 0. Then

0 if N is even,
lun| = (3.3.16)

d/2 if N is odd.
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Proof. From (3.3.10) we have u, — Up—1 = Zp(n) — ¢y, S0 that

N N N N N
UN = UN — Up = E Up — Up—1 = E Tpn) — E an = E Tn — E Gn-
n=1 n=1 n=1 n=1 n=1

: N
Since ), e, = 0, we have

an = Z(m,en) = (x,Zen) = (z,0) = 0.

Therefore
N
Z dn = —UN.
n=1

Since for each 1 < n < N, ¢, is an odd integer multiple of 0/2, we consider two
cases. The first case is that /V is an odd integer. Then 22;1 qn 1s an odd integer

multiple of §/2 and since from stability result |uy| < §/2, it follows that

lun| = 5.

2

The second case is that N is an even integer. Then ZnNzl ¢» 1s an integer multiple

of § and since from stability result |uy| < §/2, it follows that
Combining this theorem with Corollary 3.3.5, we have the following corollary.

Corollary 3.3.7. Given the XA scheme of Definition 3.3.2. Let F = {en}ij:l be
a unit norm tight frame for R® with frame bound A = N/d, and assume that F
satisfies the zero sum condition (3.3.15). Let p be a permutation of {1,2,... N},

let |uo| < 6/2, and let x € R? satisfy ||z|| < (K —1/2)6. Then the quantization error
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|z — || satisfies

swo(E.p) if N is even,

[ — ]| <

2 (o(Fp)+1) if N is odd.
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Chapter 4

Uniform Distribution and Discrepancy

In this chapter, we develop the theory of uniform distribution of sequences of

[e.o]

real numbers. Some classic examples are discussed including the sequence {nf},_,

where 0 is irrational. The second part of this chapter deals with the question of
how well a given sequence is distributed over an interval of finite length. The notion
used to measure the distribution of a sequence is called discrepancy. The larger
the discrepancy the worse the sequence is distributed. One tries to approximate
discrepancy rather than compute it directly. Erdos-Turéan Inequality is one of the
major tools that are used to approximate discrepancies. We shall see that this
inequality approximate discrepancies in terms of exponential sum, that is, sum of
the form >-°_ €*™/ (" for some real valued function f. The following materials on
the theory of uniform distribution and discrepancy are adapted from Chapters 1

and 2 of [17].

4.1 Uniform distribution mod 1

We begin by setting up some notations. Let I = [0,1) be the unit interval.
We recall that the fractional part of each real number lies in I. Let w = {z,,},—, be
a given sequence of real numbers. For a positive integer N and a subset E of I, let

the counting function A(E; N;w) be defined as the number of terms z,, (1 < n < N)
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for which {z,} € E. We shall sometimes write A(E; N) instead of A(E; N;w) if the

sequence w is understood from the context.

Definition 4.1.1. The sequence w = {z,,} -, of real numbers is said to be uniformly
distributed modulo 1 (abbreviated u.d. mod 1) if for every pair a,b of real numbers

with 0 < a < b <1 we have

lim A(la, b); N;w)

—b—a. (4.1.1)

Descriptively the definition says that a real sequence is uniformly distributed modulo
1 if the share of the fractional parts of the terms of the sequence with the terms in

each half open subinterval of [ is finally equal to the length of each such subinterval.

Example 4.1.2. The following sequence is u.d. mod 1:

Proof. Let N € Nand 0 < a < b < 1. We try to compute A([a,b); N). We observe

that there exists a unique integer ky such that
1 1
ékN(kN‘}‘l) <N é(kN—Fl)(/{ZN—FQ). (412)

We write the first NV terms of the sequence in question in terms of ky as follows:

001012 0 1 ky—1 0 N — kn(ky +1)/2
172727373737"'7kN7kN7"'7 kN 7kN+17-"7 kN"’l :

Now we partition this finite sequence into ky + 1 “blocks” by letting the jth block

(1 <j < ky) consist of



and letting the (ky + 1)th block consist of

0 1 2 N — ky(ky +1)/2
kv + 1 ky +1 ky+17777 ky + 1 ‘

We now count the number of elements in the jth block (1 < j < ky) that are in [a, b),
i.e., we count the integers m in [0,j — 1) such that a < m/j < b or ja < m < jb.
We see that this number equals j(b — a) + 6;, where |6;| < 1. We also see that the
number of elements in the (ky + 1)th block that are in [a,b) is not greater than

ky + 1 and is at least 0. Using these ingredients we can approximate A([a,b); N) as

follows:
k‘N kN
> ib—a)+0; < A(la,b); N) <D j(b—a)+ 0+ ky + 1.
j=1 i=1

Since |6;] < 1 and Z?le = kn(kny +1)/2, we can approximate further that
1 1
§(b — a)k;N(k:N + 1) —ky < A([CL, b), N) < §kN<kZN + 1) + kn + Eky + 1.
By (4.1.2) we have
(b—a)(N — (ky +1)) —kny < A([a,b); N) < (b—a)N + 2ky + 1
or
b—a kN

1
= (1 b—a) < CA([ab)N) <b—a+

2ky +1

(b—a) - -

(4.1.3)

Since by (4.1.2), kn(ky + 1)/2 < N, we have (ky/N)(kn/N +1/N)/2 < 1/N so
that limy_o kn/N = 0. Hence inequalities (4.1.3) imply that

A([a,b); N)

Nim N =b—a.

Since a,b were arbitrary in I we have that the sequence in question is u.d. mod
1. m
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Example 4.1.3. Let w; = {z,},—, and ws = {y,}—, be u.d. mod 1. Then the

sequence ws = {1, Y1, T2, Y2, - - -, Tn, Yn, - - - + is w.d. mod 1.

Proof. Let N € Nand 0 <a < b < 1. We want to compute A([a,b); N;ws). If N is

even then we list the first N terms of the sequence ws as follows:

T1,Y1, L2, Y2, -, TN/2, YN/2-

So

A(la,b); Niws) = Alfa,b); N/2iwr) + A(la, b); N/2;ws).

And we have

oAb Nswy) 1 A b N/Ze) 1 Al b)s N/ ws)
N—oo N 2 N—oo N/2 2 N—oo N/2
_ 1 li A([avb)aK;wl) +1 1 A([a7b>;Kaw2)
2 Koo K 2 K—oo K
b—a b—a
= 5 + 5 =b—a

If N is odd then we list the first NV terms of the sequence w3 as follows:

T1,Y1,22,Y2, - -, T(N-1)/2, Y(N-1)/25 T(N+1)/2-

So

A([a,b); N;ws) = A([a, b); (N 4 1)/2;w1) + A([a, b); (N — 1) /25 w3).

And we have

lim A(la,b); Nyws) lim N+1 A(la,b); (N +1)/2;w1)
i N1 A( D) (N 1)/2w))
N—oco 2N (N —-1)/2
_ b—a . b—a b
= - 5 = a.
Hence by definition the sequence ws is u.d. mod 1. O]
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Proposition 4.1.4. If a sequence {x,} -, is u.d. mod 1, then the sequence {{x,}} ~,

1s everywhere dense in I.

Proof. Assume that there exists an interval [a,b) C I such that {x,} ¢ [a,b) for all
n € N. Then by definition of uniform distribution mod 1 with € equal to (b —a)/2

we have that there exists an integer N such that

A([a,b); N) _-a) < b—a
— 5

Since {z,} ¢ [a,b) for all n € N, we have that A([a,b); N) = 0. Consequently
b—a < (b— a)/2 which is absurd. This shows that the sequence {{z,}} -, is

everywhere dense in 1. O

Example 4.1.5. Ifr is a rational number, then the sequence {nr} ~ | is not u.d. mod
1. We shall see later on that if r is instead an irrational number then the sequence

{nr} is u.d. mod 1.

Proof. Let r = p/q be a rational number with an integer p and a positive integer
q. From Euclidean Algorithm, for each n € N, there exist integers s, and ¢, with
0 <t, < q—1such that rn = pn/q = s, +1t,/q. It follows that the fractional part of
each term of the sequence {rn} ~ is an element of the set {0/q,1/q,...,(¢—1)/q}
which is a finite set and is therefore not dense in I. Thus the sequence {{rn}}>",
is also not dense in I. Hence by Proposition 4.1.4, the sequence {nr}>2, is not

u.d. mod 1. N

We note that the condition (4.1.1) can be stated in terms of characteristic
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function by
1« !
]&LH;ON nEZI L) ({2n}) :/0 Liop) () da. (4.1.4)

This observation leads to the following theorem which is a criterion to determine

whether a real sequence is u.d. mod 1.

Theorem 4.1.6. The sequence {x,} -, of real numbers is u.d. mod 1 if and only
if for every real-valued continuous function f defined on the closed unit interval
1 =[0,1] we have

Jm 53 ) = [ s de (4.15)

Proof. Let {z,} -, be u.d. mod 1 and let f(z) = Z?;S dilig; a,,,)(z) be a step
function on I, where 0 = ag < a; < --- < aj, = 1. Then it follows from (4.1.4) that
for every such function f equation (4.1.5) holds. We assume now that f is a real-
valued continuous function defined on I. Let € > 0. Then there exists, by definition of
the Riemann integral, two step functions f; and fy such that fi(z) < f(z) < fo(x)
for all z € I and fol(fg(:v) — fi(z))dz < e. Then we have the following chain of

inequalities:

JECEEEN WICLE IS SIS

N
< thrgor;f—Zf{xn} <h]rvnjol(1)p%;f({wn})
' 1 N 1 1
< fm DAl = | playas < [ pwrde e

Therefore in the case of a continuous function f the relation (4.1.5) holds. Con-
versely, let a sequence {z,} ~, be given, and suppose that (4.1.5) holds for ev-
ery real-valued continuous function f on I. Let [a,b) be an arbitrary subinterval
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of I. Let € > 0. Then there exist two continuous functions g; and ¢, such that

91(z) < Lppy(2) < go(z) for all z € T and fol(gg(x) — g1(z)) dx < e. Then we have

1 1 ' 1 N
b—a—e < /Ogg(x)d:v—eﬁ/o gl(x)dx:]\}grlooNZgl({xn})

M <]jmsupM< lim —292 {7n})
= N "

N—oo N—oo N

1 1
= /92($)d$§/91($)d37+6§b—a+6.
0 0

< liminf

N—oo

Since € was arbitrary, we have condition (4.1.1). O

Corollary 4.1.7. The sequence {x,} is u.d. mod 1 if and only if for every Riemann-

integrable function f on I equation (4.1.5) holds.

Proof. We note that since every real-valued continuous function is Riemann-integrable,
the sufficient statement holds. The necessary statement follows by the same argu-

ment as in the first part of the proof of Theorem 4.1.6. ]

Corollary 4.1.8. The sequence {x,},~, is u.d. mod 1 if and only if for every

complex-valued continuous function f on R with period 1 we have

&gnoo—Zf ) / fla (4.1.6)

Proof. For the necessity part, by applying Theorem 4.1.6 to the real and imaginary
part of f, one shows first that (4.1.5) also holds for complex-valued function f.
However, the periodicity condition implies f({z,}) = f(x,), and so we arrive at
(4.1.6). As to the sufficiency of (4.1.6), we need only note that in the second part
of the proof of Theorem 4.1.6 the functions g; and g, can be chosen in such a way
that they satisfy the additional requirements g;(0) = ¢;(1) and ¢2(0) = g¢2(1), so
that (4.1.6) can be applied to the periodic extensions of g; and gs to R. ]
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Example 4.1.9. Let {2, },~, be u.d. mod 1. Then the relation (4.1.5) is not valid

for every Lebesgue-integrable function f on 1.

Proof. Let f = 1gnjo,1)- Then we see that f is Lebesgue-integrable with fol f(z)dx =
w(QnNI0,1]) = 0. We note also that f is not Riemann-integrable. Choose a sequence
{z,,} that isu.d. mod 1 and z,, € Q for all n € N, e.g., the sequence in Example 4.1.2.

With this function f we have f({x,}) =1 for all n € N. So

dim <> f({z}) =1#0= | f(z)da

]

We record one more result about the property of u.d. mod 1 sequence before

we move on to the second section on the Weyl criterion.

Theorem 4.1.10. If the sequence {x,}, | is u.d. mod 1 and if {y, },, is a sequence

with the property that lim,, o (z,—y,) = «, a real constant, then {y,},_, is u.d. mod

1.

Proof. See [17] for proof. O

4.2  The Weyl criterion

Considered perhaps one of the most important facts in the theory of uniform
distribution modulo 1, the Weyl criterion is used to determine whether a real se-
quence is u.d. mod 1. This criterion features one of the most versatile functions

2rihe where h is a nonzero

in analysis, that is the exponential functions f(x) = e
integer. We note that functions f satisfy the necessary condition of Corollary 4.1.8.
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The Weyl criterion states that these functions suffice to determine the u.d. mod 1

of a sequence.

Theorem 4.2.1 (Weyl Criterion). The sequence {xz,},, is u.d. mod 1 if and

only if

N
1 .
]\}1_120 N ,?:1 e*mihan — 0 for all integers h # 0. (4.2.1)

Proof. The necessity follows from Corollary 4.1.8. Now suppose that {z,} - pos-
sesses property (4.2.1). Then we shall show that (4.1.6) is valid for every complex-
valued continuous function f on R with period 1. Let € > 0. Then by the Weier-
strass approximation theorem, there exists a trigonometric polynomial ¥(z), that
is, U(z) = ag + Zszl are?™ e for some a,...,ax € C and hy,..., hxg € Z ~ {0},
such that

sup [f(x) — ¥(z)| <

0<z<1

. (4.2.2)

N

A straightforward calculation yields that fol U(z)dr = ag. We have the following

inequalities:

IA

IR WS

IA
|
4
|
+
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Passing on the limit supremum, we obtain

RS WY

< e+ limsup

N—oo

lim sup
N—oo

K 1 N
E ap— E 627rzhka:n
N
k=1 n=1

N
i E :627Tihk$n
N

n=1

K
< e+ Z ag ]\}im
—0Q

k=1

= €.

Since € is arbitrarily small, we have that

[ e 3 st

and so does the limit infimum. Therefore

lim sup
N—o0

=0,

lim iZ:f(xn) :/o f(x)dx.

N—oo N
n—=

It follows from Corollary 4.1.8 that {z,} -, is u.d. mod 1. Hence the sufficiency

follows. O

Example 4.2.2. Let 6 be an irrational number. We show, using the Weyl criterion,

that the sequence {nf} ~ is u.d. mod 1. Let h be a nonzero integer. We have

1 N S 1 e27rih0(1 . e2m‘hN6')
— E e = — :
N — N 1 — 62mh9
1
_ 4.2.3
N [sin Thé| ( )

We note that since 6 is irrational, sinmhf # 0. So the right side of the inequality
approaches zero as N approaches infinity. Hence by Theorem 4.2.1 the sequence

{nd} >~ is u.d. mod 1.

Example 4.2.3. We show that the sequence {logn} ~  is not u.d. mod 1. This is
an interesting fact because we will see later that there is a subsequence {z,} - of
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natural numbers such that {logz,}. ., is u.d. mod 1. An example of such sequence
{x,},2 is the Fibonacci sequence {F,, }~ | ,ie, i =F,=1and F, = F,,_; + F,_»
for n > 3. To show that {logn} ~, is not u.d. mod 1, we need the Euler summation
formula which states the following. If F'(¢) is a complex-valued function with a

continuous derivative on 1 <t < N, where N € N, then

;F(n) :/1NF(t) dt+ 5 (F(1) + F(N) +/1N({t}—%)F’(t) gt (4.2.4)

In this case we let F(t) = ¢*™1°8! Then we see that the first term on the right of

(4.2.4) divided by N is equal to

Ne2rilogN _ | N(cos(27r log N) + isin(27 log N)) —1

N(@2mi+1) N(2mi + 1) ’

which does not converge as N — oo. The second term on the right of (4.2.4)
divided by N converges to zero as N — oo. Finally the last term on the right of
(4.2.4) divided by N also converges to zero as N — oo. This can be seen by noticing

that F'(t) = e*™1°8127j /t and 0 < {t} < 1, so that

/IN({t}—%)F’(t)dt‘ < /1N {t}_%‘lp(mdt

N
1 2
/—-—ﬂdtzﬂlog]\f.
12t

This shows that (4.2.1) with z,, = logn and h = 1 is not satisfied and therefore

{logn}>2 | is not u.d. mod 1.

Remark 4.2.4. We note that Euler summation formula (4.2.4) has various applica-
tions in analytic number theory. It is used for example in the standard proof of The

Prime Number Theorem. Another application of the formula includes the proof of
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the Stirling’s formula which states that

n! e\n
1i —) =1.
Jim ()

(See, e.g., pp. 288 in [21] for proof.) This formula has an application in combinatorics
as it is used to approximate n!. We have found another application of (4.2.4) by using

it to create the following curious looking integral:

< xlz| T
dr = —.
/0 1t 17T 16

Theorem 4.2.5. If a sequence {x,} -, has the property that

Az, = Tpy1 — @, — 0 (irrational) as n — oo | (4.2.5)
then the sequence {x,},~, is u.d. mod 1.

Proof. Let g be a positive integer, then by (4.2.5) there exists an integer go = go(q)

such that for any integers n > g > gy and integer k > 0,

1
\A:cj—mg? (j=9+kqg+1+kq,....,n—1+kq).

Since Z?;}l Az =z, — x4 for 1 < a < b, we have for each integer k > 0,

n—1+4+kq

> (Az;—0)

J=9+kq
n—1+kq

> Az —6)
Jj=g+kq
n—1+kq 1 n—g
< Y 5= . (4.2.6)

Jj=g+kq q

|xn+kq — Tgikq — (n - g>9| =

IN

For arbitrary real numbers u and v, we have

627r2u . 627”1}} _ |€27rz(u—v) . 1’ |67rz(u—v) . e—m(u—v)‘

= |2isinm(u—v)| <27 |u—1].

95



Let h be a nonzero integer. Then combining the fact above with (4.2.6) we obtain

for each integer k > 0,

627|'ihffn+kq . 62m'h(xg+kq+(nfg)9) < o7 ’h’ ’$n+kq — Tgikg — (n . 9)9’

27 || (n — g)
g '

IN

From (4.2.3) and the triangle inequality, we have for each integer k > 0,

g+q—1 g+q-1
§ : 627Tih1'n+kq < § 62m’h(mg+kq7(nfg)9)
n=g n=g
g+q—1 g+q-1
+ § 62m’hxn+kq . E 627rih(xg+kq7(nfg)0)
g+q—1
< § o2 (2g kg —(n—9)0)
n=g
g+q—1
+ § ‘62m'hxn+kq . 627rih(:vg+kq7(nfg)9)‘
n=g
g+q—1 q+g—1
< Z 2rih(giq—(n=9)0) | | 27T_|2h| Z (n—g)
n=g q n=g
g+q—1
, 2m|h] q(lqg—1
— E 62mh0 + l | ( )SK,
q 2
n=g

where K = m + 7 |h|. For every positive integer H, we have

g—1+Hgq g—1+q 9—142q g—1+Hgq
Z eQm’hxn _ Z eQﬂihxn+ Z 627rihxn+__‘_‘_ Z e?m’hxn
n=g n=g n=g+q n=g+(H—-1)q
9—1+q 9—1+q g—1+q
_ Z e27rihxn+ Z e27rihmn+q+”_+ Z 627Tih$n+(H—1)q
n=g n=g n=g
H-1|g—1+q
< Z 627Tih$n+kq
k=0 | n=g
H-1
< K=HK.
k=0

Let N > g be an integer. Choose the largest integer Hy such that g—1+4+ Hyg < N.
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It follows that

g—1+Hyg<N—-1= Hy<

and

g—1+(Hy+1)¢<N=N-g—Hyg+1<q.

With these facts we have

N g—1+Hpnq N
E : e27rih:vn — E 27rzh3:n + § : 27rihxn + E e27rihxn
n=1 n=1 n=g+Hnq

< (g—1)+HNK+(N—g—HNq+1)
N —
< g—l—l—TgK—l—q.

Keeping ¢ fixed, we obtain

N
1 , K
lim sup | — e¥rihan | <
ey
Since ¢ can be made arbitrarily large, we have
lim sup emihan | —
N—oo ;
and hence so does the limit infimum. Therefore
| N
1- s 2mihxy, = 0.
Nae N Zl € 0
n—=

Hence by Theorem 4.2.1, {z,} | is u.d. mod 1.

Example 4.2.6. We show that for each irrational number 6, {z, = nf + /n},_,

is u.d. mod 1. We have

Tpy1 —Tn=0+Vn+1—yn—0 as n— oo,

so that the hypothesis of Theorem 4.2.5 is satisfied and therefore the sequence

{xn}~, is u.d. mod 1.
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Example 4.2.7. We show that {log F},} , is u.d. mod 1. It is a well-known fact
that F,,1/F, converges to the golden ratio 7 = (1 4+ v/5)/2 as n — oco. We then

have

Fy
log F},11 — log F,, = log ( F+1

n

)—>10g7' as n — o0.

Since log 7 is an irrational number, it follows from Theorem 4.2.5 that the sequence

{log F,}° | is u.d. mod 1.

Example 4.2.8. Let # be an irrational number, and let a and d be integers with
a > 0and d > 0. For n > 1, one sets ¢, = 1 if the integer closest to nf is to the left

of n#; otherwise, ¢, = 0. Then we have
N
.1 1
Jim, 7 2 Cond = 5

Proof. We prove the case when a = 0 and d = 1. From Example 4.2.2 we know that
the sequence w = {nf} - is u.d. mod 1. We also note that the definition of €, can

be rewritten as €, = 1 if nf — [nf| = {nf} < 1/2 and ¢, = 0 otherwise.We then

have
1 & 1
N = pl 2 et X
n=1 {nb}<1/2 {n9}>1/2
= & X 1= A0 N,
{n0}<1/2

Since w is u.d. mod 1, the last quantity, by definition, tends to 1/2—0=1/2as N —
oo. For general case a > 0 and d > 0, we check that the sequence {(a + nd)f} >~ is
u.d. mod 1 and then proceed the proof as above. In fact we have for each nonzero
integer h,

627Tih(a+nd

1 N
N Z 27i(hd)né

=] =
M-
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which, by Theorem 4.2.1, tends to 0 as N — o0, since hd is a nonzero integer and

nft° s u.d. mod 1. O
{ }nfl

4.3 Approximation of exponential sums

Many well-known mathematicians such as Gauss, Weyl, Vinogradov, and van
der Corput, to name a few, have studied exponential sums and contributed signifi-
cant results in the subject. However, perhaps one of the most famous exponential

sums is the Gaussian sum. This is an exponential sum of the form

S(p,q) e ",

where p and ¢ are relatively prime integers and ¢ > 0. Gauss showed that

11—

S(_27Q) = 1—7;\/6’

where ¢ is odd. (See pp. 235-237 in [13] for an interesting proof by Dirichlet using
Fourier Analysis.) Most of the exponential sums cannot be derived into a simple
form. Number theorists therefore try to come up with a good way to approximate

an exponential sum. One efficient theorem is given by van der Corput.

Theorem 4.3.1 (van der Corput). If a and b are integers with a < b and if f
is a twice differentiable function on [a,b] with f"(x) > p > 0 for all x € [a,b] or
f"(z) < —p <0 for all x € [a,b], then

b

Z 627rz'f(n)

n=a

< (If'(b) - f(a)] +2)(% +3). (4.3.1)

We need some lemmata to prove Theorem 4.3.1.
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Lemma 4.3.2. Suppose the real-valued function f has a monotone derivative f’
on [a,b] with |f'(x)] > X > 0 for x € [a,b]. Then, if J = fab 2™ @) dx we have
|J| < 1/A.

Proof. We rewrite J as
1 b de?™i f(z)

T omi ), f(x)

Then since f’ is monotone on [a, b], it follows from the Second Mean Value Theorem

(see, e.g., [22], pp. 279) that there exists x € [a, b] such that

1 1 o . 1 b ‘
J = — d 2mif(x) / d 2mif(x)
5= (7 / It gy [, )

o

so that
1 1 . . 1 , )
J S _< 627rzf(:zo) . 627rzf(a) 4+ 627rzf(b) . 627rzf(aco) >
1< o Mol |
1 ( 2 n 2 ) < i - l
2 M f(a)] 1O T A A

]

Lemma 4.3.3. Let f be twice differentiable on [a,b] with f"(x) > p > 0 forx € |a, b

or f'(x) < —p < 0 for x € [a,b]. Then the integral J from Lemma 4.3.2 satisfies

|J| < 4//p.

Proof. We assume that f”(z) > p > 0 for = € [a, b]; otherwise, we replace f by —f.
So f'is increasing. Suppose for the moment that f’ is of constant sign in [a, b]. That
is either f'(z) > 0 for all x € [a,b] or f'(z) <0 for all x € [a,b]. We consider each
of these cases. Let ¢ be fixed with a < ¢ < b. For the case f’ > 0 on [a, b, applying

the Mean Value Theorem on [a,z] for = € [c,b] yields that there exists &, in (a,z)
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such that

so that
fl@) > (@ —a)p+ f(a) > (x—a)p>(c—a)p>0.

Applying Lemma 4.3.2 with fcb > (@) dzx. we have

c b
/ 627rif(x) dr / 627rz'f(ac) dr

We note that the last quantity is minimized when ¢ = a 4 1/,/p. Hence, with this

_|_

|J| <

<(c—a)+ (4.3.2)

(c—a)p

value of ¢

2
J| < —.
| ]| 7

For the case f' < 0 on [a, b], applying the Mean Value Theorem on [z, b] for x € |a, c|

yields that there exists 7, in (z,b) such that

so that

fll@) < —(b—a)p+ f'(b) < —(b—2)p < —(b—c)p < 0.

Applying Lemma 4.3.2 with fac > (@) dx. we have

c b
/ e27rif(x) dr / 627rif(:1:) dr

We note that the last quantity is minimized when ¢ = b —1/,/p. Hence, with this

+ <

7] <

by (b—c). (4.3.3)

value of ¢
2
J| < —.
| ]| 7
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In the general case, [a,b] is the union of two intervals in each of which f" is of
constant sign, and the desired inequality follows by adding the inequalities for these

two intervals and hence obtaining the bound 4/,/p. ]

Remark 4.3.4. We note that the value ¢ that minimizes the last quantity in either
(4.3.2) or (4.3.3) should be contained in (a,b). If this is not the case then we replace
¢ by either b or a whichever appropriate and the bound of J will be replaced by

C//p for some absolute constant C' > 0.

Lemma 4.3.5. Let f' be monotone on [a,b] with |f'(x)| < 1/2 fora <z <b. Then,

if Ji = f;({x} —1/2)de*™ @) we have
| 1] < 2.

Proof. Since the function z — {z} — 1/2 is odd and periodic with period 1, we

obtain the Fourier series of this function by

1 [e.e]
{z} — 5= ;bn sin 2mnax,

valid for all x € Z and b,, is given by

! 1 1
by=2 [ ({z} - 5) sin 2mnx de = ——
0

™’

Let Sy (x) denote the Nth partial sum of the series, i.e., Sy(z) = — S~ SI2TNL fop

n=1 e

x € R. Then by summation by parts one can show that Sy is uniformly bounded.

Therefore,

b
Jl = lim SN(x)desz(x). (434)

—
Nooa
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For each integer N > 1 we have

1 EN: (f(=) f ( (f (@)+nz)
_ 27Tz x nac 2mi( f(x)+nx
N 271 / f/ - nd / f/ de ) ’

Since the functions f’/(f’ £ n) are monotone and |f’| < 1/2, an application of the

Second Mean Value Theorem yields that

f'(z) de2milf@)Ena) | < 2 -
n—_
2
so that
N
2 1
S 2mf < Z
/ v - W;n(n—%)
N
2 1
_ 2, )
7T< ;n(n—%)
N
2 1
< .0 )
o +§n(n—1)
2 1 6
= Z@241-)<-2<2
7T( * N) T
Taking the limit N — oo we obtain |.J;| < 2. O

Proof of Theorem 4.3.1. We write

b

D e = i S, (4.3.5)

n=a p=—00

with

Sp _ Z e27rif(n) )

a<n<b
p—1/2<F (n)<p+1/2
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The sum over p in (4.3.5) is in fact a finite sum. Let p be an integer for which the
sum S, is nonvoid. By the assumption on f”, we have that f’ is monotone, and
therefore this sum S, is over consecutive values of n, say from n = a, to n = b,.

With F,(x) = f(z) — px, we get

bp bp
Sp _ Z €2m'f(n) _ Z eQm'Fp (n)
n=ap n=ap

b b
_ / P e2miFp(2) o + 1<€2m'Fp(ap) + eQm'Fp(bp)) I / P ({:1:} B 1) de2™ i (@)
2 2
ap ap

by the Euler summation formula. Now the first integral is in absolute value less
than 4/,/p by Lemma 4.3.3. The last integral is in absolute value at most 2 because

of the fact that |F)(z)| < 1/2 for x € [a,, b,] and of Lemma 4.3.5. Therefore,

1S,| < (4//p) + 3. (4.3.6)

By counting the values of p such that

o 1 , 1
min {f'(a), f'(0)} = 5 < p < max{f'(a), ['(0)} + 3,
we obtain that there are at most | f'(b) — f'(a)|+1/2—(—=1/2)+1 = |f'(b) — f'(a)| +2
values of p for which S, is a nonvoid sum. This, (4.3.6), and (4.3.5) imply (4.3.1)

and therefore the proof is complete. O

Example 4.3.6. To see how good the van der Corput Theorem is in approximat-
ing exponential sums, we experiment it with the Gaussian sum S(—2,¢) (¢ odd)
described in the introduction of this section. A straightforward calculation yields

that for each positive odd integer g,



To approximate S(—2, ¢) using Theorem 4.3.1, we let f(z) = —2?/q so that f'(z) =
—2x/q and f"(z) = —2/q. We have |f"(x)| = 2/q for all  so that p = 2/q. Moreover,

|f'(¢—1)— f(0)] =2(q — 1)/q. Hence from Theorem 4.3.1,

15(=2,¢)| < < 8V2,/q+12 < 17./q,

(2(q - 1) 4

+2 +3)
p Yo 7
for all ¢ > 169. We see that Theorem 4.3.1 approximates |S(—2,¢)| up to the

asymptotic order of ,/q which is considered acceptably good in applications.

4.4  Discrepancy

We have seen from the previous sections the sequences that are uniformly
distributed. We have developed some good criteria to determine whether a given
sequence is uniformly distributed. However, there are quite a few sequences that
are not uniformly distributed. Among these sequences there might be some that are
distributed “better” than the others. That is to say we are interested in measuring
how well a given sequence is distributed comparing with a sequence that has uniform
distribution which we consider as the ideal distribution. The quantity associated
with the quality of the distribution of a sequence is called discrepancy. In this section
we shall develop the notion of discrepancy and prove an important inequality, namely
the Erdos-Turan Inequality, that is mainly used to approximate the discrepancy of

a given sequence in terms of exponential sums.

Definition 4.4.1. Let x1,...,xy be a finite sequence of real numbers. The dis-

crepancy of the given sequence, denoted Dy(x1,...,zy) or simply Dy, is defined
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A([a, B); N
Dy = Dy(zq,...,zxy) = sup %
0<a<p<1

—(B-a)|. (4.4.1)

If w={z,} -, is an infinite sequence of real numbers then we define Dy (w) to be

the discrepancy of the first N terms of the sequence.

It should be remarked that to compute the discrepancy of a sequence, we consider the
supremum in (4.4.1) over all subintervals of the unit interval I = [0,1). Therefore,
when we prove some assertions about discrepancy we can assume without loss of
generality that all elements of a given sequence are contained in /.

The following theorem reflects the association of a uniform distribution to an ideal

distribution.
Theorem 4.4.2. The sequence w is u.d. mod 1 if and only if

lim Dy(w) = 0.

N—oo

Proof. To prove the sufficiency, we let [a,b) be an arbitrary interval in I and note

that for each positive integer NN,

A([a,b); N) A([a, B); N)

-~ (b—a) N

< sup
0<a<B<1

—(B-a).

Since as N — oo, the right-hand side quantity approaches 0 by assumption, it
follows that

=0

M),

and therefore w is u.d. mod 1. Now we show the necessity. Let m > 2 be a positive

integer and let I = [k/m, (k+1)/m) for k =0,1,...,m — 1, so that the the family
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(I}, partitions the interval . From the definition of u.d. mod 1, there exists an

integer Ny(m) such that for each integer N > Ny, and for each &k =0,1,...,m — 1,

l(l_l>§f4(fkT5N)§i(1+l). (4.4.2)

m m m m
Let J = |« ) be an arbitrary interval in /. Then we see that there exist intervals J;
and J being finite unions of intervals I such that J; C J C Jy with A(J) = A(Jp) <
2/m and A(J2) — A(J) < 2/m. We note that J; is possibly an empty interval. From
(4.4.2) we have that for each N > Nj,

1 A(Ji;N)  A(J;N)  A(J9; N)

)\(J1)<1 - E> S—x S {\’[ S—5 = )\(Jg)<1 — l)

from which it follows that

(-2 (1= Dy <A (s 2 (e L),

m m N

Now since A(J) < 1 we have

2 A(J; N 2
3 <M—A(J)<E+E.

m  m? N m

Since the bounds are independent of interval J it follows that for each N > N,

3 2
D < — 4+ —.
n(w) < m + 2
By letting m be arbitrarily large, we have
lim Dy(w) = 0. O

N—oo
We note that the necessity of Theorem 4.4.2 asserts that if a sequence w is u.d. mod
1, then limy_ o A([a,b); N)/N = b — a uniformly in all subintervals [a, b) of I. The
following theorem gives basic estimates for a discrepancy.
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Theorem 4.4.3. For any sequence of N numbers, we have

1
— < Dy< 1.
N PN s

Proof. The rightmost inequality follows by noting that for every arbitrary interval

[, B) in T,

w_(g_@g—(@—akl.

To prove the leftmost inequality, we fix an element z in the sequence and let € > 0

be small such that  + ¢ < 1. We then have

Az, z+eyN) 1

N - N

This implies Dy > 1/N — €. Since € can be made arbitrarily small, it follows that

Dy > O]

1
N
Example 4.4.4. The leftmost inequality in Theorem 4.4.3 is in fact sharp. Consider
the following sequence 0,1/N,2/N,... (N —1)/N in some order. Let [a, 3) be an
arbitrary interval in I. We try to compute A([e, 3); N). From the terms of the
sequence this amounts to counting integers k£ for £ = 0,1,..., N — 1 such that
a < k/N < 3. Hence

A(la, B); N) = N(B — ) + 0,
such that 0 < 8 < 1. This means

A([a, B); N) 0 _ 1
— 5  Ua=xgsy

Therefore Dy < 1/N. From Theorem 4.4.3 we have Dy = 1/N.
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Computationally speaking, it might be easier to restrict the family of intervals
over which the supremum is formed in the definition of discrepancy. One type
of restriction is to consider only intervals [0,«) for all 0 < « < 1. This type of
restriction will prove very useful in computing discrepancy. We define discrepancy

associated to this restriction as follows.

Definition 4.4.5. Let z,...,xx be a finite sequence of real numbers. We define

the discrepancy D3, of this sequence by

A N
Dy = Dy(x1,...,xx) = sup %—a . (4.4.3)
0<a<l

The following theorem relates the size of D}, with Dy.

Theorem 4.4.6. For any sequence of N numbers, we have
Dy < Dy <2Djy.

Proof. The leftmost inequality is clear from the fact that {[0,a):0<a <1} C
{la, B) : 0 < < B < 1}. To show the rightmost inequality, we let [a, 3) be an ar-
bitrary interval in I and observe that A([«, 5); N) = A([0, 5); N) — A([0, «); N), so

that

A(le, B); N)
N

g [AR0r ) _ )

- (- a) =

Since each term on the right-hand side is no greater than Dy, it follows that

A(la, B); N .
’% — (B —a)| <2Dj.
This implies Dy < 2D7, as we wish to show. O
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Corollary 4.4.7. The sequence w is u.d. mod 1 if and only if

lim Dy (w) = 0.

N—oo

Proof. This follows immediately from Theorem 4.4.2 and Theorem 4.4.6 above. [

We note that when we compute Dy or D} of a finite sequence, the order of the
terms of the sequence does not matter; so we may order the terms of the sequence
in increasing order.

One advantage of D}, over Dy is that one can actually compute it explic-
itly (involving only finitely many steps of computation) as stated by the following

theorem.

Theorem 4.4.8. Letx1 < w9 < -+ < xy be N numbers in I. Then their discrepancy

Dy is given by

e i i—1

= max max-< |r; — —|,|z; —

NN N N (4.4.4)
_ 1, 2 — 1 -
ToON ST o

Proof. We let zyp = 0 and xy,1 = 1 and observe that the distinct values of the

numbers z;,0 < i < N + 1, form a partition of interval [0, 1]. Therefore,

* A([Ov Oé); N)
Dy = max sup |—————— —«
0SiSN o 0 <a, N
Ty <ziiq Ti<OSTit1
1
= max sup |— —qf.

0<i<N

IL_</L1;_7/+1 :l‘i<01§x¢+1

Now we note that whenever z; < z;_;, the function g;(«) = |i/N — « attains its

maximum in [z;, z;41] at one of the end points of the interval. Hence,

0

) N — Tit+1

} . (4.4.5)

7

Dy = max max< |— — 2;

N 0<i<N N v
zi<zi+1
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Now we show that we may drop the restriction x; < w;,; in the first maximum.
Suppose we have z; < ;11 = Tijyo = -+ = Tjryp < Tiypy1 With some r > 2. The
indices not admitted in the first maximum in (4.4.5) are the integers i + j with
1 < j <r —1. We shall prove that the numbers

14
N

1+J

and N Litj+1

for 1 < j <r —1, which are excluded in (4.4.5), are in fact dominated by numbers
already occurring in (4.4.5). For 1 < j < r — 1, we get by the same reasoning as

above (by considering the function h;y1(y) = |y — z;41]) that

1+ 1+ 1 147
N — Tigj| = N — Tit1 <maX{N—~’17i+1 ) T_xi-i-l}
1 14T
= max{ﬁ—fiﬂ ) T—%‘w},

and both numbers in the last maximum occur in (4.4.5). The same argument can be
applied for |(i 4+ j)/N — z;y;+1|, 1 < j <r — 1. Thus, we may drop the restriction

xr; < x;y1 and arrive at

. 1 ?
Dy = Orgliag}}vmax{‘ﬁ—% ) N_xi-l—l}
1 1—1
= 1r£1iei}]<vmax{ﬁ—xi, N —xi}.

The last equality is valid since the only terms we dropped are |0/N — x| and
|N/N — xx 41| which are both zero. We now show the second equality in (4.4.4). It

suffices to show that

1—1 1 N
a i = —
max x i 5N
i i1

We consider two cases. The first case is that max { ’:L‘Z — N| , |acl — T’} = ‘xl — ﬂ )

?

N

€Ty — ’ Xy —

21 —1
2N |

This means ‘xz - %| < ’xz - §| which is equivalent to (z; — %)2 < (zi — %)2
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which, after expanding, is equivalent to

- 21— 1
xT; .
2N
Therefore,
0< 1 n 21 —1 1 21 —1 1 1
vl K =3 T = s X = | T
2N 2N 2N 2N N N
The second case is that max { |a:l ‘ ‘ }} |$Z . By the same argu-
ment above we have
2 —1
ZT; .
2N
Therefore,
0< 1 + e -1 1 n 21— 1 1—1 i—1 0O
PYY =on T~ =i — = |Ti —
2N 2N 2N 2N N N

Example 4.4.9. For n > 1, let w,, be the finite sequence

0 1 4 (n— 1)
ﬁ, ﬁ, ﬁ’ e ey n2 .
We show that
lim D (w,) 1
im wy) = —.
n—oo " 4

First let’s compute D} (w,,) for n large. From the second equation of (4.4.4) we have

. 1 (k—1)?2 2k—1
Dy, (wn) = om T 11?1?2% nz2  on |

Let h,(z) = (x — 1)*/n? — (22 — 1)/2n for = € [1,n]. We see that the graph of h,, is

a parabola with vertex at x = n/2 + 1. If n is even then

Dy (wn) = %+maX{!h(N/2+1)|,|h(1)|7|h(n)|}

1 {1 1 1 3 1}
= —4maxq-+-— —, —— — —



Similarly, if n is odd then
. 1
Di(wn) = o +max{[h((n—1)/2+1)[, |h(1)], |h(n)[}

2n 4 2n  4n?’ 20’ 2n  n2
1 1 1 1 1 1 1 1

= +-4+————=-+—-——-— — - asn— x.

o 4" on 4An2 4 ' n 4n? 4

1 {1 1 1 1 3 1}
= —4max{-+-—— — —

Since in either case D (w,) — 1/4 as n — 0o, we have the desired result.

Corollary 4.4.10. For any sequence of N numbers in I we have

with equality only for the sequence 1/(2N),3/(2N),...,(2N —1)/(2N) or its rear-

rangements.
Proof. This follows immediately by looking at the second equality in (4.4.4). O

The discrepancy D} of infinite sequence has different lower bounds than the one

given by Corollary 4.4.10 as stated by the following theorem.

Theorem 4.4.11. For any infinite sequence w of real numbers, we have
NDy(w) > clog N

for infinitely many positive integers N, where ¢ > 0 is an absolute constant.

Proof. See [17], pp. 109 for proof. O

We present two types of inequalities that give the upper bounds of discrepancies in

terms of exponential sums.
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Theorem 4.4.12 (LeVeque’s Inequality). The discrepancy Dy of the finite se-

quence x1,...,xyN in I satisfies
6 oo 111 N - 2\ 1/3
DNS(FZENZG : ) | (4.4.6)
k=1 n=1
Proof. See [17], pp. 111 for proof. O

Remark 4.4.13. We remark that the constant 6/7% in LeVeque’s Inequality is best
possible. In fact, let vy = o = --- = x5y = 0. Then Dy = 1, and the right-hand
side is equal to
0 1/3
(F2e) -
Theorem 4.4.14 (Erd6s-Turdn Inequality). For any finite sequence 1, ..., TN

of real numbers and any positive integer K, we have

1 N
N Z ekamn

n=1

RS DY (L

k=1

Dy < (4.4.7)

Proof. Without loss of generality, we assume that z; <z <--- < xp. Let
AN(x):+—x for0 <z <1,

and extend this function with period 1 to R. The function Ay can be written
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explicitly as follows:
-z 0<z <,
I/N -z 1z <z <,

Ay(r) = | (4.4.8)

E/N —z xp <z < Tpg,

N/N -z ay<z<1.

Figure 4.1: A typical graph of the function Ay. This particular graph draws Ay of

the sequence x; = 1/8, xo = 2.3/8, x3 = 5.4/8, x4, = 7.2/8.

We consider first a sequence x1,...,zy in I for which

/1 An(x)dz = 0. (4.4.9)

For convenience we also let

e2rihen for h € 7.

NE

1
Sp = —
" an

5



We note that by computing the Fourier coefficients of Ay, we have

1
Sh, = / An(x)e*™™ @ dx for h € Z ~ {0}. (4.4.10)
mih 0

In fact we note that A([0,2); N) = SN 1(5,1(x), so that for every nonzero integer

n=1

h, we have

1 ' 1 N 1 ‘ 1 A
/ AN(I)€27M}W der = — Z/ ]l(xn,l] (:L,)627rzhx dr — / erthx dx
0 N 0 0

n=1
1 - ! 2mwihx 1
B N; /Ine d 2mih
N
_ 1 2mwihxn 1
N 2Mhan=;(1 ) 2mih
N

Choose a positive integer m, and let a be a real number to be determined later.

From (4.4.9) and (4.4.10) it follows that

m

1— —2miha
hzzm(m L=l =
1 m
= / AN(IB)( Z (m+1-— \h\)eZ”ih(x_a)>da: (4.4.11)
0 h=—m

- [ asra( 3 e - et as

a h=—m
where the asterisk indicates that h = 0 is deleted from the range of summation.
Because of the periodicity of the integrand, the last integral may also be taken over
[—1/2,1/2]. We note that

> (m+1—|h)em e =

h=—m

sin?(m + )7

sin?rz

(4.4.12)

where the right-hand side is interpreted as (m + 1)? in case z is an integer. This is
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the well-known discrete version of Fejér kernel. We infer from (4.4.11) that

1/2 s 2 +1 1 * S
‘/ An(z +a) 22 @2 LCPN <= (m+1—|h|)’—h"|
~1/2 sin® 7z T |h| (4413
1 EX h
h=1

The last equality follows from the fact that |Sy| = |S_p|. We note from the nature
of the graph of Ay (Figure 4.1) that we either have Ay (b) = —D% or Ay(b+0) =
lim, .+ Anx(x) = D}y for some b € [0,1]. We shall deal with the second case, the

first case being completely similar.

For b <t < b+ D}, we have
An(t) = Dy + Anx(t) — An(b+0) > Dy +b—t. (4.4.14)

In fact, since the slope of each linear function in the function Ay equals —1, it

follows from the the nature of the graph of Ay (Figure 4.2) that

An(t) — An(b+0) > _1
t—b -

Now choose a = b+ 1D} Then for |z| < 1D}, we have b < x4+ a < b+ Dj. So

x + a plays the role of ¢ in (4.4.14) and therefore,

1 1
Ay(z+a)>Dy+b—x—a= §D7V —x  for |z| < §D}"V (4.4.15)
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slope = —1

Figure 4.2: Pictorial proof of (4.4.14)

Consequently, we have

An(z +a) 5 dx

1/2 sin” x

—D}‘V/Q D}‘\,/Q 1/2 Sin2 m -+ 1 T
::</ +/1 +/) )AMz+@ (m+ Vmz
—1/2 —D*% /2 D%, /2 Sin” TE

/1/2 sin?(m + 1)mx

> /DTV/Z (D}"V . sinz(mQ—l— 1)7mdx Dy, /‘D7v/2 sinz(@2—|— 1)7md:1:
—D%/2 2 sin“ T —1/2 sin” T
D /1/2 sin?(m + l)mcd
- x
N D%, sin? T
D% /2 2 1 12 o2 1
_ D}kv/ sin <tm2+ )mcdx B 2D}<V/ sin (m2+ )dex
0 sin® wx py/2  sin“mx
D /1/2 sin?(m + 1)7ra:d 3D /1/2 sin?(m + l)wxd
= x — T
N 0 sin® N D%, /2 sin? Tz
m+1 V2 dy  m+1 3
> Dy — 3D; —>—Dy—-.
= 2 N N /va /2 432 2 N 2

(4.4.16)
The second inequality follows from (4.4.15) and the fact that |Ay(z)] < D}y for all

x. The third equality follows from the definition of even function. We note that
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(4.4.12) yields

doy = ——. (4.4.17)

/1/2 sin?(m + 1)z m+1
0 sin® 7z 2

By convexity of the graph of sine function, we obtain the following inequality:
, 2
sinz > —x for x € [0,7/2]. (4.4.18)
™

We see that (4.4.17) and (4.4.18) together yield the penultimate inequality in (4.4.16).

Combining (4.4.16) and (4.4.13), we arrive at

2 o, 1
Dy < — — )| Sh|-
N = m+1 + s ; ho | d
Since Dy < 2D% (Theorem 4.4.6), it follows that
D . 1 )|Shl. (4.4.19)
NS m+1"" o
We shall show that for any finite sequence 1, ...,y in [0, 1), there exists ¢ € [0,1)

such that the shifted sequence {z1 + c},...,{zy + ¢} satisfies (4.4.9). This will
prove the theorem, since both the left-hand and the right-hand side of (4.4.19) are

invariant under the transition from x1,...,zy to the shifted sequence. Now since

/OIAN(x)dI - N/ ann )d:c
= %;/xnldx—/olxdx

79



we have to prove the existence of a number ¢ € I for which

| N
N2t =g
n=1
But for every ¢ € I, we have
N
1 1 1
Fo{mtc—m) = & 3 etg D (=)
n=1 rp<l—c rp>1—c
SR @D IRIE DI
N N
rp<l—c Tn>1—c rn>1—c
1
— c——(N- 1)
¢ N(
rp<l—c
= c—14+— Z 1=An(1-¢)
rp<l—c

We consider only the case s > 0, the case s < 0 being completely analogous. Since
fol Apn(t)dt = s, we have Ay (x) > s for some z € (0,1). But since Ay(1) = 0 and
since Ay is piecewise linear with positive jumps only, the function Ay must attain

the value s in the interval [z, 1). O

We end this chapter by stating Koksma’s Inequality which gives the upper
bound in terms of discrepancy for the error of the integral from the average value

of function over finitely many points in 1.

Theorem 4.4.15 (Koksma’s Inequality). Let f be a function on I of bounded
variation Var(f), and suppose we are given N points xy,...,xy in I with discrep-
ancy Dy. Then

< Var(f)Dy.

2 g = [ sty

80



Chapter 5
Number Theoretic Approximation Theorem

5.1 Statement of the main theorem

In this chapter we prove the main theorem on improved quantization error
estimate. The construction of proof has been modified from the original proof given
n [16]. We begin with the setup of the problem. Let {Fy}%_,., be a family of
unit norm tight frames for R, with Fiy = {e¥}Y_  so that Fy has frame bound
N/d. If x € R then {zN})_, will denote the corresponding sequence of frame
coefficients with respect to Fy, i.e., 2 = (z,el). Let {¢Y})_, be the quantized
sequence which is obtained by running the YA scheme of Definition 3.3.2 on the
input sequence {x¥}_, with respect to the identity permutation of {1,2,..., N},
and let {ul}2_, be the associated auxiliary sequence of state variables. Thus, if
x € R? is expressed as a frame expansion with respect to Fly, and if this expansion
is quantized by the first order ¥A scheme, then the resulting quantized expansion
1S

d N
_ NN
N an n Cn

With u)" = 0, Abel Summation by Parts yields

r = (e - )+ uded)
n=1
(5.1.1)
N-2
d
:N<Zvn (fa' = fasr) + oS- 1+uNeN)7
n=1
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where we have defined
N =l — eﬁﬂrl, vl = zn:ujv, and v}’ = 0.
j=1
Our goal is to achieve a good estimate for |v,| for alln = 1,...,N — 1 and N is
sufficiently large.

We let Bg be the class of (2-bandlimited functions consisting of all functions
in L>°(R) whose Fourier transforms (as distributions) are supported in [—£2, Q]. By
Paley-Wiener theorem, elements of Bg, are restrictions of entire functions to the real
line. A function f is said to be in class Mg if f € Bg, f' € L>*(R) and all the zeros
Z1,..., 2+ Of f contained in [0, 1] are simple, that is, f”(z;) # 0 for all j = 1,...,n"
We use the notation A < B to mean that there exists an absolute constant C' > 0

such that A < CB. The following is the main theorem leading to the improvement

of quantization error estimate of XA quantization.

Theorem 5.1.1 (Number Theoretic Theorem on Sigma-Delta Quantiza-
tion). Let {Fn}¥_4.1 be a family of unit norm tight frames for RY, with Fy =
{eNIN_ . Suppose x € R? satisfies ||x|| < (K — 1/2)5, and let {x,}Y_, be the se-
quence of frame coefficients of x with respect to Fi. If, for some £ > 0, there exists
h € Mg such that

VN and 1 <n < N, ¥ = h(n/N),

then for all sufficiently large integers N and for alln=1,...,N — 1,

PAIBS 5(#4-]\73/410{;]\7) < §N3/*1og N.

Moreover, if b’ has no zero inside [0, 1], then for all sufficiently large integers N and
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foralln=1,...,N —1,
o | S SN2+ VN2 + N2 < (6 + V)N,

The implicit constants are independent of N and J, but they do depend on x and

hence h. The value of what constitutes a sufficiently large N depends on .

5.2 Gunturk’s theorem

In what follows we list two additional results which are not discussed in the
previous chapters and are necessary for the proof of Theorem 5.1.1. We shall prove
a special case of Giintiirk’s theorem in detail and shall derive an explicit bound
associated to the inequality. The proof of the general case of Giintiirk’s theorem

can be found in [8].
Theorem 5.2.1 (Bernstein’s Inequality). Let f € Bq. Then || f™] 1 < Q7| flze-

Theorem 5.2.2 (Giintirk). Let Q > 0, A\g > 1 and let h € Bg, then for each 0 <

T < ﬁ there exists an analytic function Xt satisfying the following conditions.

VteR, Xp(t) — Xp(t — 1) = h(tT) and X1 (0) = 0, (5.2.1)

1 X7 = h(- Tz < Ky Tl e, (5.2.2)

where Ky, o is a constant depending on 2 and Xo.
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If it is given that h is real-valued and locally integrable, then the constant Ky, q can

be taken as

\/7 1 )\0 2/3
Ky o= 20400 =+ — 22 .
0,9 3Vm + )\0 (2_'_71'()\0—1))

Proof. As mentioned earlier, we shall prove the special case of the function h, that
is, we shall assume that h € Bg for some ) < 7, and h is real-valued and locally

integrable. Let X7 be a function in L>(R) such that its Fourier transform is given

by

)?T(V) - T<1h(_vg)m>

+ cdo(7),
where ¢ = ¢(T) is chosen such that Xr(0) = 0. It follows that Xr is a compactly

supported distribution on R. To see this, it suffices to show that for every function

g € C*(R) the following condition holds

h(v/T)

mg(v) dy < oo for T > 0.
—e Y

lim
=0t Je<ly<n

We may assume without loss of generality that T'= 1. We have, for each 0 < € < ,

/< <0 et 0) d’V_/<| " M) 90) =90, 9Oh()

1— e—27ri~/ 1— 6—27ri'y y 1— 6—27ri'y

The first term in the integral is integrable since

. 9(7) —9(0)
(i) —

— ¢'(0) as || =0,
(ii) 1% is bounded away from zero as |y| — 0, and

6—27r

(iii) B is locally integrable.
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We investigate the second integral carefully. We have, for each 0 < e < €,

h 1 [ h(y)e™™ 1 [ h(y)em™
/ —(2)2 dy = —./ ) d7+—./ ) dy
e<lyj< 1 — e 2t J_q sinmry 2i J. sinmy

1 Qﬁ—y e~ 1 Qﬁye””
= __/ Ld’Y"‘E/ de

21 sin 7wy sin 7y
1 Q /ﬁ eml'y _ efwi'y
= = (7)( - ) dy
21 J, sin 77y

Q
= / h(y)dy <ocoase— 0" (- heL(R)).

The third equality follows from the assumption that % is real-valued, so that /i;(—'y) =

(v) = E(fy) We therefore verify that X7 is a compactly supported distribution on

)

R. Hence, by the Paley-Wiener Theorem, X is a real analytic function on R. Now

since

~

(Xe(t) = Xelt = DI 0) = Re(y) = 1% (3)
= (1= Re(y) = 3/ T) + )1 — )

= (R(T))(v) +c(1(t) = L(t — 1)) (7) = (h(tT))(7),
it follows that (5.2.1) holds. Let ¢ be a fixed smoothing kernel defined by

Loif [y <9,

Let ¢r be such that
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Since, by computation of Fourier transform,

(Xp— (D)) = 2minRe(s) — Zh(1/T)

= 27m<—T <1h(_7£ Z)“”) — 050(7)) - %E(V/T)

2mivh(y/T)

. 1~
m + 2micydo(7) —Th(’Y/T)

=0

2y 1~
——1>—h T
(s — 1) 7h )/ T)

= (or*h(-T))(v),

it follows that

XL~ h(-T) = é7 % h(-T). (5.2.3)

Hence we obtain the following inequality
1 X7 = h(- Tz < [opllor [Pl Lo (5.2.4)

Next we establish that ||¢[|.1 < K, T for some constant K, o > 0. We first note

that

2y

_ : 2

Hence, by convexity, for |y| < 1/2,

omi d/ 2mi
™ —1‘§\/7r2—|—4]'y| and ’—<1W—W>’gg\/w2+4.

‘ 1 — 672m"y d,-)/ _ 6727”;7
Now since |y| < AT < 1/2 in the support of (ZT, we obtain

2y
1— 6—27ri'y

6r()| < | — 1[0/ T)| < V21| < VA2 + 4007
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and

2 < | (e + o -1 @)
< —\/7T2+4+\/7r2+4|7|lﬁ
< —¢w2+4+\/w2+4AOQTTm
- ”2+4<g+AOAE1)'
This implies that
Jorllo~ < [ B0l < VAN < /N
YISA0

and

|4,

A 2 1/2
w24 4)(Z 4 20 d )
(/|7|<>\0S2T( )<2 Ao — 1) v

< Vave (24 ) VAWavT.

)\0—

Combining these two estimates, we obtain, for any A > 0,

1 oo d d
lérlls < /|t§A”¢T”L t+/t|>A|||t¢T<>|t

1/2
< AAVTE HANOPT? + ! (/ 2 ) </|—27th¢T t)[? dt)
27 \t|>At

dor
= AAVE T ANQT? 4 H
T+ 4\ 27T\/_
11 T A
< AAVTZ FANOPT 4 — 2 ad( - 4+ 0 QvT.
S AAVE H AN 4 — eV <2+)\0_1>\/)\0\/_\/

The second inequality follows from Holder’s inequality and the third equality from
Parseval’s formula and the fact that (—2mitf(t))(y) = (f)’ (7). To minimize the
right-hand side of the last inequality, we choose A = (w/2v)%/3 where v = 4\2Q*T?

)\/_\/_\/_ We obtain

and w = %(—

3 f 1 A 2/3
< VR AP B =3Vm AN+ — 22— ) T
lor|: < Vi T+ 4w 3VTE+4 X 2+7r()\0—1)
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and hence the proof is complete. O

Remark 5.2.3. With the setting of hypothesis of Theorem 5.1.1, Theorem 5.2.2 states

the following: For each N > d there exists an analytic function Xy such that
t
VieR, Xn(t)— Xn(t—1)= h(N) and Xy (0) = u¥ = 0. (5.2.5)

Moreover, we have

t 1
X (t) — h(—)’ < 2.6
Xy -n(5)| s~ (5.2.6)
We note that condition (5.2.5) implies
5
V0<n<N,3k, € Z,k,=n (mod 2), Xy(n)=u) + Fong (5.2.7)

To see this, we proceed by induction: For n = 0 we have Xy(0) =u) =0=0-4.
So the statement is true for n = 0.

For n =1,

1
Xn(1) =Xn(1) = Xn(0) =h( ) =21 =u) —uy +4¢ =uy +4qi.
N

Since ¢V is one of the quantization alphabet, it follows that ¢V is an odd multiple

of /2.

Assume the result for n — 1, then from (5.2.5)

Xn(n) = XN(n—1)+h<%)
= Xny(n—1)+a2Y

= Xy(n—1)+uy —uy;+ay,.
So
Xy(n) =) = (Xn(n—1) —ul,) + .
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By induction hypothesis, Xy (n —1) —u® | is either an odd or even multiple of §/2.
If it is an odd (even) multiple of 6/2, then since ¢ is an odd multiple of §/2, we

have that Xy (n) — v is an even (odd) multiple of §/2.

5.3 Proof of the main theorem

We are now ready to present the proof of Theorem 5.1.1.

Proof of Theorem 5.1.1. Let uY be the state variable of the YA scheme and define

Y = u" /6. From the definition of vV, and Koksma’s Inequality, we obtain

n —

1/2

J J
- |1 -
|v§v| = 5‘2112[ :jé‘qug—/ ydy‘
n=1 J n=1 -1/2

< jéVar(z)D;(@, . .. ,ﬂj-v),

where D;(-) denotes the discrepancy of a sequence as defined by (4.4.1). Next we
estimate the discrepancy using Erdos-Turan’s inequality: There exists a constant

C > 0 such that for all integers K > 1,

D; @ aN)<c(i+1§:1‘zj:e2mW
Y O R

).

Finally it suffices to estimate | Zizl e2mikin |

Applying Bernstein’s inequality to (5.2.6) yields

1 t 1
X3 - ()] 5 v 5.3.1
40 - ()] 5 (531)
Let z1, ..., 2y« be the zeros of A’ contained in [0,1] in increasing order. Let 0 < a < 1

be fixed. With an integer N sufficiently large, we define sequence of intervals as
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follows:

ijl,...,n*, Ij:[NZj—Na7NZj+Na],

N
Vi=1,...,n* =1, JY =[Nz + N, (5 + 211)]

and
N (6%
I = [5(%‘ + 2j11), Nzjy1 — N7,
Jo=1[1, N2y — N%| and J,» = [Nz, + N N].
Nz + N¢ Nz« — N¢
| ! N
1 T N 7 7 T
Nz, — N¢ 5(z14+2) Nzp—N° Nz, + N®
Jo L JM J? I -

Figure 5.1: The partition of interval [1, N]

If 0 or 11is a zero of A/, then we adjust the intervals as follows: if z; = 0, then
discard Jy and adjust I; by I = [1, N?], if z,~ = 1, then discard J,~ and adjust
I« by I,» = [N — N NJ]. If &' has no zero in [0, 1] then we just consider the
whole interval [1, N]. In the following proof, we treat only the case when z; # 0 and
zp» # 1. The proof can be slightly modified when handling with these two cases.
We see that

JouLuJYUJP ULU-- UL U J,- =1, NJ.
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Claim. There exists a constant C' > 0 such that for all sufficiently large integer N

and for all j =1,...,n" =1,k =1,2 and for allt € Jy ort € J,= ortGJ](k),

()| oxts

Proof of Claim. Fix 1 <j<n*—1,and let t € J;l). Then

1 t
<_§wj7

zj + Nl-a = N

where w; = 3(zj + zj41).

Since z; and zj4; are two consecutive zeros of A’ in [0, 1] and z; < t/N < 241, we
have two cases.

case 1 W' (t/N) < 0. Applying Mean Value Theorem on [z;,t/N|, we have that there

exists ¢, ; € (zj,t/N) such that

() - = () = e (=)

By the first inequality above, we have

t 1
rf © < " Nt
W(y) < My
/ NI 1
< sup W(g) h(zﬂ).Nla
§€(Zj,wj] g - Z]
n 1
o MO

Y
cezuy) § =2 NIT°
. . . 1 . .
Since t was arbitrary in J]( ) and since z; and z;41 are consecutive zeros of h', we

have h/(t/N) < 0 for all t € J;l). Hence for all ¢t € J}l)

—h’(i)> AN

T ge(zwg] € — 25 Ni-e
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case 2 h'(t/N) > 0. By the same argument as above, we have that for all ¢ € J;l)

!
h’(—) > o MO 1
N §E(Zj,wj] é- - Zj Nlia

Combining case 1 and 2 together, we have that for all ¢ € J;l),

h/(iﬂz o O 1

N £€(z5,wj] 5 — Zj ‘ N1l-a’
Now since for each £ € (z;, w,|, the quantity % is the slope of line joining (£, '(€))
J

and (z;, h'(z;)) and since h”(z;) # 0, we see that

o g MO 1

> 0.
J ge(zwy) § — 25 NI~

Thus for each j=1,...,n* — 1 and t € J;l),

where w; = %(Zj + zj11). Using the same argument as in the first part of the proof
above, we have that for each 7 = 1,...,n* — 1, there exists C'J@) > 0 such that for

all t € J1%,

The proofs for the intervals Jy and .J,+ are analogous and we assume the constants

obtained from these two cases are Cy and C),«, respectively. By letting

C =min{Cy, C,-,cV,c? ... ,cV @ 1,
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we have the statement of the claim.

Let J denote one of the intervals Jy, J,«, J;k),j =1,...,n*=1,k=1,2. From (5.3.1),

we then have, for all t € J,

so that

1 t 1
N h'(ﬁ)‘ — XN S
1 1 t 1
v S 5[ (F)] S 7 IR

Hence, by continuity of X7,

1

Nia SXyt)yveedJ or Xy(t) < -

N2—a

Also, since h € Bo C L*(R), and from (5.2.6), we obtain

Ve, XL <1

Vi e J. (5.3.2)

(5.3.3)

Now we consider the bound of exponential sum. For each integer £ > 1, and for

each interval .J, we have

Z 627rik11£¥

neNNJ

IA

E 627ri§unN

neNNJ
Z eQﬁig(xN (n)+knd) + Z e27m'§(XN(n)+£ng)
neNNJ neNNJ
n even n odd
E : eQwi%XN(n) + (_1)k E eZﬂ'i%XN(n)
neNNJ neNNJ
n even n odd
E /‘ 627Ti§XN(n) + E eQm'%XN(n) .
neNNJ neNNJ
n even n odd

, ky, even, £, odd

We consider the bound for n even, and the case for n odd is analogous. We have
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b

Z 627ri§)~(1\r )

l=a

§ 627ri§XN(n) _

neNNJ
n even

where Xy (¢) = Xn(20) for £ = a,a+1,...,b. From inequalities (5.3.2) and (5.3.3),

9

we have
X =2|xXxe0] s 1,

and

‘X” ‘_4‘)(” (21) ( > N2 .

So we can apply Van der Corput Theorem (Theorem 4.3.1) to get

< ";)?N(b) - %)Z;V(a) + 2‘ <4\/gzv1—3 + 3)

Z 62m’§XN (n)

neNNJ
n even

AN AN
Q\ S
%
M\Q
onlw | o=

We get the same bound for n odd. Hence, for sufficiently large N, for each integer

k > 1, and for each interval J.

2 627r7;k11n

neNNJ

ot

We use the trivial estimate on interval I where I is one of the intervals I;,j =

Oﬂlw

} : 62m‘kay

neNNTI

< 2N

94



We observe that if we take a subset of consecutive integers inside intervals I or J,

the same bound of the exponential sum holds. Thus, for all j=1,..., N —1,

k o« k
§N°‘+\[5N12 + 5

Let K = N”, for some 0 < 3 < 1. By the bound of discrepancy we have earlier, it

J

} : e2m’kﬁ£¥

n=1

follows that for all sufficiently large integers NV,

U ~ 1 N%logK KY2N'-o2 K
N N
K R S N DE A 7
1 Nelog N  NB/2—a/z+1 N8
N ~5 T - + 737 +
Thus we obtain the bound of vY:
)
‘U7]1V| ,S N_T; + ON“® logN + 51/2Nﬂ/2—o¢/2+1 + Nﬁ

S SN1F +0N%log N + §1/2 NB/2—a/2+1 + NB

To minimize the right-hand side quantity, we choose & = 3/4 and § = 1/4. We then

have, for each € > 0, there exists N, such that for all N > N,
[N < N34 4 SN3/*1og N + 6Y2N3¥4 4 N4 < GN3/Alog N < SN3/4+e,

If A" has no zero in [0, 1] then there exists a constant C' > 0 such that |h/(t)| > C for
all t € [0, 1]. This allows us to let & = 1 in the construction of the proof above. So we
can approximate the exponential sum over interval [1, N] directly and obtain that

for each integer k > 1, for all sufficiently large integers N and forall j =1,..., N—1,

‘iezmkaﬁ’ < \/ENl/Z X k
— ~ Vo 5
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Let K = NP. Then we have, for all sufficiently large integers N,

1 K1/2N1/2 K

~N ~N
D) S gt gty
1 NB/2+1/2 NB
Thus we obtain the bound of v :
o | % + VONBF2 L NB < GNP 4 VNP2 4 NP

To minimize the right-hand side quantity, we choose 5 = 1/3. This proves the second

part of the theorem. O

Corollary 5.3.1. Let {Fy}%_, be a family of unit norm tight frames for R%, for
which each Fy = {eN}N_| satisfies the zero sum condition. Suppose v € R? satisfies
|z|| < (K —1/2)d for some positive integer K and § > 0 in the XA scheme. Let

{xNIN_ | be the sequence of frame coefficients of x with respect to Fy, and suppose

there exists h € Mg, Q2 > 0, such that

VN and 1 <n <N, ¥ =h(n/N).

N
n

Additionally, suppose that fY = el — eﬁﬂrl satisfies

1 1
N N N
VN and 1§n§N7 an HrSN and ||fn - n+1||5m7
and set u) =0 in the A scheme.
If N 1is even and sufficiently large, then
~ dlog N
|z — 2N S TN/
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If N is odd and sufficiently large, then

o od

— < F 1).
NN||$ oyl S 2N( o(Fn,pn) +1)

If b has no zero in [0, 1], then for N even and sufficiently large,

J

Iz -7l S S

and for N odd and sufficiently large,

od

2N( o(Fn,pn) +1).

S lle—anll s

)
N~
The implicit constants are independent of 6 and N, but do depend on x, and hence

h.

Proof. From the first part of Theorem 5.1.1 we have

|4(S o - e lef;Vvl>|

d N—

SN(E' oY = 2%l [N )
d N-2 1

S 1 OV log N) (5= + )
0log N

~ TN5/A

Combining this with Theorem 3.3.6 and (5.1.1), we have that for NV even and suffi-

ciently large

0log N
o =Tl S S
and for N odd and sufficiently large
5 _ ds  d|uf||ex] §log N .
< o ari v < —
& S = N S e~ T+ BT S e~ Fx
od
S W(U(FMPN) +1)



The rightmost inequality follows from Theorem 3.3.7.
If A" has no zero in [0, 1], then by Theorem 5.1.1 we have ‘vm < 6N?/3. We proceed
as above by replacing the bound of |vflv ‘ with 6 N?/3 and obtain that for N even and

sufficiently large
d

Iz - Fwll S s
and for NV odd and sufficiently large

od

2N( o(Fn,pn) +1). O

)
~ Sl -7l S

5.4 Examples

In this section we give examples to verify the theorems we have proved in

Chapter 3 and in this chapter.

Example 5.4.1 (Error estimates for HY with d even). We shall assume
throughout that d is even. We show first that a harmonic frame HY, satisfies
the zero sum condition and has uniformly bounded frame variation with respect
to identity permutation. We recall the definition (2.4.3) of harmonic frame HY =

{en N M, N > d for the case when d is even that

2 2mn . 2™ 2m2n . 2m2n 27rgn . 27rgn
€n =1/ = | cos , sin , COS ,sin ,...,COS ,sin
d N N N N N N
for n = 0,1,..., N — 1. The verification that H satisfies the zero sum condition

follows by noting that, for each integer k& not divisible by N,
N— . N-1

Z [Z (e2ik/NYi ] 0
=0 7=0
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and

Now we show that the kth order frame variation oy,(H%,p) (see Definition 2.4.3) of
H¢ with respect to identity permutation p is uniformly bounded. From the proof

of Theorem 2.4.5, we have

2
>

-1

on(HE.p) = |AFe,||

3
Il
o

1/2

2
T

dzﬂ: <Ak cos nb; ) + (Ak sin n9j>2 (- where 60; = 2mj/N)

ISHN

i
o

1/2

=
i

/2

5 (n )"

ISHI

42 1/2

|2

= e E) ()"

IA
=
!
z=
I

e (2"

Thus, for k =1,

IN

o1(HY,p) = o(HY,p) <

o (g (g + 1) (d+ 1)%)1/2

d+2)(d+1) (5.4.1)

S S

We now derive error estimates for YA quantization of harmonic frames in their

natural order. If we set ug = 0 and assume that x € R? satisfies ||z|| < (K — 1/2),
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then combining (5.4.1) and Corollary 3.3.7 gives

N g—ﬁ\%(d +2) if N is even,

lo =z <
%(\%(d—i— 2) + 1) if N is odd.
Example 5.4.2 (Refined estimates for H% with d even). As before, let the
dimension d be even. Suppose that x € R? satisfies ||z|| < (K —1/2), and that N is

sufficiently large with respect to 6. The frame coefficients of x = (a1, b, ..., aq2, bas2) €

R? with respect to H% are given by {a:nN}j:[:l = {h(n/N)}"_.  where

n=1>
5 d/2 d/2
h(t) = = ( ; a;j cos(2mjt) + ; b; Sln(QW]t)> :

We shall verify that for fY = el — el | we have

1
Il s 5 and (A = £ S 1N

From the proof of Theorem 2.4.5, we have

1/2
d/2 ‘
2 w2k
|akel] = /2 Zl (2sin %)
1/2
/2 ,
2 5 mj\ 2k
< (2@
7j=1
/2
2 sk 1/2
= V2 () (27)
7=1
< L
So for k =1, ||fT]LVH = [|Ae,|| £ 1/N and for k = 2, Hfév — ,]LYHH = ||A%,|| < 1/N2

To be specific, let z = (1/m,1/50,+/3/17,1/e) € R*. Then for this choice of =
it is not hard to verify that h € Mg/,. Hence, the first part of Corollary 5.3.1 gives
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that if N is even then

and if N is odd then

) 20 7 67
O e —F < 222" .
N Sl xH_N<\/§+1>

In the next several pages are the series of figures showing the plots of the
quantization error ||z — Ty/|| as a function of N when the harmonic frames H% or
H?%, are used to quantize various inputs. The variables K = 1 and § = 2 are used
in the XA scheme producing the alphabet {—1,1}. For comparison, the figures also
show the plots of 1/N as a dash-dotted line and of 1/N'% as a solid line. The parity
of N is also shown on the plots as “crosses” when N is an odd integer and as “dots”
when NV is an even integer. The y-axis is scaled logarithmically while the x-axis is
scaled linearly for the purpose of spreading the plots. In general, we see that the
plots seem to confirm the theory well. We see that each plot is globally decreasing
and has two portions that are globally “parallel” to the line 1/N if the integer N is

odd and to the line 1/N'% if the integer N is even.
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Figure 5.2: This plot shows the quantization error associated to quantizing the
signal = = (1/10,1/20). It exemplifies one of the most typical shape patterns in the

plots of quantization error.
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Figure 5.3: This plot shows the quantization error associated to quantizing the
signal = = (1/100,1/200). It exemplifies another interesting shape pattern. The
graph corresponding to odd integers splits itself into two parts while the graph

corresponding to even integers stays together but jumps up and down.
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Figure 5.4: This plot shows the quantization error associated to quantizing the
signal x = (1/m,+/3/17). This is considered a classic plot as it appears in the

original paper [16].
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Figure 5.5: These two plots show the quantization error associated to quantizing
the signal z = (0.0018,0.0014). The first plot includes the frame size up to 1000
while the second one includes up to 5000. We see in this case that one would have

to increase the frame size in order to see the behavior of graphs more properly.
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Figure 5.6: This plot shows the quantization error associated to quantizing the

signal = (1/100, 1/100)) with ||z|| = v/2/100.
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Figure 5.7: This plot shows the quantization error associated to quantizing the
signal = = (1/1000,+/199/1000) with ||z|| = v/2/100, which is the same norm as
that of the signal in the previous Figure 5.6. This plot demonstrates that the shape

of graphs does not depend on the norm of signals.
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Figure 5.8: This plot shows the quantization error associated to quantizing the
signal = (1/199/1000, 1/1000) which is in a different order from the signal in the
previous Figure 5.7. This demonstrates that the order of quantization affects the

shape of graphs.
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Figure 5.9: This plot shows another classic example in [16] which is the quantization

error associated to quantizing the signal = (1/m,1/50,+/3/17,1/¢) € R*,

109



0 100 200 300 400 500 600 700 800 900 1000
Frame size N

Figure 5.10: This plot shows the quantization error associated to quantizing the
signal = = (1,/100,1/100,1/100,1/100) with |z|| = 2/50. It demonstrates that the

shape pattern gets more complicated as the dimension increases.
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Figure 5.11: This plot shows the quantization error associated to quantizing the sig-

nal x = (1,100, 1/100, 1/1000, 1/1/2500 — 2 x 10~* — 10-6) with ||z|| = 2/50, which
is the same norm as that of the signal in the previous Figure 5.10. It emphasizes

the independence of norms to the shape of graphs in higher dimensions.
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