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Chapter 1
Introduction and outline of thesis

1.1 Structure of thesis

This thesis deals with three topics in abstract harmonic analysis: Multipliers
of Beurling Weighted Spaces (Chapter 2); Product-Convolution Operators (Chapter
3); and the Tensor Product of Frames (Chapter 4). The topics are independent of
each other.

In order to provide background and an outline in this chapter, I shall use some
definitions which are not fully explained until Chapters 2-4. However, there is a list
of notation with short explanations in section 1.3. Further, there are two appendices
listing relevant results from harmonic analysis on locally compact abelian groups and
operator theory.

Section 1.2 is an outline of the results in the thesis, and it also provides some
perspective. In particular, I have listed each of my original contributions. These
are Theorem 2.24, Theorem 2.36, Proposition 3.12, Proposition 3.13, Theorem 4.8,

Theorem 4.12, Lemma 4.9, Lemma 4.23, Theorem 4.26, and Corollary 4.27.



1.2 Outline and perpective

Through out this chapter, G is a locally compact abelian group and dx is a
Haar measure on G.

A Beurling weight on G is a measurable locally bounded function w satisfying,
for each =,y € G, the following two properties: w(z) > 1 and w(z +y) < w(x)w(y).
The spaces LP(G) = LP(G,wdz) are called Beurling weighted spaces. It can be
shown that L.(G) is a commutative Banach algebra for the convolution between
functions, the so called Beurling Algebra. Beurling weighted spaces and precisely
Beurling algebras were introduced by A.Beurling ([4], 1938). These algebras give
important examples of standard Banach algebras that have played a central role in
building and understanding spectral synthesis theory ([1], [2], [4], [9], [15], [25], [26],
and [30]). In the last few years Beurling weighted spaces have started to appear
in the the theory of time-frequency analysis and applied mathematics. T.Strohmer
has used them to model some problems in mobile communications ([11], [17], [33],
and [34]).

Let E and F be two Banach spaces of measurable functions, and assume that
E and F are stable by translations. A multiplier E — F is a bounded operator
commuting with all translations. We denote by M (FE, F') the space of all multipliers
E — F. In Chapter 2, I study multiplier problems for Beurling weighted spaces.
The first two sections, 2.1-2.2, contain the necessary material to present my results
in sections 2.3-2.5.

In section 2.1, I collect some results about multipliers of LP(G). In section 2.2,



I define Beurling weighted spaces and give some of their properties. I emphasize
the fact that wdx is a positive measure having several common properties with dz,
the Haar measure on the group G. However, I note that a translation operator is
an isometry on LP(G), while it is not in general an isometry on LP(G). This fact is
closely related to multiplier problems for L?(G).

In section 2.3, I present a new proof of a known result, due to G.Gaudry
[15], stating that M (L!(G)) can be identified with the weighted space of bounded
measures M, (G) := {p : p is a bounded measure and ||pl, == [w|p| < oo},

In section 2.4, I prove the following new result.

Theorem 2.24. Let T : L1 (G) — L2(G) be a bounded linear transfor-
mation, where p > 1. Then

(i) T € M(LL(G), LF.(@)) if and only if there erists a unique function
g€ LE(G) such that T =T,: f —gx*f, f € LL(G).

(ii) There exists a constant ¢ > 1 dependent only on the weight function

w, such that
1Ty lhpw<Il g o< el Ty ll1pw -
(1ii) M(LL(G),LP(G)) and LP(G) are topologically and algebraically

identified by the mapping of part (i).

There is no known identification of M (LP(G)). In section 2.5, I show that the
space M (LP(G)) can be embedded in the space M (LP(G), LP(G)), i.e., there is a
continuous linear injection M (L (G)) — M(LP(G), LP(G)). To obtain a characteri-
zation of M (LP(G), LP(G)), I define a new space of Figa-Talamanca type. Let p’ be

3



such that ]l) + z% = 1. I define the weighted Figa-Talamanca space AP (G) as follows:

AL(G) = {) fixgi: fivgi € CAG) and Y| fillpwllgilly < o0},

=1 =1

endowed with the norm

11l =t 1 fillpwllgilly : firgi € CAG) and f =" fix g},
i=1 i=1

where C.(G) is the space of continuous compactly supported functions on G.

First I prove that AP (G) is a Banach space. Then I prove the following new result.

Theorem 2.36. Let p > 1. There exists an isometric linear isomor-
phism of M(LP(G), LP(@)) into (AP (G))*, the Banach space of contin-

uous linear functionals on AP(G).

In [18], A.T.Giirkanli and S.Oztop considered the space M (LP(G), L*, ,(G)), 1 <

) wl*p/

p < 2, and identified it with the dual of the Banach space,
AC) = {3 vt fosi €CG) and 3 el < o0},
i—1 i=1
endowed with the norm
WAl = S 1l © fogi € CC) and £ =3 fix g}
i—1 i=1

To avoid confusion, a left prime is added to these newly defined spaces. My result

improves the Giirkanli and Oztop result [18], since
M(LE(G)) = (AL(G)" — (AL(G))"

I also note that the techniques used by Giirkanli and Oztop and my techniques are

completely different.



Except for trivial cases, the operators Cy : g — f * g and M, : g — pg are
never compact on L?*(R). However, the composition of these two operators is, in
some cases, compact. A paper by R.C Busby and H.A.Smith [6] gives necessary and
sufficient conditions on ¢ € L*(G) for the compactness of the product-convolution
operator M,C, where f € L*(G). In Chapter 3, I study some properties of product-
convolution operators. Appendix B contains the essentials of operator theory needed
for Chapter 3.

In section 3.1, I prove that if ¢ belongs to the closure of L?(G) N L*>(G) in
L>*(G) and if f € L'(G), then the product-convolution operator M,C; is compact.
This can also be deduced from the R.C Busby and H.A.Smith results [6]. My proof
is based on approximations of compact operators by Hilbert-Schmidt operators and
a property of C*-algebras. The proof of R.C Busby and H.A.Smith is based on
properties of mixed norm spaces. In section 3.2, I present some applications of the
results of section 3.1.

In section 3.3, I prove the following new result.

Proposition 3.12. Let h € L'(R), and ¢, € L(R). Let x € L*(R),
and assume that the functions ¢ and h * yx are twice differentiable on
an open set @ C R. Consider on L*(R) the operator H = M,Cj,M,.

Then

(1) If = is an eigenfunction of the operator H = M,Cy My, associated

with a characteristic value X\, then x is, on €2, a solution of the integro-



differential equation:
Ey: oMy =200y + (2(¢)7 — ")y = AP (hx gy)”.

(i) If x is a solution of Ey, then NH(x) — x is a solution, on ), of the

differential equation
By ¢y =200y + (2(¢)° = ")y = 0.

This new result is interesting, since it gives the spectral decomposition of some
compact operators, which are not necessarily Hilbert-Schmidt operators. I also

prove the following new result, which is useful for examples:

Proposition 3.13. Let h = e~ and let ¢, € L™(R). Assume that
is twice differentiable on some open set ) C R, and 1 is continuous on €.
Consider on L*(R) the operator H = M,Cy,My. If x is an eigenfunction

of the operator H, associated with a characteristic value X\, then
(i) the function x is twice differentiable on the open set ), and

(ii) The function x is, on §2, a solution of the differential equation
pra" — 20 pa’ + (2(¢)? — "o — 9 + 22p%Y)z = 0.

I end this section by some relevant examples. Among the consequences of these
examples, I obtain special functions as eigenfunctions of product-convolution oper-
ators.

It is known that the tensor product of two orthonormal bases is an orthonormal

basis. In Chapter 4, I prove the following new result.



Theorem 4.26. The sequence (fF)iez, is a frame (Riesz basis) for a
Hilbert space Hy, k € {1,2}, if and only if (f} @ f7)ajenixz, s a frame

(Riesz basis) for Hy ® Ha.

This result improves a result by C.Heil, J.Ramanathan, and P.Topiwala [19]. They
prove that the tensor product of a frame with itself is a frame.

Section 4.1 and appendix B contain the essentials of operator theory needed
for Chapter 4. I denote by L£(X) the space of all bounded operators on a Banach
space X. It is known that if Fy, € L(Hy), k € {1,2}, then F} ® F5 € L(H; ® Ha2)
[14]. In section 4.2, I prove two new results. The first new result can be stated as

follows:

Theorem 4.8. For each k € {1,2}, let (F¥)nso be a bounded sequence
in L(Hy). If, for each k € {1,2}, the sequence (FX)n=o converges in the
strong operator topology to F* € L(Hy), then (FY ® F¥)nso converges

in the strong operator topology to F' @ F2.
The second new result can be stated as follows:

Theorem 4.12. The operator F; ® Fy is invertible in L(H; ® Hz) if

and only the operator Fy, is invertible in L(Hy) for each k € {1,2}.
To prove my second result, I use the following new lemma.

Lemma 4.9. For each k € {1,2} let F}, be a nonzero bounded operator
on Hy, fr be a unit vector such that Fi.(fr) # 0, Ux : H1 ® Hy — Hy
and Vi : Hy — Hi ® Ha, defined for each f € Hy, g € Hs, and H €
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Hi ® Ha, by UI(H> = H(F2(f2)); Vl(f) = Ef,fza UQ(H) = H*(Fl(fl));

and Va(g) = Ey, 4. Then

(i) | Ui llogtioram) <l F2(f2) ll2, [| Uz llotiemsm) <I| F1(f1) ||l1, and

the operators Vi and Vi are isometric;

(1) U\[F1 @ Fo)Vi =|| Fa(f2) |3 F1 and Upy[Fy @ Fo]Va =|| Fi(f1) |1} Fas

and
(ZZZ) UV, =< Fk(fk))fk‘ > IHk; for each k € {1,2}

Theorem 4.8, Lemma 4.9, and Theorem 4.12 are new contributions to the theory of
the tensor product. Further I use them to prove Theorem 4.26.

In section 4.3, I define frames and state some of their properties. In section 4.4,
I prove Theorem 4.26, the main new result obtained in this chapter. For the proof

I use, in addition to all results obtained in section 4.2, the following new lemma.

Lemma 4.23. Let (f,)n=0 be a sequence and let (e,,)n>0 be an orthornor-

mal basis in a Hilbert space H. We define, formally, the linear operator

F(z) :Z<x,fn>en.

n>0

(i) The sequence (f,)n>o0 1S a frame with frame bounds A and B if and

only if the operator F' is bounded and, for each v € H, we have
Al @ |P<| F) IP< B« |*.
(11) (fn)n>0 s a Riesz basis if and only if the operator F is bijective.

This lemma is an interesting connection between the theory of frames and the theory

of operators.



I end this chapter by an application. Let g € L*(R?) \ {0} and let a, 3 > 0.

The Gabor system generated by ¢, «, and [ is

g(gaaaﬁ) = { TamMﬂng tm,n e Zd}a

where T, Mg, g(z) = e2™#n-@=am)g(3 — am). The following result was conjectured
by I. Daubechies and A. Grossmann [7] and then was proved independently by Y.

Lyubarski [24] and K. Seip and R. Wallstén [32].

Lyubarskii and Seip-Wallstén Theorem. Let p(z) = 2ie~™" e

the Gaussian function on R.

G(p,a, B) is a frame for L*(R) if and only if af < 1.

Using Theorem 4.26 and the Lyubarskii and Seip-Wallstén Theorem, I prove the

following new result.

Corollary 4.27. Let p(z) = 25e~™ be the Gaussian function on R<.

G(p,a, B) is a frame for L*(R?) if and only if af < 1.

This result is important, since there is only a handful of functions g € L?(R?) for

which the precise range of «, 3, such that G(g, a, 3) is a frame, is known [17].



1.3 List of Notation

G, a locally compact abelian group.

dzx, a Haar measure on G, i.e., a regular positive measure invariant by trans-
lations, see p 86.

@, the dual group of the group G, see p 87.

Co(G), the space of continuous functions f vanishing at infinity, i.e., for all
e > 0 there exists a compact set K C G such that | f(x) |< e for almost all
re G\ K.

C.(G), the space of continuous compactly supported functions.

LP(G), the space of function f such that the function | f |P is integrable.

L>(@), the space of essentially bounded functions.

M (G), the space of bounded measures, see p 88.

| 1o |, the total variation of the measure p, see p 89.

tof(z) = f(z — a), the translation by a of f.

f * g, the convolution of f and g, L.e., f*g(z) = [ f(x — y)g(y)dy.

M (E, F), the space of all multipliers: £ — F, i.e., the space of all bounded
operators commuting with all translations.

M(LP(G), L1(G)), the space of all multipliers: LP(G) — L4(G).
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AP(G), a Figa-Talamanca space, see p 14.

w, a Beurling weight, see p 15.

LP(G), a Beurling weighted space, i.e., the space of function f such that
[ | f P wdx is finite.

| f |lpw, the norm of each f € L2(G).

M,(G), the space of bounded measures p such that [wd |y | is finite.

| gt ||pw, the norm of each p € M,(G), ie., || p||pw= [wd | p].

M(LF(G), L1(G)), the space of all multipliers on L?(G) — Li(G).

| T ||p.qw, the norm of each T € M(LP(G), LL(G)).

AP (G), a weighted space of Figa-Talamanca type, see p 36.

CY, a convolution operator, i.e., Cy: g — f *g.

M, a multiplication operator, i.e., M, : g — ¢g.

‘H, a Hilbert space.

< f, g >, the inner product of f,g € H.

L(H1,Hs), the space of all bounded operators: H; — Ha.

LC(H1,Hz) the space of all compact operators: H; — Ha, see p 90.

L2(H1,Hz), the space of all Hilbert-Schmidt operators: H; — Ha, see p 66.

FE; 4, a rank one operator, i.e., Fy, 10 —<x,9 > f.

| T llo¢#, 2), the norm of each T € L(H1, Ha).

| T || &1(#1 415), the norm of each T' € Lo(H1, Ha).

'H1 ® Hs, the tensor product of two Hilbert spaces, see p 67.

S ® T, the tensor product of a bounded operator S on H; and a bounded
operator 1" on H,, see p 68.
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G(g,, ), a Gabor frame generated by g, a, and 3, see p 77.
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Chapter 2

Multipliers of Beurling weighted spaces

In section 2.1, I list some results about multipliers of LP(G) spaces. In section
4.2, 1 define Beurling weighted spaces and give some of their properties. In section
4.3, I present a new proof of a known result, due to G.Gaudry [15], stating that
M(LL(@G)), the space of all multipliers of L. (G), can be identified with the weighted
space of bounded measures M,(G). In section 4.4, I prove a new result, viz., the
identification of M(LL(G), LP(G)), the space of all multipliers L. (G) — LP(G),
with the space LP(G). There is no known identification of M (LP(G)), the space
of all multipliers of L?(G). In section 2.5, I show that the space M (LP?(G)) can
be embedded in M(LP(G), LP(G)), the space of all multipliers LP(G) — LP(G).
To obtain a characterization of M(LP(G), LP(G)), I define AP(G), a new space
of Figa-Talamanca type. Then 1 prove the isometric identification of the space
M(LP(G), LP(G)) with the dual of AP(G). I end this section by showing how the
main result of section 2.5 improves a result due to A. Giirkanli and S. Oztop [18].
Section 2.6, is a summary of all results of this chapter. The measure and operator
theory results needed as background for this chapter can be found in appendices A
and B.

Through out this chapter G is a locally compact abelian group and dx is a

Haar measure on G. We denote by G the dual group of GG. The unit of G shall be

13



denoted by e. The translation by a € G of a measurable function f is defined by the
formula ¢, f(z) = f(z — a). We denote by Cy(G) the space of continuous functions
vanishing at infinity and by C.(G) the space of continuous compactly supported
functions. If 1 < p < 0o, LP(G) shall denote the space of functions f such that | f |
is integrable. We denote by fthe Fourier transform of an integrable function f on

@, see appendix A for detailed definitions.

2.1 Multipliers of LP(G)

All results presented in this section are stated and proved in [23].

Definition 2.1. Let T : L*(G) — L%(G) be a bounded linear transformation where
1 <p,q<oo. T is said to be a multiplier of (LP(G),LY(G)) if T commutes with

every translation operator.

We denote by M(L?(G)) the space of all multipliers on LP(G), || T ||, the
operator norm of each T € M (L*(G)), M(LP(G), LY(G)) the space of all multipliers

of (LP(G), L9(G)), and || T' ||, the operator norm of each T' € M (LP(G), LY(G)).

Theorem 2.2. Let T be a linear operator on L'(G). Then the following are equiv-
alent:

(i) T e M(LY(G));

(it) T(f xg) =Tf x g for each f,g € L'(G);

(111) There exists a unique measure p € M(G) such that T = T, : [ —

wx f.f € LNG).

14



Moreover, the correspondence between T and p defines an isometric algebra

isomorphism from M(L'(G)) onto M(G).

Theorem 2.3. Let T : L'(G) — LP(G) be a linear operator, 1 < p < co. then the
following are equivalent:

(i) T € M(L\(G), L"(G));

(11) There ezists a unique function g € LP(G) such thatT =T, : f — g« f, f €
LY(G).

Moreover, the correspondence between T and g defines an isometric isomor-

phism from M(L*(G), LP(G)) onto LP(G).

Theorem 2.4. Let T be a linear operator on L?(G). Then the following are equiv-
alent:

(i) T € M(L*(G));

(i) There exists a unique function ¢ € Loo(é) such that Zf(?) = of for each
[ € LAQ).

Moreover, the correspondence between T and ¢ defines an isometric algebra

~

isomorphism from M(L*(G)) onto L*>(G).

Corollary 2.5. If T € M(L*(G)), where 1 < p < oo, then there exists a unique

¢ € L>(G) such that 7{(7) = of for each f € L*(G) N LP(G). Further, we have

e Wl ooy =I T <[ T [l

Definition 2.6. Let p > 1 and p’ such that % —i—}% = 1. We define the Figa-
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Talamanca space AP(G) as follows:

AP(G) =: {Z fi*xgi: fi,9: € C(G) and Z 1 fillpllgillr < o0},
i=1 i=1

endowed with the norm

A= O fillpllgilly = £ g € C(G) and f =" fix g}
i=1 i=1
Proposition 2.7. (A?(G), |||f|||) is a Banach space.

Theorem 2.8. There exists an isometric linear isomorphism of M(LP(G)) into

(AP(Q))*, the Banach space of continuous linear functionals on AP(G).

There is a similar characterization of M (LP(G), LY(G)) in term of Figa-Talamanca

spaces ([12, [13], and [23]).

2.2 Beurling weighted spaces

Definition 2.9. A measurable function w on G s said to be a Beurling weight if it
has the following properties:

(i) w(zx) > 1 for every (x € G);

(1) w(z +y) <w(z)w(y) for every (x,y € G);

(iii) w is locally bounded, i.e., w is bounded on every compact subset of G.

For our study we restrict ourselves to the abelian case, but the definition above
may be stated for any locally compact group. There are also some more generalized

definitions of weight functions ([15], [30], and [17]).

Example 2.10. w(z) = (14 | 2 |)¢, where a > 0, is a Beurling weight.

16
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Example 2.11. w(x) , where a, X > 0, is a Beurling weight.

Example 2.12. If (a,) is a sequence of positive numbers, satisfying the conditions

Z(an)% < oo and apmin(m+n)! < apmla,n!,
n>1

then w(x) =), - an | x |"is a Beurling weight.
These examples are stated in [30].
Remark 2.13. If wy and wy are two Beurling weights, then so is wiws.

In the following notation, all functions considered are supposed to be measur-

ables. For 1 < p < oo, we denote

LE(G) = A{f [ fllpw =t (Jo | f [P wdz)'/P < oo},
L3(G) = A{f: fw e L=(G)},

and M, (G) =: {p : p is a bounded measure and ||ull, =: [w|p| < 0o}

From the definition of w, we can deduce easily that wdz is a positive measure on G.
Then all the spaces, considered above, are Banach spaces. Let f,¢g € LL(G). Tt is
easy to check that

1 * gl < [[flheligle

Thus, LL(G) is a Banach algebra for the convolution product [30].

Definition 2.14. The spaces LP(G), 1 < p < oo, are called Beurling weighted

spaces. LL(G) is called a Beurling algebra.

In the following proposition I summarize some properties of Beurling weighted
spaces.
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Proposition 2.15. (i)The space C.(G) is dense in LF(Q).

(ii) LL(G) is an algebra without order, i.e., if for a function f € LL(G) we
have f* g =0 a.e for each g € LL(G) then f =0 a.e.

(iii) Let a € G. The translation operator f — i.f is an isomorphism on
12(G), and we have | taf [l (@) || £

() If f € LP(G) then the function x — 1, f is continuous on G.

Statements (i), (ii), and (iii) are stated and proved in [30]. I prove statement

(iv), since I could not find any reference for this statement.

Proof of Proposition 2.15(iv). Let € > 0 and g € L?(G). We claim that there exists
a compact neighborhood V' of e such that || t,g — g |[p<cforalyeV.
First, let us show our claim for g € C.(G). Let K; = supp g, let Ky be a

compact neighborhood of e, and set

K=K UKyU(K;+ K;) and A =supw(z).

zeK

For all y € K5, we have

iy — g |E= /K | 1,9(z) — g(z) |P w(z)dz < A /K | y9(x) — g(x) P da.

Since g is uniformly continuous, there exists a neighborhood V' of e, which we may

assume to be contained in K5, such that

P

AlK|

| g(x —y) —g(x) |P< for all y €V,

where | K | is the measure of K. Therefore, for y € V', we have

AP | K|

B Ry 4
ATK] — 5

|ty — g |2,< A / | 1y9(x) — g(x) P do <
K

18



and this shows our claim for g € C.(G).
Now let us show the claim for g € L?(G). Let K be a compact neighborhood

of e. Since C.(G) is dense in LP(G), there exists f € C.(G) such that

€ €
— w<inf(=,—), where A = supw(x).

By the first step, there exists a compact neighborhood V' of e, which we may assume

to be contained in K, such that
€
|ty f = fllpw< 3 for all y e V.
Therefore, for all y € V', we have

Iwg =9 lpw<ll tyg = tyf o + ey f = Fllpo + 1 f = 9 llpo

2e € 2e
< et <A o

This shows our claim which, in other words, means the continuity of the function
xr — t.f at e. This is clearly sufficient to deduce the continuity of the function

r — t,f on the group G. O

We define the space
Ful@) = {F: f € L)},

and endow it with the norm H]/”\wa(@) = || flliw- Since L'(G) is a commutative

~

Banach algebra for the convolution, F,(G) is a commutative Banach algebra for

pointwise multiplication. F,(G) is a subalgebra of Cy(G). If w = 1 then F,(G) =

F(G), the so called Fourier algebra of the group G ([9], [10], [25], [26], and [30]).
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Definition 2.16. Let w be a Beurling weight on G.

(i) We say that Wiener’s approzimation theorem holds for F,(G) if, for all
[ € LL(G), the linear combination of translates of f are dense in LL(G) if and only
if \f(’y)\ >0, forall vy € G.

~

(i1) We say that F,(G) is a Wiener algebra if the continuous compactly sup-

~ ~

ported functions, contained in F,(G), are dense in F,(G).
The following theorem is fundamental for commutative Beurling algebras.

Theorem 2.17. (/9], 1956) Let w be a Beurling weight on a locally compact abelian
group G. Then Fw(é) 1s a Wiener algebra and Wiener’s approximation theorem

~

holds for F,(G) if and only if w satisfies the condition,

[ t
ZM<OO, forallte G.

n2
n>1

The condition of Theorem 2.17 is called the Beurling-Domar condition, or the
non-quasi-analyticity condition.

A. Beurling proved Theorem 2.17 in the real case ([4], 1932). In 1956, Y.
Domar proved the generalization to locally compact abelian groups ([1], [9], [25],
[26] and [30]).

If w is a Beurling weight on an abelian locally compact group G, then wdx is
a positive Radon measure on GG that can be seen as a generalization of dx, the Haar
measure on (. Naturally, one wants to check if a certain property P of the measure
dz holds for the measure wdz, or under what condition the property P holds for the
measure wdz. Under the Beurling-Domar condition, Theorem 2.17 shows spectral
synthesis similarities between F,,(G) and F(G). One of the properties that is not
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in general shared by dx with wdz is that a translation operator is an isometry on
LP(@G), while it is not in general an isometry on LP(G), see Proposition 2.15(iii).

This last fact is closely related to multiplier problems.

2.3 Multipliers of LL(G)

We denote by M (L} (G)) the space of all multipliers on L. (G) and || T |1, the
operator norm of each T € M(LL(G)). If p € M,(G) we denote || pu ||w= [w | p ],

and if w =1 we denote || p||= [ | i ], see appendix A.11 for the definition of | p |.

Theorem 2.18. Let T be a linear mapping on LL(G). Then the following are
equivalent:
(i) T € M(L,(G));

(ii) T(fxg) =Tfxg= fxTgq for each f,g € LL(G).

Proof. The proof is based on the fact that L. (G) is an algebra without order, see
Proposition 2.15(ii).

(i) = (i). Let f,g,h € L1 (G) and let a and b be complex numbers. We have
f*T(ag+bh)=Tf«(ag+bh) = f*(aTg+ bTh).
Since f is arbitrary and by using Proposition 2.15(ii), we deduce that
T(ag +bh) = aTg + bTh.
Let f,g,h € LL(G) and let (g,) be a sequence in L. (G) such that

lim| g, — ¢ |1o=0 and lim || Tg, —h [1,=0.
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We have

[ fxh—fxTgliws| foh—=f*Tglliw+ I f*Tg0— f*Tg 10
<[ f el b=Tgn hw + | Tf* 90 —Tf gl
< f el o =Tgn hw + 1 TS ol 9n — 9 lhe -
If we let n tend to infinity, we obtain f % (h — Tg) = 0. Since f is an arbitrary
function and by using Proposition 2.15(ii), we obtain T'g = h. Finally the closed
graph theorem shows that 7" is continuous, see [23].
It remains to show that 7' commutes with translations. Let a € G and let
f,g € LL(G). Then
Tiof*g=T(af*9) =T(f*tg)=Tf*tg=1Tfx*g.
By using Proposition 2.15(ii) another time, we obtain T, = ¢,T.
(i) = (ii). Let ¢ € LP(G). The mapping f — [T f¢ is a continuous linear
form on L (G). Thus, there exists a function ¢ € L°(G) such that
/qub: /f¢w, for all f € LL(G).

Let f,g € LL(GQ), ¢ € L(G), and let ¥ be defined as above. Then

/[Tf*g Pt — //Tft—s $)dso(t)dt — //LsTf s)dso(t)dt
= [ [ruswotaigsias = [ [ rouudgs)as

- [ [uswsiassouar / [+ gl (0t (t)dt = / T(f * gl (B (t)d.
Since ¢ is arbitrary, we conclude that T(f # g) = Tf % ¢. Finally, by commutativity,
we obtain

T(fxg)=Tfxg=f=Tg.
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]

Theorem 2.19. Assume that the weight w is continuous. Let T be a bounded linear
operator on L1 (G). Then

(1) T € M(LL(Q)) if and only if there erists a unique measure p such that
T=T, f—pxf fellG)

(i) wle) || pllo= Ty II -

(iii) M(LL(G)) and M,(G) are topologically and algebraically identified.

Without assuming that the group G is abelian or that w is continuous, G.
Gaudry proved a theorem similar to Theorem 2.19, [15]. I propose a new proof of

Gaudry’s result. I shall use the following lemma.

Lemma 2.20. Let (f,)n>0 be a bounded sequence in L'(G) with the following prop-
erties:

(i) If K is an arbitrary, but fized, compact neighborhood of e, then

lim | fu(x) | dz = 0.
G~NK

(i) lim [ | fo(z) | do = 1.

Then (fn)n>o s an approxvimate identity in L*(G).
For a proof of this lemma I refer to [16].

Corollary 2.21. For each compact neighborhood K of e, there exists an approximate
identity (fy)ns>0 i LY(G) with the following properties:

(i) [ | fula) | do = 1.

(ii) For each n > 0, the function f, is supported in K.
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Proof. Let (K, )n>0 be a sequence of compact neighborhoods of e, such that

(i)’ For each n > 0, K, C K.

(ii)” For each neighborhood E of e there exits n > 0 such that K, C F.

Consider the sequence (f, = %)mo- This sequence is bounded in L'(G) and
satisfies conditions (i) and (ii) of Lemma 2.20. Thus, it is an approximate identity
in L'(G). Since the sequence (f,),>0 also satisfies the condition of Corollary 2.21,

the proof is complete. n

Lemma 2.22. Let T € M(LL(G)). Then there exists a unique bounded measure ju

such that T =T, : f — px f, f € LL(G).

Proof. Fix K, a compact neighborhood of e. Let (f,),>0 be an approximate identity
in L'(G) satisfying the condition of Corollary 2.21 for the compact set K. Let
f € LY(G). By Theorem 2.18 we have T(f,) * f = f, * T(f). Let ¢ > 0. Since

(fn)n>0 is an approximate identity in L'(G), there exists an n > 0 such that

I T(n) * f =T h=Il fax T(f) =T(f) h<e.

Then

IT() i< e+ 1 T(fn) * fIh< et ([ Tn) el 1l

Set | T ol fo el £l

Let M = sup,.x w(x). Since K is compact and w is locally bounded, we see that

M is a finite real number. By using (i) of Corollary 2.21, we obtain

| f = / | fulz) | w(z)de < M / | fule) | dz = M.
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Therefore,

I T) W< e+ MIT ol f 1

Since ¢ is arbitrary, we have

1T < MAT el £l

Thus, T is continuous on L} (G) considered with the norm of L'(G). However,
LL(G) is dense as a subspace of L'(G). Hence, T can be extended to a multipliers

T on LY(G). By Theorem 2.1, there exists a bounded measure p such that

Tf=pxffellG),
and, hence,
Tf=pxf,f € LL(G).

The uniqueness of y is elementary. ]
We are now prepared to prove Theorem 2.19.

Proof of Theorem 2.19. Without lost of generality, we may suppose that w(e) = 1.
Let € > 0. Since w is continuous at e, there exists a compact neighborhood of e such

that:

supw(z) < 1+e. (2.1)
zeK

Let (fn)n>0 be an approximate identity in L*(G) satisfying the condition of Corollary

2.21. Since [ | fu(z) | d(z) = 1, hence, by (2.1), we have

I lla= [ 1 ao) | (o) < 1. 22)
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If T € M(LL(Q)), then, by Lemma 2.22, there exists a bounded measure p such

that T'=1T,,: f — p=* f. Consider the sequence 1, = (p * f,)w. Then

H Hn H:H p* fr Hl,w:H Tu(fn) ”1w§|| Tu HLwH In Hl,wa

and, by using (2.2), we obtain
[t < (U A) [ T 1 - (2:3)

The inequality (2.3) implies that (iu,)n>0, as a sequence of bounded measures, is
bounded. Therefore, it has a subsequence (fi,, )k~0 weakly convergent to a bounded

measure ji. This means:

liin/fd((u * fo,)w — o) = 0 for each f € Cy(G),

ie.,
lilgn/fwd(,u % fr, — @) =0 for each f € Cy(G).
w

Since w is continuous, we deduce that the sequence (’%) k>0 18 weakly convergent to
£ Hence, the measure £ is bounded. However, (f,, ) is an approximate identity
in L'(G), as that (u * fp, )r converges weakly to u, see appendix A.10. Therefore,
p = £ and the measure pw is bounded. Hence, u € M,(G). Now, by using (2.3),
we obtain

I o=l po 1< (T +e) I T 1w -

Since ¢ is arbitrary, we have

o o< Tl - (2.4)
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Conversely, let p € M,(G) and f € LL(G). Then

s £ = [ 1 £ = suts) Lottt < [ 15091l n] (oo
<[ [1so a1t si< [ [17011n] Guwd =) f ol

Thus, T, € M(LL(G)) and || T, |1 w<|| ¢ ||o- Finally, using (2.4), we obtain

I T =1 e e -

This finishes the proof of Theorem 2.19. O

2.4 Multipliers of (LL(G), LP.(G)), p > 1

Definition 2.23. A bounded operator T : LL(G) — LP(G) is said to be a multiplier

of (LL(G), LP(@)) if T commutes with every translation operator.

We denote by M (LL(G), L?(G)) the space of all multipliers of (LL(G), L?(G))
and by || T |1 the operator norm of each T' € M(LL(G), LP(G)). If f € LP(G)
and f € L (G) where Ilj + ]% =1, we denote < f,g >,= [ fgwdz, and if w = 1 we
denote < f, g >=< f,g >,.

The following theorem is the first new result I prove in this chapter.

Theorem 2.24. Let T : L} (G) — LF(G) be a bounded linear transformation, where
p>1. Then

(i) T € M(LL(G),LF(Q)) if and only if there exists a unique function g €
LP(GQ) such that T =T,: f —gx f, f € LL(G).

(ii) There exists a constant ¢ > 1 dependent only on the weight function w,
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such that
1T lpw<Il 9 llpw< el Tg lpw -
(iii) M(LL(GQ), LP(G)) and LP.(G) are topologically and algebraically identified
by the mapping of part (i).
The proof is based on three new lemmas.

Lemma 2.25. Let T € M(LL(G), LP(G)). Then
T(fxg)=Tfxg=f*Tg foreach f,g€c LL(G).
Proof. Let p' be such that 119 + z% = 1. Denote for f € LP(G) and g € L (G)

< frg Su= / D)t

Let T* : LP(G) — L(G) be the adjoint operator of the operator T. Let f,g €

LL(G) and let ¢ € LP(G). Then

<Tfxg,p>,= //LsTf s)dsp(t)w(t)dt

— [ [ rus@aasaiuma = [ [ Tesea@ooisds

= / < Tiof, ¢ >, g(s)ds = / < f, T 0 >, g(s)ds
_ //Lsf(t)T*cp t)dtg(s)ds = //Lsf $)dsT o (E)w(t)dt
=<T(f*9),¢ >
Since ¢ is arbitrary, T'(f * g) = Tf * g and by commutativity we achieve the proof

of Lemma 2.25. O

For the rest of this section, let K be a compact neighborhood of e and set

c = supw(z). (2.5)

zeK
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Lemma 2.26. For each g € LP(G) and each € > 0 there ezists a positive function

h € C.(G) satisfying the following conditions:
Ihli=1 [[hliw<se and |gxh—g|,u<e.

Proof. Let g € LP(G) and let € > 0. By Property 2.15(iv) the function y — ¢,g is
continuous at e. Then there exists a neighborhood V', which we may assume to be

contained in K, such that
| tyg — g |lpw<e forall yeV.
Consider a positive function h € C.(G), such that

supp h C V' and /h(y)dy =1.

By using (2.5) and since V C K, we have [ h(y)w(y)dy < c.

We also have

| (g% B)(z) — g(x) | < / | 4y9(z) — g(z) | h(y)dy.

By Hélder’s inequality with respect to the measure h(y)dy, we obtain

=

(g% W)(z) — () |< ( / | y9(z) — g(2) P h(y)dy)3( / h(y)dy)?

S

<([ (@) - gle) P h(g)dy)>

where p’ is such that % + i = 1. Therefore,
lgxh=g .= [ 19%hx) ~ gla) P wla)ds
< // | tyg(z) — g(x) [P h(y)dyw(x)dz < / | tyg =g lIb, h(y)dy = €.

This completes the proof of Lemma 2.26. O]
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Lemma 2.27. Let T € M(LL(G),L?(G)). Then there exists a unique function

g € LP(G) such that T =T, : f — gx f, f € LL(G).

Proof. We claim that T is continuous if L} (@) is endowed with the norm of L'(G)
and LP (G) is endowed with the norm of LP(G).

Let f € LL(G). Then Tf € LF(G) C LPG). For € > 0, using Lemma 2.26 for
LP(G), there exists a positive function ¢ € C.(G), supported in the compact set K,

such that
[etwit=1 and | oxTs 17 <
hence,
I Tfllp<etlloxTf llp=c+ [ Tex fllp<et | Tellpll f I
Set [ Tollpoll f IS et I T lpwll @ ol £
However,
I lhom [ ooty <.
Then

ITf o< et [T llipw el f Il

If we let € tend to zero, we obtain

ITf o<l T l[1pw eIl f I

and this shows the claim.
Since L. (G) is dense as a subspace of L'(G), T can be extended to a multiplier

T € M(LY(G), L?(G)). By Theorem 2.3, there exists a function g € LP(G) such that

Tf=gxf[eL(G),
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and hence,
Tf=gx*f feL,G)
The uniqueness of g is elementary. m

Now we are prepared to prove Theorem 2.24.

Proof of Theorem 2.24. Let g € LP(G) and f € LL(G). Then by using Holder’s

inequality with respect to the measure | f(y) | dy, we obtain

Lo+ f = [ Vox s Putelde= [ | [ oo =ty P otz
< [1f 1ot =) Pl 1) Idy/lf )| dy) wla)ds
< [QoP 11 Detwisl [ 1 1) |

P P
<l g P51 F ll £ 17S g 180 F Tl £ 1220 g 120 7 1.

\\ts

Therefore, T, € M(LL(G), L2 (G)) and
| Ty hpw<Il g llpw - (2.6)

Let £ > 0. By Lemma 2.26, for each g € L?(G), there exists a positive function h

such that

[ 7li=1, [[h]1w<ec, and [[gxh—g|pu<ce.
Then

19 llpw< et [l gxhllpw=et || To(h) [lpw
Set [Ty lhpwll hllrwse+ell Ty lhipe -

Since ¢ is arbitrary, we obtain

19 llpw< eI Ty llpw - (2.7)
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Conversely, let T € M(LL(G), L2(G)). By Lemma 2.27, there exists a unique
function g € LP(G) such that T' = T,. It suffices to show that, in fact, g € L?(G).
Using Lemma 2.26 for LP(G), it is easy to construct for g a sequence (h,,),, satisfying,

for each integer n > 0, the following conditions:

1

1 g%hn—gllp<—, (2.8)
n

and || by |1o<c, (2.10)

where the inequality (2.10) is obtained by assuming that supp h, C K, for each

n > 0. Then we have

19 % P Nlpo =l To(hn) llpw<Il Tg llipell hn 1< el Tg lipw -

Thus, the sequence (g * hy,), is bounded in LP(G). Therefore, it has a subsequence

(g * hy, )k, weakly convergent in LP(G) to a function gy € LF,(G). This means:
lim < g # ., f >o=<go, f >, forall fe LP(@),
where ]l)—l— z% =1, ie.,
liin < gxhy,, fu>=<gy, fw> forall fe Lg(G).
Since for every u € L, (G) we can write u = “w and £ € L¥'(G), we obtain
li;n < g hy,u>=<go,u> forall ue LP(G).

Therefore, the sequence (g * hy,, ), converges weakly in LP(G) to the function go.
However, it follows from inequality (2.8) that the sequence (g * hy, )i converges
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strongly, and hence, weakly, to the function g. Therefore, ¢ = gy and thus g €

LP(G). This combined with (2.6) and (2.7) completes the proof of Theorem 2.24. [

Remark 2.28. If w is continuous at e and w(e) = 1, then the constant c in

Theorem 2.24 can be taken to be 1, and the correspondence between LP(G) and

M(LL(G), LP (@) is an isometry.

2.5 Multipliers of LF(G) and of (L?(G), LP(G)), p > 1

Definition 2.29. A bounded linear operator T : LP(G) — LP(G) (or T : LP(G) —
LP(G)) is said to be a multiplier of LP(G) (or of (LE(G), LP(G))) if T commutes

with every translation operator.

We denote by M (L (G)) the space of all multipliers of LP (G) and by M (LP(G), LP(G))
the space of all multipliers of (L?(G), L*(G)).

I prove the following new lemma.

Lemma 2.30. . Let T € M(LP(Q)) (or T € M(LF(G),L*(G))). Then
Tfxg=T(f*g)=f*Tg foral f,g€c LL(G)NL2(Q).

Proof. Let T € M(L*(G)) and f,g € C.(G). Consider T* : LF/(G) — LF.(G), the

adjoint of T', where % + :z% = 1. Let p € L?(G). We have

<Tf*g,p>,= //LsTf (s)dse(t)w(t)dt

— [ [ ruswadsaiomat = [ [ Tesea@ooisds

= / < Tisf, 0>, g(s)ds = / <t f, T"p >, g(s)ds
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_ / / 1o f (DT (B (1) dtg(s)ds = / / 1o f (D)9 (5)dsT (B (t)dt

=<T(f*g), ¢ >u

We were able to use Fubini’s theorem in these equalities because f, g € C.(G). Since

¢ is arbitrary, we have T'(f x g) = T f * g; and, by commutativity, we obtain
Tfxg=T(f*xg)=fx«Tg forall f geC.G).

Now let f,g € LL(G)N L2 (G) and let (f,) and (g,) be two sequences in C.(G) such

that lim || f,, — f |lpw=Um || g, — ¢ |[1.= 0. We have

1 T(fxg) =Tf*gllpu<|T(f*g) —T(fu+*gn) lpw + 1 Tfax g —Tf*g llpw
SUT lpoll fxg = faxgnllpw + 1 Thax g —Tfaxgllpw + | Thaxg—Tf*g llpw
SUT lpw (1 f29—F*gnllpw + | fx 90— faxgnllpe]

F N T llpll follpoll g0 = g 1w + 1T llpwll fro = f lpwll 9 e

<IT lpw Ul f llpll 9= gn 1w + 1 f = fa llpwll gn 1]

T llpwll fo llpwll gn =g o + 1T llpwll fo = F lpwll 9 e -

Since (|| fn ||pw) and (|| gn ||l1.) are bounded, by letting n tend to infinity we obtain

T(f xg) =Tf*g; and, by commutativity, we deduce that
Tfxg=T(f*g)=fxTg forall f ge LL(G)NL(G).
The proof for '€ M(LF(G), L*(G)) is similar. O

I prove the following new lemma.

34



Lemma 2.31. Let p be a positive measure and let f be a positive measurable func-

tion. Then

Proof. We have

1
o * e /f o /f o y)w(x ~ () W
< / o - y)w—_yi)dmw = L(prwf)

and this finishes the proof of Lemma 2.31. O]

We say that a Banach space X can be embedded into another Banach space Y,
if there exists a continuous linear injection from X into Y. The following proposition

is a new result.

Proposition 2.32. (i) The space M 1(G) can be embedded into the space M (L (G)).
(ii) The space M(LP(G)) can be embedded into the space M(LP(G), LP(G)).

(iii) The space M(LP(G)) can be embedded into the space M(LP(G), LP(G)).

Proof. (i) Note that wr is a Beurling weight and put po = w%u. Let f € L2(G).

Then, by using Lemma 2.31, we obtain

Lo 1 1 1
[ s fllpw=ll = f lpw<Il — ([ 1o [+ Twr f 1) llpw=ll o [+ [wrf [l
wr we

1 1 1
<| po [l we f o=l peor llwr £ llp=I1 e ll 211 f llpeo -

Thus, T, € M(LL(G)) and [| Ty, [[pw<| p ]| s-

Now, let o € M 1(G) such that T), = 0. Since C;(G) C LL(G), we have

T,f =p*f=0 foreach f e C.(G).

35



Thus, = 0. We conclude that the correspondence p — T}, is a continuous linear

injection from M 1(G) into M (LE(G)).

wb

(ii) For each T' € M (LP(G)) consider ¢(T') : LP(G) — L?(G) defined by
W(T)f =Tf foreach f e LP(QG).
For each f € LP(G), we have

1D o= TS <1 T Narzo@nll TF o -

Then || (T') [ sz c).oe@) <II T' [ arzr(c))- Hence, ¢ is a continuous linear injection
from M (LP(G)) into M (L2 (G), L*(G)).

Now let T € M (LP(G)) such that ¢(7") = 0. Then
W) f =Tf=0 foreach f € LP(G).

Since LP (@) is a dense subspace of LP(G) and T is continuous on L?(G), we conclude
that 7' = 0. Therefore, ¢ realizes an embedding of M (LP(G)) into M (LE(G), LP(G)).

(iii) For each T € M(LF(G)) consider ¢(T') : LP(G) — LP(G) defined by
() f =Tf foreach fe LE(G).

Obviously v is a linear injection from M (LP(G)) into M (LP(G), LP(G)). Moreover,

for each f € LP(G), we have

1@ Ap=ITF <[ Tf lpo<I T lmuz@pll £ lpw -

Then
I T Naeeeey,eren<I T llae) -
Therefore, 1 realizes an embedding of M (LF(G)) into M (LP(G), LP(G)). O
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This embedding has motivated me to identify M (LP(G), LP(G)) with the dual

of a new space of Figa-Talamanca type ([12], [13], and [23]), that I shall now define.

Definition 2.33. Let p > 1 and p’ such that % + z% = 1. We define the space

AG) =D fixgit firgi € C(G) and Y | fillpwllgilly < 00},
=1 =1

endowed with the norm

£ =00 fillpwllgilly © fir 9 € Co(G) and f =" f; + gi}.
i=1 1=1
Proposition 2.34. (A?(G),|||f|||l.) is a Banach space.

Proof. Let (hy,)n>1 be a Cauchy sequence of AP (G). Then (h,),>1 has a subsequence
(kn)n>1 such that |||k,+1 — knl|lo < 277, for all n > 1. From the definition of A? (G),

we can find two sequences (f,;);>1 and (g,;)j > 1 such that

(1) k1 = Zflj * 915

j>1

(@) > Mhsllpwllnslle <Nkl +1,

Jj=1

(191) k1 — Ky = Z Jnt1j * Gty

Jj=1

(iv) Z ||fn+1j|‘p,w||gn+1j”q < 27n+1>n =12...

j>1
If we set
h = Zflj * g1y + Zan—f—lj * On+1j,
j>1 n>1 j>1

we obtain

11Rlllo < > Ifisllpwllgnille + >0 D fastsllpellgnrilly

j>1 n>1 j>1

< el + 14> 27" = |l ||| + 3.

n>1
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Thus, h € AP (G). We have

1= Falll = 1A= K1 = 3 S Fnsalllo =l D2 D fontrs * gmanslll
m=1

m=n+1 j>1
> 00
= Z Z ‘|fm+1j|’P7ngm+1qu < Z g—m+l _ 9—n+l
m=n+1 j>1 S

If we let n tend to infinity, we obtain lim |||h — k,41]||. = 0, and this shows that

(AP (G), |IIf|llw) is a Banach space. O

From now on, I shall denote by || 7' ||,. the operator norm of each T' €

M(LP(G), LP(G)). The following lemma is a new result.

Lemma 2.35. If T € M(LE(G), LP(G)) then there exists a net of functions (g) C

C.(G) such that if Ty, =ga*f, f € LP(G), then
@) 1 Ta(f) o< e I T llpwll f llpw  for each f € LE(G) and for each o,
(11) li;n | Tof —Tf |l,=0 foreach fe LP(G),
where ¢ is a positive constant dependent only on the weight function w.

To prove this important lemma, I shall follow the same steps used to show its

analogous for the classical case in [23].

Proof. We claim that it is sufficient, in order to establish the desired conclusion, to

show (i) and
(i) lim < T, f,g >=<Tf,g > foreach f¢& LP(G) and for cach g € L”(Q).

As suppose this were true. Let aq, as, ...... , a, be nonnegative real numbers for which

> ja; =1. Then

n n n
1D aTuf 1< aill Taof 1,< ) ai || T,
=1 =1 =1
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n
S Zai || T ||p,w|| f ||p,w:|| T ||p,w|| f ”p,wa
=1
and

liorln < iaiTaif,g >= lior[niai <Tyfrg>=0,
i=1 i=1
for any choice of the a; and each f € L2(G), g € L (G). Hence, the set of T,
satisfying (i) and (ii)’ is convex. The statement (ii) means that (7,) converges to T
in the strong operator topology, while the statement (i)’ means that (7,,) converges
to T in the weak operator topology. And since the closure of a convex set in the
weak and strong operator topologies are identical, we conclude that there exists a
net of functions (g,) C C.(G) satisfying (i) and (ii) of Lemma 2.35.

Now let (ug)s>1 be an approximate identity in L'(G) such that for each § > 1:
ug € Co(G)*Co(G), ug > 0, [ug =1, and ug is zero off of some common compact Kj.
Let (v5)s>1 be an approximate identity in L!(G) such that for each § > 1: 0 € Ce(G)
and || vs ||;= 1. For the existence of approximate identities as (ug)s>1 or (vs)s>1 see
[16] or [23]. For each § > 1 we have ug = ug*u3 for some u, uj € C.(G). By Lemma
2.30, we have Tug = Tuj; * u3. Since Tu} € LP(G) and v} € C.(G) C L¥(G), with
% + 1% = 1, then Tug € Cy(G). Hence, v5Tus € C.(G) for each $ and §. Ordering
the set {(3,0) : § > 1,6 > 1} lexicographically, we obtain a net (g,) C C.(G) upon
setting g, = 0U57ug whenever o = (f3,0). We claim that the net (7,), defined by
Tof = go x f for each f € LP(G), satisfies (i) and (ii)’.

Indeed, for f,g € C.(G), and each a we have
< Tof, 9 >|=I< ga* fr9 >|=[< ga, [ * g >
| /G Go(=8)(f * 9)(s)ds =] / (63T us) (—s)(f * 9)(s)ds |

39



1 [ ][ o) s =T us(=s) (s = 0g(oydanas,

< L1800 140 | [ sonTus(=) s = s [

< L1800 10 | [ Tus(=s)s = tosts = ngte)e. s [
< L1801 [ Tus=9)0r = v0)(s)ds 1y

<|[ 95 [lx sup |< Tug,vf xvg >|=sup |< Tug, 7 f * vg >|

veG veG

=sup [< T(ug*vf),v9 >|< sup || T(ug *7[f) [lpll vg [l
yeG yeG

<[ T lpw sup [ ug 7S llpwll 79 Il
veG

<IT el us 1w sup (| 7f lpwll 79 = T lpwll us ol £ llpell g lly -
yeG

Since ug is supported by the compact set Ky, we have

sl [ st < [usttrat=c.
upon putting ¢ = supycj, w(t). Therefore,
[<Tal,9 >I< eI T llpoll fllpell g [l for each f,g € C(G).

Then

TS o< eI T llpwll £ llpw  for each f e Ce(G).

By continuity of T, and density of C.(G) in LP(G), we obtain
I Taf llp< el T lpwll £ llpw for each f e LE(G).

Let f,g € C.(G) and consider the net of real numbers X, =< T, f,g >. We
have | Xa |=|< Tufog >I< ¢ | T lpoll £ el 9 lly- Thus, the net (Xo)oere
has a subnet (X, ),ez convergent to some finite limit [, we recall that N? is ordered
lexicographically. We claim that [ =< T'f, g >.
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Let ¢ > 0 and v = (5,0) € Z. Then

[<Tf.g>—<Taf 9>
<|<Tf,g>—<ugxTf,g>+|<ug*xTf,g>—<T.f g>]
<|<Tf,g>—<Tfiugxg>|+|<ug*xTf g>—<0sTug*f,g>]|
<|<Tfig—ug*xg>+|<Tugxf,g>— <0Tug, f*g >

< TF g — w559 lly + |< (1= G)Tug, g >

SITT Il g = s g Ny +5up | 1= 5(=5) I Tt Iyl 5 I

where K is the compact support of the function f * g. Because the supports of ug

are contained in the compact Ky, it is easily seen that there exists some (3, such

that || g —ug, * g ||q< $(|| Tf ||,)~". For this 3, since 05 converges uniformly to one

on compact subsets of G, there exists a dg such that

—_~ E —
sup | 1 — 05 (=) |< 2 (Il Tugo lpll £+ 9 1lo) g
seK

and it is obvious that we may choose (fy,d0) € Z. If we put v9 = (5o, dp), then
< Tf,g > —X,, |< 5. It is always possible to choose 7y large enough to have
| X5 — 1 |< 5. Combining these inequalities, we see at once that |[< T'f,g > —[ |<e.
Consequently, since ¢ is arbitrary, we conclude that < T'f, g >= [. We have shown
that if a subnet of (< T,f,g >) has a limit then this limit is equal to < T'f,g >.
Therefore, lim < T, f,g >=<Tf, g >.

Now let ¢ > 0 and f € C.(G). For each g € L (G) there exists a function

go € C.(G) such that

l'g = g0 lly< einf((4e | T lpwll f llpe) ™ (AT pll £ llpw) ™)
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Since lim < T, f, go >=< T'f, go > , there is an «q such that for each a greater than

oo, we have |< T, f,g0 > — <Tf,go >|< 5. Then

|<Taf.g>—<Tfg><|<Taf.g>—<Tuf go >
+|<Touf,g0>—<Tf, 90>+ |<Tf,g90>—<Tf,g>]
<|<Tof,9 = go > +§+ < Tf g0 —9>|

<N Zaf loll 9= 90 Iy +5+ 175 loll 9= 90 1

< T llpwll fllpw (e [T lpoll £ llpw) ™ + %

AT llpasll f llpw € I T llpwll £ llp) ™ <

Hence,

lim < Tof,g >=<Tf,g> foreach feC(G),ge L”(G).

Finally, let £ > 0 and g € L” (G). For each f € LP(G) there exists fy € C.(G)

such that

I = follpw< einf((4e | T llpwll g )™ (4 1T lpwll g 1) 7).

Since lim < T, fo, g >=< T fo, g > , there is an oy such that for each o greater

than ag, we have |< T, fo,9 > — < T fo,g9 >|< 5. Then

< Tuf,g>—<Tfg><|<Taf,9>— <Tafo,9>]

+ < Tofo, 9> —<Tfo, 9> +[<Tf,g>—<Tf g >
<|< Tof = Tafo, 9 >| +g+ < Tfo—Tf g>]|

<N Taf = Tafo loll 9 by +5+ 1 Tho =T ol g I

< I T lpell £ = fo llpw €de I T lpell 9 llp) ™" + 2

2
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I T llpwll f = fo llpew €@ 1 T llpwll g ll)7" <

>~ ™

We conclude that
lim < 7T,f, g >=<Tf,g> foreach fe€ Ll(G),gc€ L7 (G)

which is what we wish to establish. O

Theorem 2.36. There ezists an isometric linear isomorphism of M(LP(G), L*(G))

into (AP (QG))*, the Banach space of continuous linear functionals on AP (Q).

Proof. Let T € M(L?(G), L*(G)). If

i=1

then set
Y(Ih=> <Tfig>.
i=1

Since T'f; € LP(G)) and g; € C.(G) C LY (Q)), * + 1% = 1, we conclude that

1

p

| O [=1 D < Thigi >1< Y TSl g lly
=1 =1

<UT Ny D 1 F ool g5 N < T lpol | P [l < 00 (2.11)

i=1
It is apparent that ¢ (7) is linear. To show that ¢ (T")(h) is independent of the
representation of h, it suffice to show that ¢(7)(h) = 0 whenever h = 0. By Lemma

2.35, there exists a net (g,) C C.(G) such that:
(i) | To(f) [lp<c || T |lpull f |lpw foreach f e LP(G) and for each «

(i7) lim || Tof —Tf ||,= 0 for each f € LP(G)
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where T, f = ¢, * f and c is a positive constant dependent only on the weight

function w. Suppose that

h=) fix9:=0, f;,g: €CG) and Y| fillpullgilly < oo.
i=1

i=1

For each o, we have

o oo o
Yo < Tafingi > 1 < WTaillpllgilly < el Tlpw Dl fillpwlgilly < oo
i=1 i=1 i=1

Hence, the series >~ < T,fi,g; > converges in the supremum norm uniformly

with respect to «, and
limz <Tufi,gi >= Zlim <Tufi,gi >= Z <Tfigi>.
i=1 i=1 i=1
We also have
o [ee] o
Z <Tufigi >= Z < ga * fis9i >=< ga,Zfi*gz >
i=1 i=1 i=1

To justify the last equality, note that the mapping f —< g,, f > is a continuous

linear form on Cy(G) and the series > =, f; * g; converges in Co(G), since

Dol fixgilloe< DI fillpl g < Y Il S
i=1 i=1 1=1

Consequently, if h € AP (G) is such that h = 0 then

pell gi lly< 00,

[e.e]

i=1

Therefore, 1(T') is a well defined linear form on A? (G). Moreover, by (2.11) we have

| (T) |<|| T ||pw- Furthermore, we have

IT lpw= sup [ Tf ]
FEC(G),[Ifllp,w<1
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= sup ( sup < Tf,g>]|)
FECAG) N fllp,w<l g€Ce(G),lIgllg<1

<sup{[ O(T)(h) |: h=Fxg, | [ llpo< Tl glly<1, and f,g € C(G)}

< sup{| O(T)(h) [l b fllo< 1} =1 H(T)(R) || -
Hence, || Y(T') ||=|| T ||, Therefore,
¥ M(LE(G), LX(G)) — (AL(G))"

is an isometric linear isomorphism. The proof will be complete once we have shown
that the mapping 1 is surjective. Let F' € (AP(G))*. For each f € C.(G), define

Fi(g) =F(f *g), g € C.(G). We have

| Fy(g) [=I o+ g) I<IPE WIS+ g o< E S poll 9 1l -

Hence, Fy defines a continuous linear form on C.(G) considered as a subspace of
LP(@). Since C.(G) is dense in L” (G) and (L¥ (G))* = LP(G), there exists a unique

function Sf € LP(G) such that
Fi(g) = F(f*g) =<g,Sf >, foreach g€ C.(G);

and we have

SF <[ E (Il f llpw  for each f e C(G).

Since C.(G) is dense in LP(G), S can be extended to a continuous linear transfor-
mation 7' : L (G) — L*(G), with || T ||, <|| F'||. Furthermore, for each s € G and

each f,g € C.(G) we have

<Tisf,g>=F(isf xg) = F(f x159) =<Tf, 159 >=< 1,Tf,g>.
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Since C.(G) is dense in L” (G), we obtain

T f =1, Tf, foreach feC.(G).
Since C.(G) is dense in LP (G), we obtain

Tisf =1sTf, foreach fe LP(G).
Thus, T € M(LP(G), LP(Q)).

However, if h € AP(G) has the representation h = Z fi* g;, then

W(T)(h) = Z <Tfigi>= ) F(fixg) = F(h),

since the sequence (Z fi*gi)n>1 converges to h in AP (G). That is ¢(T") = F.

i=1
Therefore, v is surjective and the proof is complete. n
The technique of tensor products is often used to solve multiplier problems for
non abelian groups [29]. In [18] A.T.Giirkanli and S.Oztop have used this technique
to obtain the following result for a unimodular group and for 1 < p < 2:
If every element of M(LL(G), LP,_,,(G)) can be approzimated in the ultraweak”
operator topology by an operator of the form T, : f — w* f, ¢ € C.(G), then
M(LE(G), LY, ,(G)) can be identified isometrically with the dual of the Banach

space,

'AL(G) = {Z fixgi: i, 9i € C(G) and Z 1 fillpallgillyw < oo},

i=1 i=1

endowed with the norm

WA = E Y 1 fillpwllgillyw © fii 9 € CAG) and f =) fixgi}.
=1 1=1
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To avoid confusion, a left prime is added to these newly defined spaces. Let us

assume that G is a locally compact abelian group, and 1 < p < 2. Then
M(LE(G)) — (AL(G))" — (AL(G))".

Thus, my result improves the result of A.T.Giirkanli and S.Oztop.

2.6 Summary

A study of multiplier problems for Beurling weighted spaces is presented in
this chapter. G. Gaudry solved the multiplier problem for Ll (G), i.e., he proved
that M(LL(G)) can be identified with the weighted space of bounded measures
M, (G) [15]. In this chapter I solved multiplier problems for (L. (G), L (G)) and for
(LL(G), L7(G)).

My first new result is Theorem 2.24, where I proved that the spaces M (L (G), L?(G))
and LP(G) can be topologically and algebraically identified. This solves the multi-
plier problem for (LL(G), LF(G)).

The multiplier problem for M (LP(G)) is an open and difficult problem [18]. In
Proposition 2.32, I proved that M (L (G)) can be embedded in the space M (LF.(G), LP(G)).
Motivated by this, I solved the multiplier problem for (LP(G), LP(G)). In Defini-
tion 2.33, I defined AP (G), a new space of Figa-Talamanca type. In Proposition
2.34, I proved that AP(G), endowed with a norm defined in Definition 2.33, is a
Banach space. In Theorem 2.36, I proved that M (LF(G), L?(G)) can be isometri-
cally identified with the dual of the space AP (G). This new result improves a result
obtained A.T.Giirkanli and S.Oztop [18]. The results obtained in section 2.5 can be
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summarized as follows:

M

w

(G) = M(LE(G)) — M(LE(G), LP(G)) = (AL(G))7;

B

where the sign ” ~ " means an isometric identification, and the sign ” <— ” means

an embedding.
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Chapter 3

Product-convolution operators
Let G be a locally compact abelian group, f € L'(G), and ¢ € L>°(G). We

define the convolution and multiplication operators, respectively, as follows:
Cr:igr fxg and M,: g+ ¢g, g€ L*G).

If G = R then, except for trivial cases, the operators Cy and M, are never com-
pact on L?(R). However, the composition of these two operators is, in some cases,
compact. A paper by R.C Busby and H.A.Smith [6] gives necessary and sufficient
conditions on ¢ for the compactness of the product-convolution operator M,Cy. In
section 3.1, I prove that if ¢ belongs to the closure of LP(G) N L>®(G) in L*>°(G) and
f € LY@G), then the product-convolution operator M,C} is compact. This can also
be deduced from the Busby and Smith results. My proof is based on approximations
of compact operators by Hilbert-Schmidt operators and a property of C*-algebras.
The proof of R.C Busby and H.A.Smith is based on properties of mixed norm spaces.
In section 3.2, I apply the results of the first section to show that some Volterra con-
volution type integral operators are compact. As a second application, I show that,
for any function f € L'(G), the convolution operator Cy : L2(G) — L2 _,(G) is
compact, where w is a positive measurable function for which w=! is bounded and
vanishes at infinity. Then I obtain a spectral decomposition of Cy that gives rise to

a numerical method to solve a theoretical problem in communication theory [35]. In
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section 3.3, I prove that the spectral synthesis of some product-convolution opera-
tors can be obtained by solving differential equations. This new result is interesting,
since it gives the spectral decomposition of some compact operators, which are not
necessarily Hilbert-Schmidt operators. I end this section by some relevant examples.
Among the consequences of these examples, I obtain special functions as eigenfunc-
tions of product-convolution operators. In section 3.4, I summarize the results of

this chapter.

3.1 Compactness of product-convolution operators

Let G be a locally compact abelian group. For each 1 < p < oo we denote
by || f ||, the norm of f € LP(G) . We denote by L(L*(G)) the space of all
bounded linear operators on the Hilbert space L?(G), and by LC(L?*(G)) the space
of all compact operators on L?(G). We denote by || T' || the operator norm of each
T € L(L*(G)). For definitions and certain properties of bounded, compact, and
Hilbert-Schmidt operators see appendix B. For f € L'(G) and ¢ € L*(G), we

define the convolution and multiplication operators, respectively, as follows:
Cr:igw fxg and M,:gw— ¢g, g€ L*G).

Theorem 3.1. Let f € LY(G) and ¢ € L™(G). M,C} is a Hilbert-Schmidt operator

on L*(Q) if and only if f,p € L*(G).

Proof. Let g € L*(G). Then

M,Cg(t) = o(t) / £t — $)g(s)ds.
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Thus, M,C/ is an integral operator whose kernel is the function k(t, s) = (t) f(t—s).
We recall (see Theorem B.9) that an integral operator is Hilbert-Schmidt if and only

if its kernel is square integrable. Since we have

[ [ 1kt s = [([15e= 5P an) o) P as

= / ( / S 2 dt) | os) P ds =11 £ 1311 o 13

the assertion of Theorem 3.1 follows. ]

For 1 < p < 0o, we denote by LP(G) N L=(G) " the closure of LP(G) N L*(G)

in L>°(G) endowed with its usual topology.

Lemma 3.2. For 1 < p < oo, we have

LP(G)NL®(G)" =L (G)NL=(G) "

Proof. Since one inclusion is obvious, it suffices to show that for each p > 1 we have

LP(G)N L®(G) ¢ LY(G) N L=(G) .

Set ¢ = LY(G) N L>(G) ", and define the involution () on L®(G) by: f*(t) =
f(t). With this setting, C is a subC*-algebra of L*®(G), see Definition B.11. Let
Y € LP(G) N L>®(G), then | ¢ |Pe L'(G) N L*>°(G) C C. Using Proposition B.13, we

conclude that 1 € C, and this finishes the proof. O

The proof of the following lemma, about the operators C'y and M, is straight-

forward.

Lemma 3.3. Let f,g € L'(G) and let p,vp € L>=(G). Then
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(1) [| My |=[ ¢ lloo and || Cy I=I] f ls<Il f I1-
(ZZ) MSDMQ/, = Mww and Cng = Cf*g.

(111) (M,)* = Mg and (Cy)* = Cp- where f*(t) = f(—t) a.e.

The result of the following theorem is not new, but I use new techniques to

prove it.

Theorem 3.4. If f € L*(G) and ¢ € LP(G) N L>(G) ", then the product-convolution

operator M,C is compact on L*(G).

Proof. Let ¢ € L*(G) N L®(G) and f € LY(G). Let (f,)n>0 be an approximate
identity of L'(G), consisting of compactly supported functions. Since ¢, f, €
L*(G) N LY(G) for each integer n > 0, we conclude, by Theorem 3.1, that the
operator M,C}, is Hilbert-Schmidt, and thus, is compact. Since LC(L?*(G)) is a
sided ideal of £(L*(G)) ( see Proposition B.2), we conclude that (M,C¢CY, )0 is

a sequence of compact operators. By using Lemma 3.3, we have

| M,C;Cy, — MyCy ||=[| My(CyCy, — C) ||=I| Mp(Chray, — C) ||

< M ([[| Crag = Cr 1SN F o fro = F Il @ lloo -

If we remember that (f,),0 is an approximate identity for L'(G) and let n tend
to infinity, we conclude that the sequence (M,C;CY, )n>0, of compact operators,
converges to the operator M,Cy. Since LC(L*(G)) is a Banach space, we conclude
that the operator M,C} is compact. Thus, we have shown that if ¢ € L*(G) N

L>®(@G), then the operator M,C} is compact for each f € L'Y(G). Now let ¢ €

L2(G)N L>(G)”. There exists a sequence (¢,)nso such that ¢, € L2(G) N L=(G)
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for each integer n > 1 and lim || ¢, — ¢ ||lo= 0. Then, for each f € L'(G), the

sequence (M, Ct)y>o is contained in LC(L*(G)). By using Lemma 3.3, we obtain
| M, Cp = MpCy [|[<| Mo, — Mo [[[| C =1 n =& llooll Cr I -

Thus, the sequence M, C; of compact operators converges to M,C'y and hence the
operator M,Cy is compact. Finally, the proof can be completed by using Lemma

3.2. [l

Corollary 3.5. If f € L'(G) and ¢ is a measurable function vanishing at infinity,

then the product-convolution operator M,Cy is compact on L*(G).

Proof. Since ¢ is a measurable function vanishing at infinity, for each integer n > 0,

there exists a compact set K,, C G such that
1
| o(t) |[< — for each t € (G\K,).
n

Consider the sequence (¢, = @lg, )ns0, where 1;, is the characteristic function of
K,. Then | ¢, — ¢ ||< £ for each integer n > 0, and thus ¢, — ¢ in L>(G). For

each integer n the function ¢, € L*(G) N L>®(G), since ¢, is compactly supported.

Consequently, the function ¢ is an element of L?(G) N LOO(G)OO. This fact along

with Theorem 3.4 give Corollary 3.5. O
In [6] R.C.Busby and A.H.Smith obtained the following result.

Theorem 3.6. Let ¢ € L™(R). The product-convolution operator M,Cy on L*(R)

is compact for each f € LY(R) if and only if

n+1
lim | (t) | dt = 0.

n—oo
n
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We remark that Theorem 3.4 is a consequence of the last theorem for the case
G = R. The version of Theorem 3.6 for locally compact groups is given in [6], but

requires too many preliminaries to be stated, here.

3.2 Applications

Corollary 3.7. Let f € L'([0,1]). The operator

T:9—T(g), where T(g)(t) = /Otf(t — s)g(s)ds a.e,

is compact on L*([0,1]).

Proof. Consider the extension operator E : L*([0,1]) — L*(R) and the restriction
operator R : L*(R) — L*([0,1]) which are defined as follows. If z € L?([0,1]) then
E(z) = X is such that X(¢) = x(¢) for almost all ¢ € [0,1] and X vanishes out of
0,1]. If X € L*(R) then R(X) = z is such that z(t) = X () for almost all ¢ € [0, 1].

Let F' = E(f) and ¢ = 1), the characteristic function of [0, 1]. By Corollary
3.5, the operator M,CrM,, is compact. It is easy to see that the operators £/ and R

are bounded and that 7" = RM,C¢M,E. Therefore, the operator T is compact. [J

Remark 3.8. A result similar to Corollary 3.7 can be stated for any bounded interval

la,b].

The operators defined in Corollary 3.7 are called Volterra convolution type

integral operators [22]. One historically important example of them is the following.

Example 3.9. The Abel transform of index o, where « is a positive real number,
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1s defined by

Ayz(t) = ﬁ/ﬂ (t — s)*a(s)ds, for each x € L*([0,1]),

where T'(a) is the Gamma function [27]. Sometimes A,z is called a Riemann-
Liouville integral and it is related with fractional derivatives ([20] and [22]). We
claim that the operator A, is compact for any positive real number «. Indeed, the
function f,(t) = % is integrable on [0, 1]; and thus, the compactness of the operator
Aq follows by using Corollary 3.7. We note that the operator A, is not a Hilbert-
Schmidt operator if 0 < a < %

Proposition 3.10. Let w be a positive weight function such that the function %

is bounded and satisfies the condition of Theorem 3.6. If h € LY(G) is such that
h(t) = h(—t) (a.e), then there exist a sequence (A\,)n>0 of nonzero real numbers,

an orthonormal system (fn)ns0 in L2(G), and an orthonormal system (gn)n>o in

L?_\(G), such that

how =3 M < fy >0 o for every x € 12(G) (1),

n>0

where the right hand side of (1) is understood to be convergent in the topology of

bounded operators, i.e., hrn sup || Z/\ <z, fn >0 =T ||2-1=0.

N lz)l2,w=1

As an example, think of the Beurling weight w(t) = 1+ | ¢ | defined in the first

chapter.

Proof. Let ¢ = \/%; Then ¢ satisfies the condition of Theorem 3.6, and the operator

M, C, M, is compact. Since h = h* and ¢ is real valued , by Lemma 3.3, we have

(M,ChM,)* = (M,)*(Ch)* (M,)* = MyCy- My = M,Cy M,

95



Therefore, the operator M,Cj, M, is compact and self-adjoint. By the spectral de-
composition Theorem for self-adjoint compact operators, see Theorem B.6, there
exist a sequence (\y),>0 of nonzero eigenvalues of M,C¢M, and an associated oth-

onormal system (e, ),~o of eigenvectors such that

o(h* py) = Z)\n <y, en > e, forevery ye L*(G).

n>0

€

For each n > 0 set x = ¢y, f, = pe, and g, = e Then we obtain

h*or = Z)\n <2, fn >0 gn for every x € L*(G).

n>0

Since < fo, fo o= [ fufawdt = [enendt, (fu)nso is an orthonormal system in
L2(G). Since < gm, Gn >w-1= [ GmGnw 'dt = [ emendt, (gn)n>o is an orthonormal

system in L2 |(G). This finishes the proof of Proposition 3.10. O

Corollary 3.11. Let w be a positive weight function such that the function % 18
bounded and satisfies the condition of Theorem 3.6. If h € L*(G), then there exist
a sequence (\,)nso of complex numbers, a sequence (fn)nso in L?(G), a sequence
(gn)nso tn L2_1(G), such that (fn)nso is a frame for its span, (gn)n>o is a frame for

its span, and

hsg— Z)\n <@, fo >0 g for every x € L2(G), (2)

n>0

where the right hand side of (2) is understood to be convergent in the topology of

bounded operators.

Proof. Consider the two functions hy(t) = 3[h(t) + h(—t)] and ho(t) = L[h(t) —
h(—t)]. Then hy = h}, hy = h%, and h = hy — ihy. By Proposition 3.10, there exist
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two sequences (A!),~o and (A\2),~0, two orthonormal systems (f!),~o and (f?),0

in L2(G), and two orthonormal systems (g})n>0 and (g2),>0 in L?_,(G) such that

h*x:hl*x—ihg*x:Z/\iL<x,f}L >, gh —iX2 <, f2 >, gl
n>0

Define the sequences (A,)n=0, (fn)n>0, and (g, )n>o as follows:

)\2n+1 = )\711 and )\Qn = —Z)\i
Jont1 = fé and fo, = fi-
Jon+1 = )\711 and  go,, = 9121-

Since each sequence of (f,,),~0 and (g, )n>o is a frame for its span, as each sequence

is the union of two orthonormal systems [17], the proof of Corollary 3.11 is complete.
[

In communication systems a transmitted signal x passes though a channel H

and arrives at the receiver as y = Hz. If the channel is time invariant then it can

be modeled by a convolution operator: y = Hx = h * z, [35].

The problem is to recover the transmitted signal x by using the data of the
received signal y, in other words we want to solve the equation
y=hxz (E),

where y is known and x is unknown. Assume that Hx = 0 only if x = 0, i.e.,

the operator H is injective. One way to solve (E) is to use Fourier transforms to

(the injectivity of H implies that ﬁ(fy) = for almost all

)

obtain h7 = Y, e, T =
7). Tt can be shown that z lies in a Beurling weighted space L2(G), see [33], where
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w(t) = et If we suppose that h = h* then, by using Proposition 3.10, equation
(E) can be replaced by

Z/\n<x7fn >wgn =Y (E/>7

n>0

which is a discrete form of equation (E). Since (g,) is an orthonormal basis for

L?_\(G) , we have
A < X, fn >0=<1Y,gn >,—1 forevery n >0,

and hence,

< y7 gn >w—1

<xvfn >w= \
n

for every n > 0.

Remember that (\,;),>0 is a sequence of eigenvalues, hence, A, # 0 for all n > 0.
Therefore, we recover x by the formula

p=3 < fu e fa= Y Sy

n>0 n>0 )\n
For each integer N consider the finite linear system
N
ZA” <z, fa >0 gn =Y. (SN}
n>0
As before Sy has a unique solution xy that can be written
N N o UG >
y —1
TN :Z <xN7fn > Gn = Z#gn
n>0 n>0

The sequence (zy)nso converges to x in L2(G), hence, xy can be taken as an

approximation of the solution x.
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3.3 Spectral synthesis of product-convolution operators

A nonzero complex number A is said to be a characteristic value of a linear
operator T, if % is an eigenvalue for T'. The following proposition is a new result

permitting the spectral synthesis of some product-convolution operators.

Proposition 3.12. Let h € L*(R) and ¢,v € L>(R). Let x € L*(R) and assume
that the function ¢ and h * ¢x are twice differentiable on an open set 2 C R.
Consider on L*(R) the operator H = M,C),M,. Then:

(1) If x is an eigenfunction of the operator H = M,C,M, associated with a

characteristic value A, then x is, on §2, a solution of the integro-differential equation:

Ey: 0%y =200y + (2(¢) — ¢"0)y = Ao (hx y)”.
(i) If © is a solution of Ey, then ANH(x) — x is a solution, on ), of the
differential equation
Ef o™y = 2000y + (2(¢)* — ")y = 0.
Proof. On the open set €2 we have
(H(z)) = o(h*yx) + ¢ (h*px);
(H(2))" = o(hxya)” +2¢'(h = pa) + ¢ (h x Ya).

Then
P?(H(x))" = 2¢"0(H(x)) = ¢*(h* pa)" + (¢"p — 2(¢')*) H(2),
Y’ (H(x))" = 2¢"0(H(x)) + (2(¢')* = ¢"p)H(x) = @°(h x ¢x)".
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If x = AH(x), the last equality becomes

o*x" — 20"’ + (2(0)? — " p)x = A\ (h * pz)".
Hence, we obtain (i).

Now suppose that z is a solution of F\. Then

P*(NH (x) — )" = 2¢/p(AH (x) — ) + (2(¢')* — ") (\H (2) — 2) = 0.
Hence, we obtain (ii). O

Proposition 3.13. Let h = e and let v, € L*(R). Assume that ¢ is twice
differentiable on some open set Q0 C R, and 1 is continuous on ). Consider on
L*(R) the operator H = M,C,M,. If x is an eigenfunction of the operator H
associated with a characteristic value A, then

(i) The function x is twice differentiable on the open set €.

(i) The function x is, on 2, a solution of the differential equation
p?’z" = 2¢'pa’ + (2(¢)? — ¢ — * + 22p%)z = 0.
Proof. We have x = AHx = A\p(h*x). Since h,x € L*(R), the function (h*z) is
continuous, see appendix A.3. Therefore, the function z = Ap(hx*1z) is continuous

on ), since the functions ¢ and h * ¥z are continuous on 2. Now let ¢t € (). Then

we have
t

)t = [ usgatsnas = et [

) e*(s)x(s)ds + € /too e *Y(s)x(s)ds.

Since (2 is open, there exists an open interval (a,b) such that ¢t € (a,b) C Q. We

have

/ t esy(s)z(s)ds = / " esp(s)a(s)d + / tesw(s)x(s)ds.

—0o0 —00
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The function e®*i(s)z(s) is continuous on (a,b). Then by the Fundamental Theo-
rem of Calculus the function ¢t — fj e*(s)x(s)ds is differentiable on (a,b) and its
derivative at ¢ is given by e'4(t)x(t). By using a similar arguments we can show
that the function t — [~ e™*¢(s)x(s)ds is differentiable on 2 and its derivative at
t is given by e "1)(t)x(t). Therefore, the function (h*vz) is differentiable on Q. By
computing the derivatives, we obtain

t

(hxx)'(t) = —et/ e*(s)z(s)ds + € /00 e “P(s)x(s)ds.

—00 t
By proceeding as before, we can show that (h*z) is twice differentiable on €2; and,

by computing the derivatives, we obtain
(hxx)'(t) = h* Yz — 2. (3.1)
Now by using Proposition 3.12, we have
p'z" = 2¢'pa’ + (2(¢)" — ")z = Ap* (h * )"
And by using (3.1), we obtain
PP =20’ + (2(¢9)? — " — © + 20p%Y)z = 0.
This finishes the proof. O

Example 3.14. Let h(t) = e "l and p = 1y1). We have h(t) = h(—t) and ¢ is
real valued. Then the operator H = M,Ct M, is self-adjoint and is Hilbert-Schmidt,
since h, € L?*(R). Then the spectrum of H is countable and consists of nonzero

real numbers.
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We claim that the operator x — h x x is injective on L*(R). Indeed, Let

r € L*(R) such that hx = 0. Then h+z =hi =0. However

2
1+ 4m242

h(v) = /e‘gmte_t'dt =

is never vanishing. Then T = 0 and thus x = 0. This shows the claim.
Let Hy = RHE where E : L*([0,1]) — L*(R) is the extension operator and
R: L*(R) — L*([0, 1)) is the restriction operator. Then the operator Hy is compact

self-adjoint and injective on L?([0,1]). By Proposition 3.13, the eigenfunctions of

Hy satisfy the differential equation
Eyv:y"+(2Xx—1)y=0.
If A= %, the solutions of Ey are given by y(t) = at + b, and

SH)(0) = o) + 5[0~ bje~t — 20

t
. e’].

Therefore, % 1s not a characteristic value for Hy.

If X £ L the solutions of E\ are given by y(t) = ae' +be ", where p* = 1—2.

We have
1 o, —alp+1)e +b(u— 1)e™#
Mo(y)(0) = (1) + 3 (a — 1) — bl + 1))t 4 “HEFVEHHRZ DT g
Thus, X is a characteristic value of Hy if and only if
w—1
b=a——-H, 3.2
au +1 (3.2)
RS 3.3
=TT 33)

The solutions of the equation e* = Z—:, are giwen by the purely imaginary

numbers = ic such that tan($) = L and a > 0.
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The solutions of the equation e* = —Z—:&, are giwen by the purely imaginary
numbers j1 = i such that tan(§) = —a and a > 0.
Now we shall give the spectral decomposition of the operator Hy. First recall

that Hy is compact, self-adjoint and injective. By Theorem B.6, there exists an

orthonormal basis (e,)n>0 of L*([0,1]) and a sequence (n,)n>0 such that
Tx = Znn <x,e,>e, = Z <Tx,e, > e,.

Define the sequence (au,)n>0 as follows:

a2(n+1)) 1

and i1y € ((2n + 3)m, (2n + 5)7),
2 Q2(n41)

tan(

tan(a2;+1) = —opy1 and aoniq € ((2n+ 1), (2n + 3)7),

1
tan(%) r and o € (0, ).

The sequence of eigenvalues of Hy is (H%)nzo, and the spectral decomposition of

Hy 1s given by

n>0
where (en)n>0, defined by
(t) 1—}-04% [iat+< 1)n i 7iat]
en(t) = | =—[e"" —1)"e" et
2(34+a2)

is the orthonormal basis of L?([0,1]) consisting of the eigenfunctions of H,.

Example 3.15. Let h(t) = eIl and p(t) = €10, @ > 0. Let Hy = RHE
where E : L*((—o00,0)) — L*(R) is the extension operator and R : L*(R) —

L*((—00,0)) is the restriction operator. As in Ezample 3.14 we can show that
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the operator Hy is Hilbert-Schmidt, self-adjoint and injective on L*((—o00,0)). The

eigenfunctions of Hy satisfy the differential equation
By — 20y — (@ — 1+ 2Xe*)y = 0.
The solution of E\ are given by:
at H at
T (E
e 5(26 )
where J1 is the Bessel function of order é, see [27], and 1> = 2\. By calculations

similar to Example 3.14, we can deduce that the sequence of eigenvalues is given by

the sequence (1722)”20’ where 5 are the zeros of the Bessel function Ji_;, and the

sequence of eigenfunctions is given by

V2a
(%)

at Hn ot
J1(—e™).
e i( 5 € )

The spectral decomposition of Hy is given by

Example 3.16. Let h(t) = el and p(t) = \/%1(1700). We note that ¢ is zero at
infinity, hence, the operator H = M,C¢M, is compact by Corollary 3.5, but not
necessarily Hilbert-Schmidt. Let Hy = RHE where E : L*((1,00)) — L*(R) is the
extension operator and R : L*(R) — L*((1,00)) is the restriction operator. As be-

fore, we can show that Hy is compact, self-adjoint, and injective. The eigenfunctions

of H satisfy the differential equation

1
B\ t2y +ty — (2 — 2\t + Z)y =0.
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1

To solve E\ we set y(t) = <=e'2(—2t) to obtain the equation

3

Fy:t2' —t2 —\z=0,

which is a degenerate hypergeometric equation, [27].

3.4  Summary

Product-convolution operators are studied in this chapter.

In Theorem 3.4, I proved that if ¢ belongs to the closure of L?(G) N L>(G) in
L>*(G) and if f € L'(G), then the product-convolution operator M,C} is compact
on L?(G). This is a known result, for which I gave a new proof. In section 3.2, I
presented some applications of the results of section 3.1. Proposition 3.10 showed
that a convolution operator Cj, : L2(G) — L?_,(G) is compact, if w is such that
w1 satisfies the condition of Theorem 3.4. I used this new result and the spectral
decomposition theorem for compact operators to solve equations of the forms y =
h % z. These kinds of equations recall equations arising in communications theory
[35]. In Proposition 3.12 and Proposition 3.13, I proved that the eigenfunctions of
some product-convolution operators can be obtained as solutions of some differential
equations. This new result is interesting, since it gives the spectral decomposition
of some compact operators which are not necessarily Hilbert-Schmidt operators.
As an illustration, I ended this chapter by three examples. Incidentally, I obtain
some special functions as eigenfunctions of some product-convolution operators. I
also obtained the zeros of some special functions as eigenvalues of some product-

convolution operators.
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Chapter 4

The tensor product of frames
It is known that the tensor product of two orthonormal bases is an orthonormal

basis. In this chapter, I prove the following new result.

Theorem 4.26. The sequence (fF)icz, is a frame (Riesz basis) for a
Hilbert space Hy, k € {1,2}, if and only if (f} ® sz)(i’j)€I1><I2 is a frame

(Riesz basis) for Hi @ Ha.

This result improves a result by C.Heil, J.Ramanathan, and P.Topiwala [19]. They
prove that the tensor product of a frame with itself is a frame. Section 4.1 and
appendix B contain the essentials of operator theory needed for Chapter 4. In
Section 4.1, I describe H; ® Hs, the tensor product of two Hilbert spaces H; and
‘Hs. In section 4.2, I prove Theorem 4.8 and Theorem 4.12, two new contributions to
the theory of tensor products. In Section 4.3, I define frames and state some of their
properties. I prove Lemma 4.8, this new result is an interesting connection between
the theory of frames and the theory of operators. In section 4.4, I prove Theorem
4.26, the main result of this Chapter. I use this result to extend the Lyubarski
and Seip-Wallsten theorem, characterizing Gabor frames generated by the Gaussian
function, to higher dimensions([17], [24], and [32]). Section 4.5 is a summary of all

results of this chapter.
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4.1 The tensor product of Hilbert spaces

The main reference for this section is [14]. Let H; and Hy be two Hilbert
spaces. If k € {1,2}, we denote by || . || and <, >} the norm and the inner product

of Hy, respectively.

Definition 4.1. Let H, and Ho be two Hilbert spaces. An operator T : H, — Ho

is called Hilbert-Schmidt, if for some orthonormal basis (e;)icr in Hi one has

Z | T(e:) [I5< oo

€T

We denote by Lo2(H1,Hz) the space of all Hilbert-Schmidt operators: Hy — Ha.

Proposition 4.2. Let T € Lo(H1, Ha).
(i) The series Y .7 || T(e;) || is independent of the orthonormal basis (e;)icz

used. Thus, we can define

1
1T 2= O I T(es) 113)>
i€T
(ii) If T* : Hy — Hy is the adjoint operator of T, then T* is Hilbert-Schmidt
and
I T | em) =11 T |z ) -
(iii) The operator T is compact and we have || T |l o, 1) S| T || 5y Ho) s
where || T ||o¢, 1, 15 the operator norm of T'.
(iv) If X and Y are two Hilbert spaces, S : X — H;y a bounded operator, and

R : Hy — Y a bounded operator. Then the operator RTS : X — Y 1is Hilbert-

Schmidt. Furthermore, we have

| RTS [[axy)<Il R llogu) | T |a@n )|l S lloaer) -
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Example 4.3. For f € H, and g € Hy we denote by E, 5 : H1 — Ha the rank one
operator, defined by E, f(x) =< x,f >1 g for each x € Hy. The operator E, s is
Hilbert-Schmidt, and || Eg ¢ ||a@mH)=|l f 1] g |2 Any finite combination of rank

one operators, is called a finite rank operator and is also Hilbert-Schmidt.

Proposition 4.4. (i) For every Fy, Fy € Lo(H1, Hy) the series Y ..o < Fi(e;), Fa(e;) >2
15 absolutely convergent and independent of the particular orthonormal basis used to

define it; we hence define

< Py, Fy >= Z < Fy(e;), Fyle;) > .

i€T
(ii) The map (Fy, Fy) —< Fy, Fy > defines an inner product on Lo(H1, Hz),

and with this inner product Lo(H1, Hs) is a Hilbert space.
(#ii) The map T — T* is an isometric bijective antilinear map: Lo(H1, Ha) —

Ly(Ha, Hy).

Theorem 4.5. The topological tensor product Hy ® Hy can be interpreted as the

Hilbert space Lo(Ha, Hy).

The interpretation of Theorem 4.1 is based on the identification f ® g ~ Fy .

I shall use this theorem as a definition of H; ® Ho.

Remark 4.6. By Proposition 4.4(iii) we have the identification Lo(Hi, Hs) =~

Lo(Ha, Hy), hence Hy @ Hy ~ Hy ® H;y.

68



4.2 The tensor product of bounded operators

If X and Y are two Banach spaces, we denote by L£(X,Y) the space of all
bounded operators: X — Y. The norm of each T' € £(X,Y") shall be denoted by
| T lox,yy- If X =Y we denote £(X) = L(X,Y) and || T |lox)=I| T llowx,y)-
If i1 € L(Hy), Fo € L(Hs) and H € Ly(Ha, H1), then, by Proposition 4.2(iv),
FiIHF; € Ly(Hs, H1). We define the operator F} @ Fy : H; ® Ho — H; ® Ha by the

rule F1 ® Fy(H) = F1HF}. For example, for every f € H; and g € H,, we have

Fi @ Fy)(f®g) = F1Er Fy = Ep(p),m9) = F1(f) ® Fa(g).

Proposition 4.7. (i) If F} € L(H,) and Fy € L(Hs), then the operator Fy ® F; €
L(H1 ® Ha) and || F1 @ F> |logter) =] F1 logw)ll £2 llogw)-

(ii) If F1,Gy € L(H1) and Fy, Gy € L(Hs2),then

(Fl ® FQ)(Gl ® GQ) — FlGl ® FQGQ.

For a proof of Proposition 4.7 we refer to [14].

Let X be a Banach space and (Fx)nso be a sequence in £(X). We say that
(Fn)nso converges in the strong operator topology to F, if Fiy(x) — F(z) for each
x € X. Under the strong operator topology, £(X) is complete. The following

theorem is an new result.

Theorem 4.8. Let (Fy)nso be a bounded sequence in L(Hy) and (Gy)nso be a
bounded sequence in L(Hs). If the sequence (Fy)n=o converges in the strong operator

topology to F' € L(Hy) and the sequence (Gy)nso converges in the strong operator
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topology to G € L(Hs), then the sequence (Fy @ Gn)nso converges in the strong

operator topology to F @ G.

From now on, I shall denote by || H || and < H, K > the norm and inner

product, respectively, for Lo(Ha, H).

Proof. There exist two constants C; and Cs such that:

Adim | Fy(f) = F(f) [1=0 and || Fn(f) [|< G Vf € Has

Tim | Gi(g) — Glg) |s=0 and || G(g) 1< Cs Vg € Mo
For each H € Hy ® Hy = Lo(Ha, H1), we have

| Fv©Gn(H) - F®GH) ||=|| FnHGy — FHG" |
=|| (FyH — FH)Gy + F(HGy — HG") ||
<| FxH - FH || Gy | + | F [l HGy — HG™ ||
<G| FnH-FH ||+ || FII|HGy —HG" |
If (gn)n>o is an orthonormal basis of H;, then
| FxH — FH|PP= || FnH(ga) = FH(ga) |1 - (4.)
n>0
Since the sequence (Fly)nso converges in the strong operator topology to F', then
Aim || Fyy H(gn) — FH(gn) |3=0 for each n > 0. (4.2)
By Proposition 4.2(iv), we have
| FnH — FH ||[<|| Fx = F llogw || H |<2Cy | H || .
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In the other hand, we have

IH =) I Hga) II*-

n>0

Then, by (4.1), we obtain

> ExH(ga) = FH(ga) [3<4CE Y || H(ga) [IP< oo. (4.3)

n>0 n>0

Since (4.2) and (4.3) are satisfied, by Lebesgue’s Dominated Theorem we obtain
A}im | FnH — FH ||=0.
Similarly, we can show that
J&im | HGy — HG" ||=0.
Therefore,
lim | Fn @ Gn(H) — F@ G(H) ||= 0.
We conclude, that the sequence (Fy ® Gy)nso converges in the strong operator
topology to F'® G. n

The following lemma is a new result.

Lemma 4.9. For each k € {1,2} let Fy be a nonzero bounded operator on Hy, fi
be a unit vector such that Fi(fr) # 0, Ux : H1 @ Hy — Hy and Vi, : Hy — Hi @ Ha,
defined for each f € Hy, g € Ha, and H € Hy @ Ha, by Ui (H) = H(Fy(f2)),
Vi(f) = Epp,, Us(H) = H*(Fy(f1)), and Va(g) = Ey, 5. Then:

(1) || Ur llogueramn <Il F2(f2) ll2: | Uz llogterama <Nl Fi(f1) |1, and the
operators Vi and Vi are isometric.
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(i) U\[Fy @ F>]Vi =|| Fa(f2) |15 Fi and Us[Fy @ Fo)Va =|| Fi(f1) |17 F.

(ZZZ) UV, =< Fk(fk)afk > IHM fO’F each k € {1, 2}

Proof. It H € Hy © Hy, then || Ur(H) 1= H(F2(f2)) <]l H | F2(f2) [l2; and

I U2(H) [lo2=I H*(Fy(f2) (<[P H 1 Fu(f) lle=l0<IH I Fu(f) (2. Thus we

obtain (i)

(11) If f S Hl and g c Hg, then

(UL (F1 @ F)Vi(f) = [Ui(F1 @ Fy)[(Er.p,) = Ui(Ery(p).5 )

= By (p),m(5) (F2(f2) =l Fo(f2) I3 Fi(f).

And

[Ua(F1 @ Fo)Val(f) = [Ua(F1 @ Fy)[(Ey, ) = Ua(Ery (1), F2(9))

:H Fl(fl) ||% FQ(f)-

Thus, we obtain (ii).

(iii) If f € Hy, then

U\Vi(f) = Ui(Eyy,) = By g, (Fa(f2)) =< Fa(f2), fa >2 f.

If g € Ho, then

UsVa(g) = U2(Ef1yg) = Eg,fl(Fl(fl)) =< F(fi), fi>19

This completes the proof.

]

Remark 4.10. The operators Uy and Vi are linear while the operators Uy and Vs

are antilinear.
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In the following Lemma I summarize some facts that I shall use later. The

proof of this lemma is straightforward.

Lemma 4.11. (i) If (f,g) € H1 X Ha, then (Ey,)* = E, ;.
(11) Let f,f' € Hi ~ {0} and g,¢9' € Ho ~ {0} . If Et, = E 4, then there
exist two nonzero constants a and b such that f' = af and ¢’ = bg.

(1ii) If (f,q) € H1 X Hy and (F,G) € L(H1) X L(Hs), then

FEfg=Er),y and Ep G = Eyg(g).

() If (f,g) € H1 X Hy and H € H1 ® Ho = Lo(H1, Hs), then

< H,E;, >=< H(g), f >1=< g, H*(f) >2 .

(v) If H € Hy @ Hy and fi, f; € Hy for each k € {1,2}, then

Ey yHEy, pp =< H,Ep yp > Eypy g,

The following theorem is a new contribution to the theory of the tensor prod-

uct.

Theorem 4.12. The operator Fy ® Fy is invertible in L(Hy ® Hz) if and only if the

operator Fy, is invertible in L(Hy,) for each k € {1,2}.

Proof. Suppose that the operator Fy is invertible in £(Hy) for each k € {1,2}. By

Proposition 4.7(ii), we have

(L@ R)(FT @ Fy ') = (FUFT @ ByFy ') = Iy, @ Iy, = Dyan,.
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Similarly we have (F] ' ® Fy ') (F) ® Fy) = I, en,. Therefore, the operator F} @ Fy

is invertible in £(H; ® Hs) and
(LR F) '=F'e .

Conversely, suppose the operator F} ® Fy is invertible in £(H; ® Hz). Then
Fi, # 0 for each k € {1,2}. Let fx be a unit vector such that Fi(fx) # 0. Let Uy,

Vi, Uy, and V5 be the operators defined in Lemma 4.11. Consider the operators:

Ul : Hi @ Hy — Hy given by Uj(H) = H(fs), H € H1 ® Ho;
‘/1/ : ' Hi — Hi1 ® He given by VY(f) Ey py (1) f € Hay;
Ué : H1 ® Hy — Hy given by Ué(H) = H*(fl), H € 'Hy ® Hy;

Vy i Hy — Hi @ Hy given by Vi(f) = Ep(s)g, 9 € Ho.
Let

F = ——Uj[F1 ® BV

| fz I3

Fy = ——Uj|F1 ® BV,

1
AR

First, we observe that the operators F| and Fj are bounded. Now let f € Hj, hence

FIF(f) = 7 UlFL @ B 7'V (Fu(f))

1
H f2 3
———=Ul[F1 @ B3] (Er (p),m(f2))-
1 fz 13

By Lemma 4.11(i), we have ) ® F5(Eys,) = Ep (5),m(f2)- Therefore,

, 1
FlFl(f) H f2 ”2 (EfF2f2) H f H2 ffz(f2) f
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Similarly, we can show that FjFy(g) = ¢ for each g € Hy. Thus,
FIF, = Iy, and FiFy = I, (4.4)
By using Proposition 4.7(ii), we obtain
(F @ Fy)(Fy @ Fy) = (F{Fy @ FyFy) = Iy, @ I, = Iy,

Hence, (F| ® F}) = (F} ® F,)~'. Consequently, we have

(I @ [BE) = (P @ FB)(F, @ Fy) = Iyen,:
Therefore, if (f,g) € Hi1 x Ha ~ {(0,0)}, by using Lemma 4.11(iii), we obtain

Erry(p.mryg) = (FLFT @ FyFy)(Erg) = Efg.
By using Lemma 4.11(ii), there exist two positive constants a and b such that

R(F(f) = of and Fy(Fy(g)) = by

These equations show that the operators F; and Fy are surjective. By (4.4), the

operators F| and F; are injective. This complete the proof of Theorem 4.8. ]

4.3 Frames

All results of this section are stated and proved in [17].

Definition 4.13. A sequence (f;)icr is a frame for a Hilbert space H if there exist
constants A, B > 0, called frame bounds, such that for all f € 'H
ANFIPY 1< £ E>PISBIFIP.
ieT
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The largest possible value for A and the smallest possible value for B are called

optimal frame bounds. If A = B, then we say the frame is tight.

Example 4.14. An orthonormal basis is a tight frame with frame bounds A =
B =1, the union of any two orthonormal bases is a tight frame with frame bounds
A = B =2, and the union of an orthonormal basis with n arbitrary unit vectors is

a frame with frame bounds A =1 and B =1+ n.

Frames generalize orthonormal bases. However, these trivial examples already
show that in general the frame elements are neither orthogonal to each other nor

linearly independent.

Definition 4.15. For any sequence (f;)icz, the coefficient operator or analysis op-
erator C' is given by C(f) = (< f, fi >)iez, the synthesis operator or reconstruction
operator D is defined for a finile sequence (c;)jeqs by > icscifj, and the frame

operator S is defined on H by S(f) =D ez < [, fi > fi.

Proposition 4.16. Suppose that (f;)icr is a frame for H.

(1) C is a bounded operator from H into 1*(Z) with closed range.

(i) The operators C and D are adjoint to each other; that is , D = C*.
Consequently, D extends to a bounded operator from I1*(Z) into H and satisfies

IS ah P BY el
ieT i€T

(iii) The frame operator S = C*C' = DD* maps H into H and is a positive
invertible operator satisfying Aly < S < Bly and B~'I;; < S < A7'I,. In
particular (f;)ier s a tight frame if and only if S = Aly.
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(iv) The optimal frame bounds are By =|| S |om) and Agpy =[] S™* Ha%H)

Definition 4.17. Let {f;,i € Z} be a countable set in a Banach space X. The
series Y .7 fi is said to converge unconditionally to f € X if for every e > 0 there

exists a finite set J C L such that

| f - Zfi |l<e  for all finite sets K D J.

ied
Proposition 4.18. Let {fi,i € Z} be a countable set in a Banach space X. Then
the following are equivalent:
(i) f =7 ez fi converges unconditionally to f € X.
(ii) For every enumeration, i.e., a bijective map m : N — I, the sequence of
partial sums 27]:7:1 fr(n) converges to f € X.

In particular, the limit f is independent of the enumeration .

Proposition 4.19. Let (f;)ier be a frame for H. If

f= Zcifi and (c;)ier € *(Z),

i€T
then the series )., c;f; converges unconditionally to f € 'H.
Proposition 4.20. Suppose that (f;)icz is a frame for H. Then the following are
equivalent:
(i) The analysis operator C maps onto 1*(Z).
(ii) There ezist constant A', B' > 0 such that the inequalities
AN e P Y e IP<BY el
ieJ ieJ ieJ
hold for all finite sequences (¢;)ic.
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(1) (f:)iez is the image of an orthonormal basis under an invertible bounded

operator.

Any frame satisfying one of the conditions of Proposition 4.20 is called a Riesz
basis.

Now let H = L?*(R?), where d is a positive integer. A translation of g € L*(R?)
by a € Ris T,g(x) = g(x — a), a modulation of g by b € R is Myg(z) = e g(x),
where b.x is the dot product of b and x. Translations and modulations define bijective

isometries on € L?(R%). A composition T, M, is called a time-frequency shift of g.

Definition 4.21. Let g € L*(R?) \ {0} and o, 3 > 0. The Gabor system generated
by g, a and ( is

G(g,a,8) ={ TamMpng : m,n € 7.
If a Gabor system is a frame for L*(RY), then it is called a Gabor frame.

Theorem 4.22 (Lyubarskii and Seip-Wallstén Theorem). Let o(z) = 2ie " be the

Gaussian function on R.

G(p,a, ) is a Gabor frame for L*(R) if and only if af < 1.

4.4 The tensor product of frames

To each pair of sequences ((f,,)n>0, (gn)n>0) in a Hilbert space H, we associate

a linear operator F' defined by

F(f)zz<f,fn>gn, for each f € ‘H such that F(f) € H.

n>0

The following lemma is new result.
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Lemma 4.23. Let F' be the operator associated with the pair ((fn)n>0, (€n)n>0) where
(fr)nso0 is a sequence and (e,)n>0 1S an orthonormal basis in H.
(i) The sequence (fn)n>0 15 a frame with frame bounds A and B if and only if

the operator F is bounded and, for each f € H, we have
ANFIPSIFEA 1P<BIFIP (4.5)

(i1) Suppose that (fn)n>o is a frame. The sequence (fy)n>o is a Riesz basis if

and only if the operator F' is bijective.

Proof. Suppose that (f,)n>0 is a frame with frame bounds A and B. Then, for each

f € 'H, we have

ANFIPSY < ffa>P< B FIP. (4.6)

n>0

In particular, the series > _ |< f, fn >[*< oo. Therefore, the operator F'is defined

on ‘H and for each f € ‘H we have

FEC) IP= 1< fofa >

n>0

Thus, (4.5) follows from (4.6).

Conversely, assume that F' is bounded and that (4.5) holds for each f € H.
Since for each f € H: || F(f) [|°= 3,20 |< [, fn >[?, then (4.6) follows from (4.5).
This finishes the proof of (i).

(ii) Since (f,)n>0 is a frame then by (i) the operator F' is bounded and satisfies

(4.5) for each f € H. The adjoint of F' is defined by

F*(f):Z<f,en>fn for each f € H.

n>0
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The operator F* is bounded, since F'is; and we have
F*(e,) = fn for each n > 0.

If F' is bijective then so is F*. Therefore (f,),>0 is a Riesz basis, as it is the image
of the orthonormal basis (e,),~0 by the bounded bijective operator F™*.
Conversely, if (f,)n>0 is a Riesz basis, then there exist an orthonormal basis
(gn)n>0 and a bounded linear bijection G such that G(g,) = f, for each n > 0.
Since (€)n>0 and (gn)n>0 are two orthonormal bases, there exists a unitary operator
U such that U(g,) = e, for each n > 0. Then F*U(g,) = f, for each n > 0.
Therefore, F*U = G as they coincide on the orthonormal basis (g,)n>0. Therefore,

F™ is bijective and hence so is F'. This completes the proof. Il

Remark 4.24. If (f.)n>0 s a frame and (e,)n>0 is an orthonormal basis for H, by
using Proposition 4.19, the series Y, o < [, fn > ey is convergent unconditionally
to F(f) for each f € H.

By using the frame inequalities, we can deduce that the operator F is injective

and has a closed range.

Now let H; and Hs be two Hilbert spaces. If k € {1,2}, we denote by || . ||«
and <, > the norm and the inner product of Hy, respectively. Now I state the main

new result of this chapter.

Theorem 4.25. For each k € {1,2} let (f¥),~0 be a sequence in Hj,.
(1) The sequence (f} @ ij)i’j>0 is a frame for Hy @ Ha if and only if (f¥)nso

is a frame for Hy for each k € {1,2}.
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Moreover, if Ay and By, are the frame bounds of (f¥),=0, k € {1,2}, then A; A,
and By By are the frame bounds of (f} & f7)ij>o-
(ii) The sequence (f} ® sz)i,po is a Riesz basis for Hy ® Ho if and only if

(f®)ns0 is a Riesz basis for Hy for each k € {1,2}.

Proof. (i) Suppose that (f! ® ff)i,po is a frame for H; ® Hy with frame bounds A
and B. Then, for each H € ‘H; ® Hs, we have
ANHIPSY  I<H floff>P<B|HI|?. (4.7)
i,j>0

If (f, g) € He Hy xHy {(0,0)}, then

Ifegl=l7lhilgll- (4.8)

We have

doI<feg e ff>P=>Y <l >lI<g f] >l

i,j>0 i,j>0
=Q_I< £ =PQ 1< 9. 87 >, (4.9)

>0 >0
Since (f,g) # (0,0), hence, by (4.7), the left most member of (4.9) is finite and
nonzero. Therefore each term of the product of the right most member of (4.9) is

finite and nonzero. Fix g € Hy \ {0} and let f € H; ~ {0}. Then, by using (4.7),

(4.8) and (4.9), we obtain

Allgls 5 L2 Bl gl
[ E < f, fi >1I°<
Zj>0 <y, fj2 > 1 i,j>0 Zj>0 < .g:fj2 >5l?

e

Since the last inequalities are obviously satisfied for f = 0, we conclude that (f!),~¢

is a frame for H;. Similarly, we can show that (f2),-0 is a frame for Ha.
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Conversely, suppose that (f¥),~¢ is a frame for H;, with frame bounds A;, and

By, k € {1,2}. Then, for each (f,g) € Hi X Ha, we have

A FIBEY < £ B >P< Bl £ 17 (4.10)
>0

Al g I3 1< g f2>P< B | g3 (4.11)
7>0

For each k € {1,2}, let (eF),~o be an orthonormal basis for Hy; and consider

FE(f)=>_ < f f¥>ek forecach feH,, (4.12)

n>0

the bounded operator associated with ((f*),~0, (€¥)n>0), as defined in the beginning
of this section. For each k € {1,2}, consider the sequence (F)yso, of bounded

linear operators, defined by
N
FY(f) = Z < f,f¥ > ek forcach f € H,. (4.13)
n=0

The sequence (F¥)y~o converges in the strong operator topology to F'* and we have
| E% o<l F* |lom,). Hence, by Theorem 4.8, the sequence (Fy @ Fy)nso
converges in the strong operator topology to F!' @ F?2.

On the other hand, we have F& = Ei\;o Bk g for each k € {1,2}. Therefore,

for each H € 'H; ® Hs, we have

N N
Fy @ F3(H) = FYH(F3) = (3 Ea ) H(Y Epe o)
i=0 Jj=0
N N
= Z E@},filHEszﬁi - Z < H) Efll,sz > Ee},e?'
i,j=0 4,3=0
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The second equality follows by Lemma 4.11(i) and the last equality is a consequence
of Lemma 4.11(v). Thus, we have
N
Fx@F{(H)=> <HFfl®f >e e
i,j=0

Since, the sequence (Fy ® F%)yso converges in the strong operator topology to
F!'® F?, we can write

F'oF*(H)=> <H/fl'®f >ec@e¢ foreach HeHy @Hy (4.14)

i,j>0
Hence, F'' ® F* is the operator associated with the pair ((f] ® f7)i >0, (ef ®€3)ij50)-
By Proposition 4.7, the operator F' @ F? is bounded. And since (e} ® €3); ;>0 is an
orthonormal basis for H; ® Ha, see [14], we obtain
| F'@ F*(H) |= > |<H fl®f} >, foreach HeHi®H,  (4.15)
i,j>0
Now, for each H € H; ® Hy = Lo(H2, H1), we have

| F' @ FA(H) |PP=|| FTH(F?)" |P= ) | FTH(F?) () |It -

7>0

Then, by (4.10), we obtain

ALY H(F () IR FY @ FA(H) IP< By I H(ES) () I3,

7>0 7>0
ie.,

Ay || H(F?)" |3<]| F* @ F(H) [I?< By || H(F?)* |1} .
By Proposition 4.2(ii) and the identification H; ® Hs ~ Hy ® H;, we obtain
Ay || FPH S| F* @ F2(H) [|°< By || F*H* ||,
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ie.,
ALY N FPH () I3 Fr o FA(H) P< By || FPH (ef) |l -
i>0 i>0

Therefore, by (4.11), we obtain

AAr Y | HY(e}) [3<) F @ F2(H) |P< BBy )y || H'(e]) I3,

>0 >0

ie.,

Ay || H |P<|| F' @ F*(H) |I°< BB || H* ||* .

Thus, by Proposition 4.2(ii) and the identification H; ® Hs ~ Hs ® H;, we have
Aty || H |IP<|| F* @ F*(H) ||’< BB || H ||* .

Finally, by using (4.15), we obtain

MM | HIPSY < H fl@ff >P<BiBY | H|.

1,5>0 i>0

This shows that (f! ® f7); ;0 is a frame for H; ® H, with frame bounds A; A, and
B B,.

(ii) For each k € {1,2}, let (f¥),~0 be a frame and (e¥),~o an orthonormal
basis for Hy,. By (i), (f} ® f7)ij>0 is a frame for Hy ® H,. Let F* be the operator
associated with ((f¥),>0, (€X)ns0), for each k € {1,2}. Then F'® F? is the operator
associated with ((f! ® f7)ij>0, (¢j ® €3)ij0), as was shown in (i). By Theorem 4.7,
the operator F'!' ® F? is bijective if and only if F* is for each k € {1,2}. Therefore,

statement (ii) follows by using Lemma 4.23. O

Since all series, involved in the proof of Theorem 4.25, either had positive
terms or converged unconditionally, we can restate Theorem 4.25 in a more general
form as follows.
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Theorem 4.26. Let Z; and I, be two countable sets. For each k € {1,2} let (f)iez,
be a sequence in Hy.

(i) The sequence (f} ® sz)(z',j)eleIQ is a frame for Hy ® Hy if and only if
(fF)iez, is a frame for Hy for each k € {1,2}.

Moreover, if Ay, and By are the frame bounds for (fF)icz,, k € {1,2}, then
Ay Ay and BBy are the frame bounds for (f} ® sz)(i7j)ejlxI2.

(i1) The sequence (f @ f7)ijyerixz, 15 a Riesz basis for Hy ® Ha if and only

if (fF)ier, is a Riesz basis for Hy, for each k € {1,2}.

The following result was conjectured by I. Daubechies and A. Grossmann
[7] and then was proved independently by Y. Lyubarskii [24] and K. Seip and R.

Wallstén [32].

Lyubarskii and Seip-Wallstén Theorem. Let o(z) = 2ie ™" be

the Gaussian function on R.
G(p,a,B) is a frame for L*(R) if and only if of < 1.
The following corollary is a new result extending Lyubarskii and Seip-Wallstén the-
orem to higher dimensions.

Corollary 4.27. Let pq4(x) = 291" be the Gaussian function on R<.
G(pa, a, B) is a Gabor frame for L*(R?) if and only if of < 1.

Proof. Since L?(R%) @ L?(R%) ~ L[?(R%%42) see [14]. And obviously we have
©dy ® Pdy = Pa,+d,- Lherefore, Corollary 4.27 is a consequence of Theorem 4.26 and

the Lyubarskii and Seip-Wallstén theorem. [

85



4.5 Summary

In this chapter I proved the following theorem.

Theorem 4.26. The sequence (fF)icz, is a frame (Riesz basis) for a
Hilbert space Hy, k € {1,2}, if and only if (f} ® ff)(i,j)ezlxb is a frame

(Riesz basis) for Hi @ Ha.

This new result improves a result by C.Heil, J.Ramanathan, and P.Topiwala [19].
They prove that the tensor product of a frame with itself is a frame. Incidentally, I
proved two new contributions to theory of tensor products. The first contribution
is Theorem 4.8 concerning the convergence of the tensor product of two convergent
sequences. The second contribution is Theorem 4.12, where I proved that the tensor
product of two bounded operators is bijective if and only if each part of this tensor
product is a bounded bijective operator. To prove Theorem 4.12 I used Lemma 4.9,
a new synthesis lemma. Lemma 4.23 is a new result giving an interesting connection
between the theory of frames and the theory of operators. In order to prove Theorem
4.26, I used Theorem 4.8, Theorem 4.12, and Lemma 4.23. Using Theorem 4.26, I
was able to extend the Lyubarskii and Seip-Wallstén theorem to higher dimensions.

This new result is stated in Corollary 4.27.
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Appendix A

Harmonic analysis on locally compact abelian groups

The main reference of this appendix is [31]. On every locally compact abelian
group G there exists a nonnegative regular measure, unique up to a positive constant,
the so called Haar measure of GG, which is translation invariant. From now on, we
choose one Haar measure of G that we shall denote by dz. When we say an integrable
function, we mean integrable with respect to the measure dz. If E is a measurable
set, we denote by | E' | the measure of F by dx. Two measurable functions f and
g are said to be equal almost everywhere, if | {t : f(t) # g(t)} |= 0. We denote
f = g a.e. This gives an equivalence relation on the set of measurable functions.
We shall always identify a function with its class modulo a.e. A function f is said

to be essentially bounded, if there exists a constant M > 0 such that
| f(z) |< M ae. (1.1)

The lowest M satisfying (1.1) is called the essential bound of f, denoted by || f ||o=
M. For every p € [1,00), we denote
LP(G) = {measurable functions f :|| f ||,=: (/ | f()|P dt)% < o0};
and L*(G) = {measurable functions f :|| f ||coc< 00}.
For every p € [1,00), we denote by p’ the real number satisfying % + % =1
A.1. For every p € [1,00], the space LP(G) is a Banach space. For every
p € [1,00) the dual of the space LP(G) is the space LP' (G).
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The translation by x € G of a measurable function f is defined by the formula
() = f(t— ).

A.2. (i) For each x € G the translation operator f — ,f is a bijective
isometry on LP(G), 1 < p < cc.

(ii) Let p € [1,00) and f € LP(G). The map x — ,.f is uniformly continuous
from G into LP(Q).

A.3. The convolution. The convolution of two measurable functions f and
g, if it exists a.e, is defined as follows: (f * g)(x) = [ f(z —y)g(y)dy a.e.

(i) Let p € [1,00]. If f € LY(G) and g € LP(G), then f* g € LP(G), and we
have: || £ g 1,<Il £ 1]l 9 I

(ii) If f,g € LY(G), then f g € L*(Q). Under its space operations and the
convolution, L'(G) is a commutative Banach algebra. If G is discrete, L*(G) has a
unit.

(iii) Let p € [1,00). If f € LP(G) and g € LP(G), then f * g € Co(G), the
space of continuous functions vanishing at infinity.

A.4. Characters. A complex function v is called a character of G if
| v(t) |=1 and v(s +t) = v(s)y(t) for allt,s € G.

A.5. The dual group. The set of all continuous characters of G forms an

abelian group é, the so called dual group of G, if addition is defined by

(n+92)(t) = (En(t), t€G and % € G
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A topology and a Haar measure, that we shall denote by dv, can be defined
on G to make it a locally compact abelian group.
A.6. The Fourier transform. The Fourier transform of an f € L'(G) is a

measurable function f on @, defined by

flv) = / F(O @Dt a.e.

It can be shown that fis continuous and vanishes at infinity.

—_— A~

A7, If f,g € LYQ), then (f * g) = fq.

A.8. The map f — [ is an isometry from L*(G) N L%(G) into L*(G). By
continuity this map can be extended to an isomeric bijection L*(G) — Lz(@). We
denote by J?, and we call it the Fourier transform of f, the image of each f € L*(GQ)
by this last isometry.

A.9. Bounded measures. A measure p is said to be bounded on G, if

lul=  sup |/fdu|<<>0-

FE€C(G),lIfllo<1
The set M (G) of all bounded measures on G is a Banach space. It is the topological
dual of Cy(G). The space L'(G) can be seen as a subspace of M(G), if we identify
each f € L*(G) with the bounded measure uy defined for each measurable set E by
pr(E) = [ 1gdpuy, where 1 is the characteristic function of E.
A.10. Let (pn)n=0 be a sequence of bounded measures. We say that (i )n>0

converges weakly or vaguely to a bounded measure i, if

liin/fd(/ven —p) =0 forall e CyG).

Every bounded sequence of bounded measures has a subsequence weakly convergent.
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A.11. If p is a bounded measure, the total variation of p is a bounded measure

| 1| defined for all measurable set E by

| u | (B) =sup Y | u(E:) |,

the supremum is taken over all finite collections of pairwise disjoint Borel sets E;
whose union is E. It can be shown that || pu||= [d| p|.

Let \,u € M(G) and p x A be their product measure on the product group
G? = G x G. Associate with each Borel set E in G the set Ey = {(s,t) : s+t € E}.

Then F, is a Borel set of G?. We define p * A by

(1 * A)(E) = (1 x N)(E2).

A.12. With its space operations and the convolution, M (G) is a commutative
Banach algebra with unit. The unit of M(G) is the § measure.
A.13. Letp e [l,00]. If w € M(G) and f € LP(G), then ux g € LP(G), and

we have || p fL,<|l wllll f -
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Appendix B

Operator theory

In this section we summarize some facts from operator theory. Our main
reference is [14].

In the following, we let H be a Hilbert space and denote its inner product by
<,>. The norm on H is defined by || f |= (< f,f >)2. We denote by £(H) the

space of bounded operators on H; and define, on £(H), the following norm

Ax
| A [|=sup —H| I_ sup || Az [|= sup || Az |,
0 2] jap< el =1

called the norm of bounded operators. With this norm, £(H) is a Banach algebra.

Definition B.1. A linear operator T on H is said to be compact, if T(B) is relatively
compact in H, where B is the unit ball of H. We denote by LC(H) the set of all

compact operators on H.

Proposition B.2. Under the norm of bounded operators, LC(H) is a closed sided

ideal of L(H). Moreover if T € LC(H) then so is T*, the adjoint operator of T

Definition B.3. Let T € L(H).

(i) A complex number X is said to be a spectral value of T, if the operator
(T'— A\I) has no inverse in L(H), where I is the unit operator of H. We denote by
o(T) the set of all spectral values of T'.

(i) A complex number X is said to be an eigenvalue of T, if there exists a
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nonzero vector x such that Tx = Ax. The vector x is then called an eigenvector of

T and X\ is the eigenvalue associated to it.
Proposition B.4. If T' € L(H), then o(T) is a nonempty compact subset of C.

Theorem B.5. Let T be a compact operator. Then
(i) o(T) is a nonempty compact and at most countable subset of C .
(ii) All elements of o(T), with a possible exception of zero, are isolated.

(73) If X is a nonzero spectral value of T', then X is an eigenvalue.

Theorem B.6 (The spectral decomposition theorem for compact and self-adjoint
operator). For any compact and self adjoint-operator T' of H, there exist a sequence
of eigenvalues (A\p)n>1 and a corresponding sequence of eigenvectors (e,)n>1, such
that we have

(i) All terms of the sequence (A,)n>1 are real.

(i) | M| > |Aa] > ... > | An] > e > 0; and if the sequence (\,)n>1 is infinite
then A, — 0.

(i1i) The sequence of eigenvectors (e, )n>1 i an orthonormal system.

(iv) The sequence of eigenvectors (e,)n>1 is an orthonormal basis if and only
if the operator T is injective.

(v) For every x € H we have

T:L‘:Z)\n<x,en>en:Z<Tx,en>en.

Definition B.7. A linear operator T is called Hilbert Schmidt on H, or HS, if for
some orthonormal basis (€,)n,>1 for H one has Y. || T(e,) ||*< co. We denote by
Lo(H) the space of all HS operator on H.
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If (fn)n>1 is another orthonormal basis, it can be shown that

DT IP= 0 1 Ten) IP< 0.

If T'is a HS operator, we define its norm to be | T||zs = (32 || T'(en) ||2)2, which is
independent of the orthonormal basis (e, ) used . £2(H) with this norm is a Banach

algebra. If T)S € L5(H) and (e,) is an orthonormal basis, then the formula

< f.9>us= Y <T(en),S(en) >

is independent of the orthonormal basis (e,) used, and defines an inner product on

Lo(H). Endowed with this inner product, Lo(H) is a Hilbert space.

Proposition B.8. (i) A HS operator is a compact operator on H. Moreover, HS
operators are dense in LC(H) with respect to the topology of bounded operators.
(ii) Lo(H) is a sided ideali.e., a left and right sides ideal, of L(H). Moreover,

we have
ITAllgs, |AT || zs < |AINT||gs, for each T € Ly(H) and for each A € L(H).

Now let H = L*(G), the Hilbert space of square integrable functions on a
locally compact group G. Let k(z,y) be a measurable function on G x G. The
formula f — [ k(z,y)f(y)dy defines a linear mapping K from some subspace D of
L?*(G), where the integral makes sense, called an integral operator. The function

k(x,y) is called the kernel of the integral operator K.
Theorem B.9. Let k be a measurable function on G X G. The integral operator

;o / Kz, 9)f (4)dy
9
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defines a HS operator on the Hilbert space L*(G) if and only if the kernel k €

L*(G x Q).

Definition B.10. Let A be an algebra over the field C of complex numbers. An
involution on A is a map x — x* from A into itself such that:

(i) (x*)* = x, for each x € A.

(it) (x +y)* = 2* +y*, for each x,y € A.

(iii) (A\x)* = Az*, for each v € A.

(v) (xy)* = y*x*, for each z,y € A.

Definition B.11. A C*-algebra is a Banach algebra A together with an involution
r — x*, such that
(i) || z* ||=]|| = ||, for each x € A.

(ii) || xz* ||=|| = ||?, for each x € A.

Definition B.12. Let A be a C*-algebra. An element x € A s said to be positive,

if x = yy* for some y € A.

Proposition B.13. Let A be a C*-algebra and let x be a positive element of A. For

each p > 0 there exists y € A such that x = yP.
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