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Chapter 1
Introduction

1.1 Background and Motivation
A dyadic wavelet is a function ¢ € L?(R?) such that the family
{tmn (z) := oM/ 2y 2™y —n) :m €L, ne Z"}

is an orthonormal basis for L?(R?).
The theory of dyadic multiresolution analysis (MRA), introduced by Mallat

and Meyer, produces 2¢ — 1 wavelets {1, . .. ,W(ga_1y} in L*(R%), in the sense that

{Mmmm”wwgtmm:mV“JEZJLUWpGZﬂ

forms an orthonormal basis for L?(R?). This shows that the complexity of the
Mallat-Meyer construction grows exponentially in d. Hence, a single dyadic wavelet
in multidimensional Euclidean space must be a non-MRA wavelet.

In the search of finding single dyadic wavelets in multidimensional Euclid-
ean space, Dai, Larson, and Speegle [20] defined multidimensional wavelet sets. A

wavelet set is a measurable set K C R? such that
1y =1,

is an orthonormal wavelet. Here, 1}, denotes the inverse Fourier transform of 1, the
characteristic function of the set K (see Section 1.3 for notation and definitions).
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The first example of a one-dimensional non-MRA wavelet set was given by J. L.
Journé (see [37]).
Wavelet sets have a beautiful geometric characterization, as shown in the fol-

lowing theorem [7].

Theorem 1.1. A measurable set K C R? is a wavelet set if and only if
e {K+n:neZ% ties R™.
o {2"K :m € Z} tiles R%.

Dai and Larson obtained wavelet sets by operator-theoretic methods. The
first reaction from the mathematics community was of disbelief and lack of interest.
Wavelet sets were seen as pathological counterexamples in wavelet theory, not only
because they could be extremely complicated and hard to construct, but because of
the lack of multiresolution structure.

Then, several generalized multiresolution theories appeared. First Benedetto
and Li defined and developed the theory of frame multiresolution analysis (FMRA)
[8, 9, 10, 11}, [33, 31, 32]. This was followed by Papadakis’ development of the
generalized frame multiresolution analysis (GFMRA) [37, 38, 39], and the develop-
ment of generalized multiresolution analysis (GMRA) introduced by Baggett et al.
[4, 3, 2]. In the most general settings, GFMRA and GMRA are distinct theories.
However, for the dyadic case the two theories coincide. FMRA is a special case of
both GFMRA and GMRA.

The main success of the generalized multiresolution analysis theories is the fact
that every orthonormal wavelet in any dimension is a GFMRA or GMRA wavelet
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[37]. In particular, any wavelet produced from a wavelet set is a GFMRA wavelet.
Due to this fact, Baggett, Medina, and Merrill developed a technique to construct
all wavelet sets [2]. Their analysis involves using a complementary pair of maps
satisfying some intertwining properties.

All multiresolution analysis theories have a feature in common: the core space
Vp is shift-invariant. Given a subspace V' C L?(R?), we say that V is a shift-invariant
subspace under a subgroup G of R¢ if for all f € V and g € G, f (z —g) € V. The
theory of shift-invariant subspaces was developed by C. de Boor, R. DeVore, A.
Ron, and Z. Shen in [12, 13, 40] to tackle problems in approximation theory. There
is a close connection between the theory of frames and the theory of shift-invariant
subspaces. If the group G is discrete, then a subspace V is shift-invariant if and
only if V' has a frame consisting of translates of at most countably many functions
of V.

The main object in GMRA theory is an integer-valued function, obtained
from the Spectral Theorem, called the multiplicity function. Because Vj is shift-
invariant under Z?, operation of translating functions in V; by elements of Z is
a unitary representation of Z? and hence we can invoke Stone’s theorem to get
a spectral decomposition of this representation. The unique spectral measure in
this decomposition uniquely determines the multiplicity function. In this setting,
this multiplicity function plays the role of the scaling function. It was proved by
Eric Weber [43] that the Auscher’s dimension function [1] is in fact equal to the

multiplicity function. The dimension function is defined as follows:



Definition 1.2. Given an orthonormal wavelet ¢ in L?(R?), the dimension function
associated to 1 is given by
e ~, 2
Dy()=>_> )@D(QJ (7+k)))

J=1 kezd

Observe that D, is 1-periodic in each variable. The above definition can be
extended to multiwavelets. It is well known that a multiwavelet is an MRA multi-
wavelet if and only if its associated dimension function equals 1 almost everywhere
in T¢. This dimension function was used by Papadakis to prove in [37] that every
orthonormal wavelet in any dimension is a GFMRA, or GMRA, wavelet. The key
observation he made was that the dimension function counts the number of scaling
functions for a GFMRA associated to the wavelet. His method consisted of applying
pointwise Gram-Schmidt to certain vectors, and by doing so one obtains the scal-
ing functions. In [16], M. Bownik, Z. Rzeszotnik, and D. Speegle characterized the
dimension functions of orthonormal wavelets, and in particular, they proved that
the dimension function of a single orthonormal wavelet assumes all values between
zero and its essential supremum. This fact was unknown during the time Manos
Papadakis published [37].

In this thesis we study two related problems: the extension of the theory
of FMRA to higher dimensions and the construction of the scaling functions for
orthonormal wavelets in the space L?(R?), for d > 1. The first construction of such
scaling functions was given by Manos Papadakis in [37]. Following Papadakis’ ideas
we present a new proof of the main theorem in [37]. This new proof reveals two

important things: the scaling functions given by Papadakis are optimal, that is,



the number of scaling functions is minimum, something that was not clear in [37],
and connections between the theory of shift-invariant subspaces and the theory of
GMRA (see [14], [4, 3, 2]) are established. This opens the path to construct an
optimal GMRA for a given wavelet set, and in particular this can be done for the
Benedetto-Leon-Sumetkijakan wavelet sets [6, 7]. Hence, we consider the reverse
problem of the Mallat-Meyer theory: given an orthonormal wavelet, construct a
GMRA for such a wavelet.

There are different techniques to construct wavelet frames (e.g., GMRA, Ex-
tension Principles, etc. [3, 4, 22, 34, 30, 41, 37, 38, 40]). In the first part of this
thesis, we shall use the FMRA technique, which, although elementary and limited,
allows us to accomplish our goal of constructing a multidimensional Mallat-Meyer
algorithm for MRA frames by tensor products [5, 35, 21]. This theory depends on
the measure theoretic properties of particular sets associated with natural periodiza-
tions. This measure theoretic point of view first appeared independently in [11] and
[32].

These two problems (i.e., the construction of scaling functions and the exten-
sion of FMRA theory to RY) are related because the theory of FMRA, as the name
suggests, is a special case of the theory of GFMRA. FMRAs are useful in signal
processing because the perfect reconstruction filter banks associated to them can be
narrow-band. Therefore, FMRA filter banks can achieve quantization noise reduc-
tion simultaneously with reconstruction of a given narrow-band signal. However,
this theory itself is not sufficient to study all orthonormal wavelets as we shall see

in the final chapter.



1.2 Results

In the first part of this thesis, in chapter 2, we generalize the main results of the
theory of FMRA given in [10, 11], and provide an algorithm by means of tensor
products to construct wavelet frames for L2(R?). The main results are Theorems
2.2, 2.3, 2.5, 2.6, 2.7 and the construction given in section 2.5 in chapter 2. Section
2.5 gives a formula by means of tensors similar to the Mallat-Meyer expression for the
generators of Wy, provided that a certain subset of the d-dimensional torus has zero
measure, i.e., the applicability of such an algorithm depends on the measure theoretic
properties of a subset of the spectrum of the FMRA. Theorem 2.2 characterizes the
generators of Wy in terms of certain equations which we formulate. Theorem 2.3
gives a necessary and sufficient condition for a function v to belong to Wy in terms
of filters (see section 1.4 for the definition of a filter). Theorem 2.5 is the dual
version of Theorem 2.2, i.e., the equations in Theorem 2.5 are obtained by taking
the Fourier transform of the ones given in Theorem 2.2. The equations in Theorem
2.3 and 2.5 are a system of linear equations that needs to be solved pointwise in
order to obtain frame generators for W.

In the second part of this thesis, in chapter 3, we analyze the generalized
multiresolution schemes of Papadakis and Baggett, and construct, for any given
orthonormal wavelet, a GFMRA. This is Theorem 3.14. This construction is par-
ticularly easy to implement when the wavelet has a compactly supported Fourier
transform. In Theorem 3.17, we unify the generalized multiresolution theories of

Papadakis and Baggett by providing an explicit formula of an important unitary



map given in [3, 19]. In general, this map cannot be formulated explicitly. As a
consequence, the scaling functions obtained by our methods are equivalent to the
ones given in [3, 19]. Another consequence of our approach is an alternative proof of
a classical theorem given in [14] involving a special type of decomposition of shift-
invariant subspaces. This is Theorem 3.19, and, in fact, it can be obtained as a

corollary from the existence of the unitary map mentioned above.

1.3 Notation and Definitions

Definition 1.3. The Fourier transform J?: R Cof fe LY(RY) is defined by
VyeRY f(v)= | f(x)e ™ da.
Rd

This function f is uniformly continuous and vanishes at infinity. R? is R¢
considered as the spectral domain of the Fourier transform, and x - v denotes the
standard inner product on R? x R%. The map f — f restricted to L!(R¢) N L2(RY)
extends to a unitary map on L*(RY). The inverse Fourier transform is formally
defined by

M@= reema.
Rd
The term "inverse” is justified by the following fact: if f € L'(R%) and f € L'(R9),
then
vreR’ f(@) = | f () emi=dy.
Now we state the definition of a frame for a separable Hilbert space H:

Definition 1.4. Given a separable Hilbert space H (i.e., it has a countable ortho-
normal basis). A frame for H is a sequence {f;};c1 € H of vectors, where I is a
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countable index set, for which there are constants 0 < A < B < oo such that
VfeH, AlfIP <> I )1 < BISIP
icl
If A = B, we say that the frame is tight, and if A = B = 1, we call it a Parseval

frame.

Frames can be seen as overcomplete bases. More precisely, every element

f € H can be represented as

fzzaifia (1.1)

i€l

where (a;);e; € P(I) = {(ci);er : Doien o] < 0o}, and the convergence of (1.1) is
independent of the order of summation. The main difference between a frame and
a basis of any kind is that the coefficients in (1.1) are not unique, and in the case of
a basis they are unique. There are many definitions for bases, but we are interested

in Riesz bases because of the stability they provide:

Definition 1.5. A Riesz basis (or exact frame) is a sequence { f; }ie1 € H of vectors

for which there are constants A, B > 0 such that

2
AY Jal < || <BY el

for all sequences {¢;} with finite number of nonzero entries.

If the constants in the definition of a Riesz basis are A = B = 1, it can be

shown that the Riesz basis is in fact an orthonormal basis, i.e.,



where 9, ; is the Kronecker delta. There is the following characterization of Riesz
bases in terms of continuous bijective operators defined on a Hilbert space and

orthonormal bases:

Theorem 1.6. A sequence of vectors {fi}iet € H is a Riesz basis if and only if
there is a bounded bijective operator T : H — H and an orthonormal basis {e;};cr
such that

For a given y € R?, 7, is the translation operator defined formally by 7, f (z) =
f (z —v), for a function f defined on R?. The dilation operator D is defined formally
by Df (z) = 2%2f (2z). It turns out that these operators are isometries on L?(R%),
by the invariance of the Lebesgue measure and the change of variable formula,
respectively.

We define the map & in the following way: for f € L?(R?),

X (5 ={Ft+n}

kezd

Then X (f) (7) € 12(Z%) for almost every v in RY. The periodization of |3|?, for
© € L*(RY), is defined as @ (v) = || X (¢) (7) ||122(Zd)' It is clear that if p € L?(R?), then
PeLN(T?); and [|®| 1 (qay = ng||iz(Rd) by the Parseval-Plancherel theorem. A’(Z%)
is defined to be the set of all Fourier coefficients of bounded periodic functions, and

the space L is defined as

L‘,"o:{f:]Rd—>(C:HB>O,Z|f(:v—n)|§Ba.e.}.

nezd
For ¢ € L*(R?), let V = span{r,p : n€Z} be the closed linear span of the

sequence {7,¢}, 74 . Then it is elementary to prove that {7,¢} is an exact frame
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(or a Riesz basis) for its closed linear span if and only if there exist constants A, B,

with 0 < A < B < oo for which
A< P < Baee.

A similar result is true for frames of translates [8, 11, 17, 18, 40]. In order to
state this result we use the“pullback” notation [f > 0] to designate the set of points
x in the domain of f for which f is positive. Then {7,p},cza is a frame for its closed

linear span if and only if there exist constants A, B, with 0 < A < B < oo for which
A< d < Bae. on [®>0].

This result can be generalized in the case of several ;s in terms of the Gramian

matrix

Gx (7) = (Z er(v—n)%; (v — n)) = (X (o) (), X (05) (MDD jen »

nczd

where X = {gpz}f\il Let m () ,m™ (), and M () be the smallest, smallest positive,
and largest eigenvalues of G x (7), respectively. Then {Tngpi neZi1<i<N } is
a frame for its closed linear span if and only if there exist constants A, B, with

0 < A< B < o0, for which
A<mt(y) < M(y) < Bae.

holds in a particular set called the spectrum of span,cz {mp:p € X} [12, 13,
14, 15]. The spectrum is defined in the next section. In the case the translations
of elements of X form a Riesz basis, m™ (v) can be replaced by m (v), and the
inequalities hold a.e.

10



1.4 Shift Invariant Subspaces

We shall use the shift-invariant approach in section 2.3 to prove Theorem 2.7. Here
are the main concepts and definitions needed for Theorem 2.7. For more details

about the shift-invariant subspace theory see [12, 13, 14, 15, 29].
If W C L2(R%) and v € R?, we set

X W) () ={(X () () : feW},

and hence X (W) (v) C [2(Z¢) for almost all v. If W C L*(R?) is a linear subspace
of L?(R%), then, by the linearity of X, X (W) (v) is a linear subspace of (*(Z%).

Spx~ (W) is defined to be
Spxy (W) =span{(X (f)) (v) : f € W}.
For W C L2 (R?) , we define S (W) as
S (W) =spanycga{nf: f € W},

the shift-invariant space generated by W. If W is a finite set, we say that S = S (W)
is a finitely generated shift-invariant space (FSI). The length of a shift-invariant
subspace S is defined to be len S = mincard{W : S =S (W)}. For S, a shift-

invariant subspace of L? (Rd) , the spectrum of S, o (S), is defined by
o (S) = {yeT?:dimSpx, (W) >0},

where dim indicates dimension. In the case of an FMRA (defined in the next
chapter), o (Vo) = [® > 0] = {y € T*: & (v) > 0}.

11



Let H be a Hilbert space and let F' be a linear subspace of H. Then F*, the

orthogonal complement of F in H, is defined as
Ft={xeH:VfePF, (z,f)=0}.

The continuity of the inner product implies that F'* is a closed linear subspace

of H. We now state some results which we shall need in section 2.3 in chapter 2.

Theorem 1.7. Let S be a finitely generated shift-invariant space and let T be a
shift-invariant subspace of S. Then T is also shift-invariant and, for almost every
yeRY,

X (S) (M =XT) (DX (1) ().

Theorem 1.8. Given any FSI S, there is a finite subset W C L*(R%), for which

the multi-integer translates of W are a frame for S.
Theorem 1.9. For a shift-invariant subspace S C L*(R?), we have
len S = ess-sup {dim X' (S) (v),v € T?}.
The map Dg (v) = dim X (S) (7y) is the dimension function of the subspace S.

These theorems, together with their proofs, can be found in [12], [40], and [13],

respectively.

1.5 The Haar Multiresolution

The first example of a wavelet was given by Alfred Haar in 1910. This type of
decomposition is what we call a time-scale decomposition. Time-scale analysis is
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better suited for spaces where the Fourier transform or Fourier series are not well
behaved. The Haar system is elegant, beautiful, and simple. It is also an excellent
example of a multiresolution analysis which we define below

The Haar wavelet is
1 iftelo,3)
b)) =9 -1 ifte[L1] (1.2)

0 otherwise.

and set

Wi (t) =229 (27t — k), j,k € Z. (1.3)
An interval of the form [k277, (k +1)277], j,k € Z, is called a dyadic interval.
Notice that [k277, (k 4+ 1) 277] is the support of ¢, ;. The j-th level consists of those

intervals whose length is 277; and for a fixed j, distinct dyadic intervals are disjoint

or intersect at most in one point. More precisely,

Proposition 1.10. Given [k277,(k+1)277] and [n27', (n+1)27"] , n,l,j, k € Z.
Then the intersection [k279, (k +1)279] N [n27!, (n + 1) 27'] is either:

(i) a singleton,

(i1) [nQ‘l, (n+1) Q_q, if the intervals are equal, or

(7ii) one is contained either in the right half or in the left half of the other.

As a consequence of the previous proposition, we can conclude that the Haar

system is an orthonormal system for L?(R):

Theorem 1.11. {4}, ., is an orthonormal set in L*(R).

13



Proof. Assuming that j < [ we obtain, by setting p = [ — j,m = n — 2Pk, and

x =2t — k, that

(Vi Y1) = /R Vjk () i (t) dt = /R ¥ (@) Ypm () di. (1.4)

Note that for every j, k € 7Z,

/%‘,k (t)dt =0 and / s (D dt = 1.
R R

by the definition of . Hence, in any of the three cases in the above proposition,
equation (1.4) is zero or one (in the case that m = 0 and p = 1). This proves the

orthonormality of the system {4;x}; ;- O

The next step is to prove that this set is in fact an orthonormal basis for
L3(R). In order to do this we consider the following two families of closed subspaces
of L*(R):

Vi =35pan{y;r:j<n;k e€Z} (1.5)

and

n

V) := functions in L* (R) constant in [k27", (k+1)27"] forall k€ Z.  (1.6)

The next properties are shared by both families (1.5) and (1.6):

W CV, C Vi C (1.7)
f{)eVh= [(2) € Via (1.8)
f)eVo= ft+k)eW. (1.9)

Moreover,

14



Lemma 1.12. For everyn € Z, V,, =V,.

Proof. In light of (1.8), which is valid for both families, it suffices to show that
Vo = Vy. Every ; for j < 0 is constant in intervals of the form [m,m + 1] for
m € Z, so it is clear that V{, C Vj. To show the other inclusion, observe that every

f € Vy can be written as
_ : T2
f= g e (m) Ly my1) with convergence in L* (R) . (1.10)

Hence, by (1.9), it is suffices to show 191} € Vi. The key observation here is to look

at the following series:

Zj<0 234h0 (1) = ZKO 29y (27t) .

Since [|27¢ (27t)|| 2m) = 2’ and j < 0, this is an absolutely convergent series in

L% (R) . Now, considering (1.2), we obtain

3o —0ift <
Zj<02 Pio(t) =0if t <0,

and

J 4 _ Jo_ 1
Zj<022¢],0 (t) Zj<02 1if0<t<1.

Moreover, for t € (27, 2P*1) for p =0, 1,2, ... we have

T — _9—p-1 > -Jj _
Zm 2340 (t) = =271 4 ijm 277 = 0.
Hence,
7 . 2
Zj<0 22¢j,0 = ]1[071] a.e. in L (R)
so that 11 € Vp as desired. O

15



Using the density in L? (R) of the set [ J>~__ Vi, as well as the previous theorem

and lemma, we obtain:
Theorem 1.13 (Haar). The system {¢;}, . 15 an orthonormal basis for L* (R).

This means that every f € L? (R) has a unique decomposition of the form

F=Y0 (f i) Vi

JET kez

Since every 1; belongs to L? (R) for p > 1, every f € LP (R) can be represented
as above with convergence in L” (R) [36], but the study of the convergence of this
series for every f € LP (R) is beyond the scope of this thesis.
Note that the following is satisfied for the above family {V;} of closed subspaces

of L* (R):

1. VjeZ,V; C Vi,

2. UZ Vi = L*(R),

3. Mz Vi = {0},

4. f(t)eV, <= f(277t) eV}

5. VEE€Z, f(t)e Vo< f(t+k) eV

6. The integer translates of ¢ = 1o ) form an orthonormal basis for Vj.

A family {V;} with a function ¢ (not necessarily ¢ = 1)) satisfying (1)-(6) is
called a multiresolution analysis (MRA). ¢ is a scaling function. Mallat and Meyer
[35, 36] developed an algorithm to construct a wavelet for a given MRA, and this is

16



the tool used by Daubechies [21] to construct arbitrary smooth compactly supported
wavelets. We outline the Mallat-Meyer algorithm:
First, note that ¢ (t) € Vi, hence, ¢ (%) € Vy. Therefore, the following equation

holds:

o (g) — S a(m) et —n), (1.11)

p(t)=> an)p(2t—n). (1.12)

nez
Equivalently,
() =Ho(3)2(3) (1.13)
or
¢(2y)=Ho(1) @ (), (1.14)
where

Hy(y) = Z a(n)e 27,

nez

Since ||¢ (%) HLQ(R) = /2, we obtain that Y., |a (n)|> = 2, because the translates

¢ (t — n) form an orthonormal basis for V4, and so
HHOHL2(’IF) =2

The equivalent equations (1.11) - (1.14) are called scaling equations. The

function Hy is called a filter. This function H, satisfies

|Hy (7)]> + [Ho(y + 1/2)|° = 1, for almost every v € R. (1.15)

17



Observe that, in the case that @ is continuous at zero, | (0)] = 1. Now, iterating

equation (1.13) N times we obtain
20 =T1NHe (55) 2 (35)
and hence,
20 =T Ho () (1.16)
It is clear that only very special sequences {a (n)}, ., defining H, could give rise
to scaling function by means of (1.16). Hence, certain filters produce MRAs. These
filters are called MRA filters. Such filters were used by Daubechies to construct
compactly supported wavelets with arbitrary degree of smoothness, as mentioned

above.

A function f belongs to Vj if and only if
=Koy
for some unique periodic L? (T) function K. The coefficients of the Fourier expan-

sion of K are also the coefficients of the frame expansion of f. The same f belongs

to V4 if and only if f (z) = g (2z), for some g € V. This is equivalent to

N TN ~ (7
=M1 (5)2(3):
F) =M (5) @5
for some L? (T) function M. If we define Wy to be the orthogonal complement of
Vo in Vi, then Wo@PV, = Vi. In the case f = ¢, My = Hy. The next proposition

characterizes the space Wj :

Proposition 1.14. A function f belongs to Wy if and only if

For = (3+5)2(3). (1.17)
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for some L (T) function v () and for Hy defined by (1.13). Moreover,

||fHL2(IR) = ||U||L2(’]I‘)'

Proof. f belongs to Wy if and only if f belongs to V1 and f (z) L ¢ (x — k) for every

kin Z, i.e.,
0= (fme) = (Frexd) = fyer () Soeaf G+ R BC+ R, (118)
Here,
ek (’Y) — 627rik:7‘
Note that

Seeche | FOr+ 0| [FOFR)| dr = i [F 6+ 0| [FO TR dy < 1715 Il

and, hence, Zkezf(v + k) @ (v + k) represents an integrable function on the torus.

The right side of the last equality of (1.18) is the k-th Fourier coefficient of

S Fr+kG(+k)

kEZ

Thus, by the uniqueness of Fourier series,

Zkezfﬁ +k)p(y+k)=0ae.

Now f(v) =M;(2)2(2) and @ (7) = Ho (2) $(2) a.e., and, hence,

v kN (v k vy kN (v k
ZkeZMf<§+§)§0<§+§)H0(§+§)90<§+§ =0 a.e.
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Making the substitution £ = 7, this sum splits as follows:

-
()

=S hen My (E+E) |G (E+K)[° Ho (€ + k)
2
mo(crred)

+ > ker My (§+k+%) $(§+k+%)

Using the periodicity of M; and Hj this implies that

k
0= ZkeZMf (5 + 5)

My (€) Ho (€)X gez |2 (€ + K)I° (1.19)

o
e Do el

M (&) Ty @ + M (s+§) Ho (s+§).

Each of these steps are reversible, and, hence, f belongs to W, if and only if f
belongs to V; and (1.19) holds. On the other hand, (1.19) is the orthogonality

(pointwise) of the vectors (M (£), My (§+ 1)) and (Ho (€),Ho (€ +3)), so that

(Mf (&), My (5 + %)) =c(¢) (Ho (5 + %) : —T(g)) (1.20)

for some 1-periodic complex valued function c¢. Using the periodicity of the functions

n (1.20) we obtain

(e ) (e ) (e D)

so that My (€) = ¢ (&) Ho (€ + %) and ¢ (€) = —c (£ + 3) . Summarizing, f € Wy if

and only if



where ¢ is a l-periodic function satisfying ¢ (y) = —c (v + 3). This condition is
equivalent to b (y) = e”**¢ () being one half periodic. Setting vy () =b (%), vy

is 1-periodic and

Foy=eurn o (3 +5)2 (3)

as claimed. || f[| 2y = |0l 2(r) can be easily proved using (1.15). O

The system {9 (z — k)},o;, C Wo is an orthonormal system if and only if

NI

2
= 1 a.e. More precisely,

Lemma 1.15. The system {¢ (x — k)},cq C Wo is an orthonormal basis for Wy if
and only if |vy (7)] = 1 a.e., where vy a 1-periodic function given by (1.17) and

satisfies (1.17).

Proof.
=T [P -0
= [y (7)I° ’M¢ (%—F;)‘ S ez @(%+k>‘2+’Mw (%)FZM @(%—F%—i—/{

o ()

= Jos () _’Mw (3+3) \ i (2)

Hence, {¢ (v — k)}, ., C Wp is an orthonormal system if and only if [v (7)| =1 a.e.

To prove that {1 (x — k)},., is complete in Wy, let f € Wy. Then

Fon =ty ) (34307 (3)

so that

Foy=eur o (3 +5)2(3) = v 0er ) [¢ o H (3+3)0 (g)]
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Here, K (7) = v;l (y) vy (7). This Ky is an L? (T) function since vy () is unimod-
ular a.e. Taking the inverse Fourier transform we see that every function in Wj is a

series of the form

(@) = Ypezhs (k) (z — k) in L*(R),
where {kf (n)}, , is in {* (Z) . This completes the proof. O

Now,

Vi@W; = Vi,
D’ (u@Wo) = DY (V) @D’ (Wo) = V; DY (Wo).

and hence,

D7 (W)

Il
S

Moreover, since

Vi€ ZV; CVip, U Vi =L*(R)

j=—oc0

and
N . vi=1{0).
we get that
Spﬁ{%}k}jez,k@ =V
and

L? (R) = @jeZWj'
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Chapter 2
Frame Multiresolution Analysis (FMRA)

2.1 Overview

Frames were introduced in the 1950s to deal with problems in nonharmonic Fourier
series [25]. They are an appropiate tool to deal with problems where redundancy,
robustness, oversampling, and /or nonuniform sampling play a role.

A feature that makes FMRAs potentially useful in signal processing is the fact
that the perfect reconstruction filter banks associated to them can be narrow band,
whence FMRA filter banks can achieve quantization noise reduction simultaneously
with reconstruction of a given narrow-band signal [8, 9, 10, 11].

In sections 2.2 and 2.3 we generalize the main results of the theory of FMRA
proved in [10, 11] to R%. Our main results are Theorems 2.2, 2.3, 2.5, 2.6 in sec-
tion 2.2 and Theorems 2.7 in section 2.3. Sections 2.4 and 2.5 are devoted to the
construction of wavelet frames for L? (Rd) in the spirit of Mallat-Meyer algorithm.

Theorems 2.2, 2.3, 2.5, and 2.6 provide the equations necessary to state quan-
titative sufficient conditions in order that an FMRA should give rise to a wavelet
frame for L2 (Rd). In fact, Theorem 2.6, which summarizes Theorems 2.2, 2.3, and
2.5 gives sufficient conditions for translates of a given finite set of functions to be a
wavelet frame for a basic subspace Wy of L? (Rd).

Theorem 2.7 was proved independently by Benedetto and Treiber [11], and
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Kim et al. [31, 32]. It states that a neccesary and sufficient condition to obtain
wavelets by a generalized Mallat-Meyer algorithm is that a set related to the spec-

trum of the core subspace Vj of the FMRA should have measure zero.

2.2 Frame Multiresolution Analysis

Definition 2.1. A frame multiresolution analysis (FMRA) (V}, ¢) ez of L*(RY) is
an increasing sequence of closed linear subspaces V; C L*(R?) and an element ¢ € V}

for which the following hold:

1. U;V; = L2(R%) and NV; = {0},
2. f€V;<= Df € Vi1, where Df(z) = 2%2f(2x),
3. VkeZ f € Vy <= 1nf €V,

4. {mp : k € Z%} is a frame for V.

The following results are well known for the case d = 1, see [10, 11]. The

equations in these results are the key for the construction of FMRA frames.

Theorem 2.2. Let (V;,¢) be an FMRA of L*(R?), let w = {41, ...,00m} C Wy, the

orthogonal complement of Vi in Vi, and set 1Yy = .

1. 1If Upegampw = {10y 1 1 < p < mj; k € Z} defines Wy, i.e., span (UyezaThw) =

Wy, then there are qo, ..., Gm € 1 (Zd) such that

VneZ?, ¢ (2x —n) = Z Z g (2k —n) b, (x — k) in L*(R?). (2.1)

p=0 kczd
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2. If there are go, ..., gm € A’ (Z%) such that (2.1) is valid, and if | X () (7)"122(%1)
15 essentially bounded for each 1 < p < m, i.e., each @2 € L, then UpczaTrw

1s a frame for Wy.

Proof. Any f € V; can be written uniquely as fo + ko, with fo € Vi and kg € W.
For each m € Z¢ and for each u€{0,1}¢, ¢ (2 — 2m — u) is an element of V;. Since
UpezaTew = {760, 1 1 < p < m; k € Z9} generates Wy, and since UgezaTry is a
frame for V{, there exists a set {gi,u c 2 (Zd) 10 <i < m;ue{0, 1}d} such that for

each m > 0 and each u€{0,1}?, we have

v (2 —2m — u) :Zngu (k—m), (x — k).
p=0 kezd
Now, define {g,}°; by means of the formula

9p 2k +u) = g, (k), 0<p<m, ue{0,1}?, k € Z"

If n=2l+u, n,l € Z% uec{0,1}4, then

2z —n)=¢p 2z —2l—-u)= ZZQP“ 1)y (z — k)

1=0 kezd
Zzgp (2k =20 —u) Yy (z — k)
p=0 kezd
izgp 2k —n) ¢, (x — k) in L2(RY).
p=0 kezd

Thus, the proof of (1) is complete. Next, assume that the hypotheses of part (2)

hold. For each f € Wy C VA, there is {c(n)}, cza € [* (Z7) such that

flx)= " c)p (2w —n)

nczd

Z Zc(2k+u)gp(2x—2k3—u).

ue{0,1}4 kezd
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The previous equation is equivalent to

22 d Z (2k +u) P (1) e ke i

kezd ue{0,1}4

= Z 274 Z ¢ (2k + u) e 2TV TG () (2.2)

ue{0,1}4 kezd

= Y eI (2) Culy) in LARY,

ue{0,1}4

where Cy, (7) = 27437, cza ¢ (2k + u) e >™*7 € L?(T%), and where the convergence in
LZ(I@d) is in terms of the partial sums of the C), by the Parseval-Plancherel theorem.
If we take the Fourier transform of (2.1), we obtain for n = 2I 4+ u, u€{0,1}¢, and
[ € 7%, that

0 Q2r—2l—u) = Zng kE—1)—u)y, (x—k)

p=0 kczd

if and only if

9~ dA(%) —2mil-y —WZU'Y—Z [Z gp _l _U)6_2Mk’y] 1/}17( )

p=0 Lkczd

Hence,

where Gy (7) = 27>, cp0 9p (2k — u) e” 27 € L2(T?), for all p,u, and the con-

vergence in LQ(]l/éd) is in terms of the partial sums of the G, ,s. Substituting into

26



equation (2.2), we have

ue{0,1}4
= > (ZGM <v>%<w>> C. (7)
ue{0,1}4 \j=0

where E, (v) = Zue{071}d Gpu (7) Cy (7) . Using the hypothesis that g, € A’ (Z%) ,0 <

p < m, we see that E, € L*(T?). Now, for N € N, we define

v =31 By e, () = Y BN (1)1, (),

where E) (v) = 37, <n By (n) €777 (the N-th symmetric partial sum of E, (7)),

n=(ny,...,ng) € Z% and |n| = 30, |n;|. Clearly, Fv € L2(R%) and
]\}1_{20 | fv — fHLQ(]IA{‘i) =0,

—2
since each 1, € L and since

Ms

||¢p (Ep - Ezj:v) ||L2(@d)

zz:(/ Taltol* | By - E’W)l
\/_( z]aV)HL?(Td)
V@]

||fN - f||L2(]§d) <

=
Il
o

I
%MS \\Mg ||M§

el (B = EY) |12z,



where ¢, = P <|@/Z);|2> , 0 < p < m. Hence, the Parseval-Plancherel theorem implies

that

F=Y_>" E(n)r, in L*(RY).

p=0 neczd

Because f € Wo, >, cza By (n) Totho = Y, cpa B (n) 7o = 0. Hence,

F=Y_" E}(n)7ty, in L*(RY),

p=1 nezd

where {EY (n)} € 1?(z%), for p € {1,...,m}. So far we have proved that

nezd

UgezaTrw generates Wy. This mean that the linear operator Ty, : 12 (Zd) — W,

T35 ({en}) = Doy Dok crTrtlyp, is a surjection onto Wy. Its adjoint, Tyy,, is bounded
—~2

since ¢, € £, 1 < p < m. This implies that Ty, is also bounded. The open

mapping theorem guarantees that 7Ty, is also bounded below on N (T;‘VO)l, since

the restriction of this map to N (T ﬁfo)L is an invertible operator. It follows that

UrezaTrw is a frame for W, (see Proposition 3.4 in [11]). O

Theorem 2.3. Let Hy € L™ (Td), and let (V;,¢) be an FMRA, where Hy and ¢

satisfy

sor— 1 (V5 (D) we in 2B
90(7)—H0<2>90<2> a.e. in L*(RY). (2.3)
Define Wy as the orthogonal complement of Vi in Vi. Further, for {hy [n]} € I (Z%),

let hy = H, € L? (Td) , and let v € Vi be defined as

D(v) = H, (%)@(%) a.e. in LA(RY). (2.4)

Then b € Wy if and only if

Z Tu (HiHo®) =0 a.e. in L*(T?). (2.5)

ue{0,1}¢
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Proof. Set ey (7) = e~ 2™*7 Then ¢ € V5~ (in V})

<~ Vk e Zd7 <77/D\7 6k§5> - <¢7 Tk§0> =0
= ke 2, (Hi (5) 8 (5) extlo (3) #(5)) =0
= Vk € 7% (H,P, e, Hy?) = 0

g Vk € Zd, /d HIFO‘@Per = 0
R

= Vk ¢ Zd,/  HiHy®egy, =0
[-34]
d
= vVkez!, 1

e (H H®) es, = 0
uef{0,1}¢ [075]

<~ L1 Z T% (Hlﬁocb) €or — 0.
[075] ue{0,1}¢
The result follows by the L!— uniqueness theorem for Fourier series. O]

Remark 2.4. After periodizing the modulus squared of (2.3), equation (2.3) is equiv-

alent to the following equation:

o= 3 oy |(HF o) (5)] (2.6)

ue{0,1}4

This equation will be needed for a remark after Theorem 2.7.

Theorem 2.5. Let (V}, ) be an FMRA, let Hy € L>(T?) satisfy () = Hy (%) ") (%)
in LA(RY), and let w = {41, ..., 0n} C Wy and H, € L*(T%), 1 < p < m, satisfy
Qﬁ/\p(fy) = H,(1)2(2) in L2(RY). Suppose that gy = G, € L®(T%), 0 < p < m.

Then (2.1) holds if and only if

vu € {0,1}4, iTéu(Hp@Gp = ®0(0,u). (2.7)

p=0

Here, 6 (0,u) is the Kronecker delta.
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Proof. Equation (2.1) is equivalent to the following equation:

VneZd 3(y) =2 Y g, (2k —n)e Y (2)

p=0 kczd

=27% Y g (2k —n) e ITH, (4) (7). (2.8)

p=0 kczd

Adding these equations over all v € {0, 1}d we obtain

2d/\ _2dz Z ng Qk—U —2mi(2k— v)’yH (7)(0\(7)

=0 ye{0,1}* keZd

=233 g (@) e H, () §(7)

=27 G, (7) Hy(7)8(v).

Here, G, (7) = 2 ez 9p (@) €777, 0 < p < m. The second equality follows from
the fact that any ¢ € Z¢ can be written as 2k — v, where k € Z¢ and v € {0, l}d
are uniquely determined. Now, let v € {0,1}* and u € {0,1}%\ {0} be fixed.
Multiplying (2.8) by e™™* we have

@( eIV ZdZng 2]{?—’(} —2mi(2k—v)-y 77rwuH ( ) ( )

p=0 kczd

2133 g, (2= ) IO, (3) 510,

p=0 kczd

On the other hand7 ZUE{O,l}d e~™vu — () for a fixed u € {O, 1}d\{0} since e~ TvU —
(—=1)"". In fact, D eio1} e~ T — D eio1} (—=1)""; and so, for a fixed u €
{0,1}%\ {0}, half of the {v - U}, cqo,1y¢ are even and half are odd, and so the original

sum of exponentials is zero.
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Hence,

0=( Y )30

vef{0,1}4

=237 3" N g 2k —0) e PRI O, () ()

p=0 vE{O,l}d kezd

=235 g, (@) e 0D H, () ()
p=0 gczd

=213 "G,y - g)Hp(v)sﬁ(v)

=2'3"G, (&) Hy(6 + )P+ 3)

Summarizing the previous calculations, we have verified that

O(&) =D Gy (&) Hy(E)B(E), ae. £ R (2.9)
and
0= Go () Hy(§+ 5)BE+3), ae § € R (2.10)

are equivalent to (2.1).

To prove the theorem, assume (2.1), i.e., assume (2.9) and (2.10). Multiplying

(2.9) and (2.10) by @(§) and p(§ + 5), respectively, we obtain

m

DO =G, (&) Hy(IB(E)] ae. £ € R
p=0
and
0=y (&) Hy(§ + 5)B(E + 5) ae ¢ R,

p=0
By the periodicity of the G5 and the H,s, the change of variable { — {+k produces

m

BE+R)NP =G, (&) Hy(O)IB(E+ k)], ae. £ €RY

p=0
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and

0= Gy (€) Hylé + DNBE+k+ )P, ac. € R

p=0

Summing over all &k in Z?, we have

B(E) =D Gy (&) Hy(&)D(€), ae. £ R

p=0

and
0= i@ (&) H (6 + )D(¢ + 2), ae. € € R
p p 2 2 Y Y
ie.,
ZT—%u(HPCI))Gp = ®6(0,u), a.e. on T
p=0
This proves the “only if” part.

Conversely, if equation (2.7) has a solution G, € L>(T%), 0 < p < m, then

1= G, (&) Hy(§), ae. £€[@ > 0]
and

= U
0="> G, (&) Hy(¢+ ) ae € (72 ® > 0].
p=0
Clearly, @(¢) # 0 implies that ®(£) # 0; and therefore [p # 0] C [® > 0] and
[T,%w # O] - [Lg@ > O] . This implies that the previous two equations hold a.e.

on [@>0] and on | _ud > 0], respectively. This yields (2.9) and (2.10), and, hence,

the proof is complete. n

Combining Theorems 2.3 and 2.5 we obtain the following result:

Theorem 2.6. Let (V;, ) be an FMRA, let w = {1, ..., 0} C Wy, and let H,,
0 <p<m, be as above. Assume that @2 € L, 1 <p<m. If there are g, = G €
L>®(T9), 0 < p < m, such that (2.7) holds, then UyczaTiw is a frame for Wy.

32



Once we have a frame for W,, standard methods can be used to construct an

FMRA frame for all of Lz(]@d), e.g., [8,9, 10, 11, 18, 22, 33, 31, 32, 40].

2.3 Measure-Theoretic Criterion for Wavelets

The main idea of FMRAs is to apply the ideas of classical multiresolution analysis
to contruct wavelet frames by means of a generalized Mallat-Meyer algorithm. The-
orem 2.6 is a characterization of when such a construction is possible. As will be
seen, this construction is not always guaranteed, but depends solely on the measure
properties of a certain set which is intimately related to the spectrum of V. On the
other hand, for the one dimensional case, H. O. Kim et al. construct two wavelets
generating L? (R) independently of the measure of the aforementioned set [32].

In [10], Benedetto and Li applied the theory of FMRAs to the analysis of
narrow band signals. Then, in [11], Benedetto and Treiber presented the main
results of the theory of FMRAs from a functional analytic perspective. The proof
of the main result in [11] gives a recipe for constructing wavelet frames when a
natural measure theoretic criterion is satisfied, see Theorem 2.7. In this case, the
construction in [11] can be extended to R¢, for d > 1, by tensor products. We shall

make this construction in section 2.5.

Theorem 2.7. Suppose (V;,¢) is an FMRA of L*(R?), and let Hy € L>(T?) have

the property that ©(2v) = Ho () ¢ (v) a.e. Set

r— {yer L B(27) = 0, D (7 + g) >0, ue {0, 1}d} .

Then, there is a set of wavelet functions w = {1, ..., Ym} C Wy, m < 24 — 1, for
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which the translations of w are a frame for Wy if and only if |I'| = 0.

Proof. (H. O. Kim, R. Y. Kim, J. K. Lim)

(a) We shall show that len V; < 2¢. We know that 1 = span {Tkgo ke Zd}.
Now, Vi = DV, which implies that V; = span{DTkap ke Zd}. The relations
Vk € Z%, D1y, = 73, D give us

Dropsutp = DrowTutp = e D7up = Tiipu, k € 2%, w € {0,1}7.

Here we are using the fact that every n € Z? can be written uniquely in the form

2k + u, with k € Z% and ue {0, 1}d. Also, ¢, = D1,p. Therefore,
Vi = span {Tkgou ke ue 0, 1}d} .

since card {0,1}% is 24, len V; < 24.

(b) We shall show that len Vj < 1. From ¢ (2v) = Hy () ¢ (), we obtain

e =san{ (m(2e-0)e(o-0)) )

which implies that X' (V4) () is at most one dimensional :
(¢) The —k th component of X (¢,) (7) is given by 2~ e~ 27w3(=k) 5 (2 (v—k))
so that

X (Vi) (v) = Span{ (6‘2”“'5”_'“)95 (% (v — k))>kEZd :u € {0, 1}d} .

If we compute,
- e d —2miz-(y—
(X (pu) (M) = Pu(y — k) = Drugp (v — k) = /2290 (22 — u) e ™0 H gy
_d ot (y— _d —omitu(v— —omity(v—
— /2 290(3/)6 27r12(y+u) (v k)d,y: /2 290(3/)6 27r12u('y k)e 27r12y('y k)dy
. ) ) (1
_ 2—%6—271'1%11-(7—]6) /90 (y) 6_2ﬂ-7’y%(7_k)dy _ 2—%6—27mu-%('y—k)gp (5 (,y o k)) .
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(d) We now compute o (V;). For ¢ € 12 (Z?) define

c(k) if k=2m+u, meZ
c, (k) =

0 otherwise.

Two multi-integers m,n are congruent mod {0,1}? if they have the same multi-
remainder u € {0, 1}d, i.e., if m = 2k, +u and n = 2k, + u where ki, ky € Z% and

u e {0,1}%. Tt follows that c = 3 ¢, and
ue{0,1}4

<Cuvcv> =6 (u, U) ||CU||27

where ¢ is the Kronecker delta. Hence,

—2miu- % (y—k) ~ 1 miu-k | —miuy 2 1
(afioma) - (eemo(io-n)
keZd kezd

— e~ muY E : emuﬁucv’w

ve{0,1}4

where ¢, (k) = @ (3 (y—Fk)) and c,, is defined as above (only the v-congruent

entries survive). Therefore, X (V1) (7) = span{ Cuy : u € {0, l}d} and
oc(Vi)={v€eT:dimX (V4)(7) >0} = {y € T?: at least one c,, # 0} .

On the other hand c,., # 0 implies that [|c,|> = 3 [cu,]|> > 0 by the
u€e{0,1}¢

Pythagorean theorem. We compute
o (V) = {y €T |l |I* > 0}

2k +u
T - S0
{76 Zs@(z 5 )

kezd

:{’YETd: Z’@(%_g+k)’2>0, forsomeu}
{
{

2
> 0, for some u}

kezd
ver:CI)<%—%> > 0, forsomeu}

’yETd:CI><%+g>>O, forsomeu}.
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If we now define Hy,, = Hy (32’- — %), then,

(0 30-) )= 5 e

ue{0,1}¢

because Hj is 1-periodic in each variable. Hence,

X (Ve)(v) =span{ > Hyucy, § Cspan {cw Lu € {0, 1}d} — X (V) (7).
ue{0,1}¢

()T =1 {’y e T?: dim X (V;) (7) = 2¢ and Yue {0,1}¢, Hy, = O} If we de-

fine'; := {7y € T?: Dy, (y) =dimX (V4) (v) = j.},1 < j <27 then,

o () = UL,

a disjoint union. If v € I'ye and Hy, = 0 for every ue {0, l}d, then we have that
X (Vo) (v) = {0} and & (Wo) (v) = & (V1) (7) - Hence, Dy, (7) = dim & (Wo) (v) =
24 since Dy, (7) = dim X (V1) () = 2 (y € ['qa).

Now,

©

v € Toa : Yue {0,137, Hy, = o}

Y u

{
{’y € Dya : Yue {0,174, Hy (5 . 5) - o}
{
{

7€ Do s Vue (0,1}, Ho (2 +2) =0}

v e T vue {0,1)%, @(7)20,@(%—1—%) >o}

:{QAer:Vue{O,l}d, @(2A):0,¢(A+g) >0}:2r.

Hence, |©| = 2¢|T|, which implies that |©] > 0 if and only if || > 0. It is now clear
that if |T'| > 0, then Dy, (7) = 2% in a subset of T¢ with positive measure. Further,

because of the way © is defined, at least 2¢ wavelets are necessary, since in this case,
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len Wy = 2%. Now, applyng Theorems 1.7, 1.8, and 1.9 concerning shift-invariant

subspaces, we obtain the result. O

Remark 2.8. The equation (2.6),

O (2y)= Y |Hf (7+%)¢(7+%>,

uef{0,1}4

1s true a.e. The left side of this equation is zero in I', and o (’y + %) >0 I.

Hence, H, (*y + %) =0, i.e.,

Fc{ver:VuE{O,l}d, Ho(y—kg) :o}.

In other words, T' can be seen as a subset of the zero set of the low pass filter Hy
with the additional geometric condition that its elements v also have the property
that v + 5 is a zero of Hy. This observation can also be obtained from the proof of

the previous theorem (see part (e) in the proof of Theorem 2.7).

Because of the conclusions of Theorem 2.6 and Theorem 2.7, it seems reason-
able to point out the distinction between these two results. Theorem 2.6 provides
sufficient conditions in terms of equations (2.1) and (2.7) developed in section 2.2,
that a finite sequence of elements is a frame of W,. Theorem 2.7 provides necessary
and sufficient conditions for the existence of such generators by a measure theoretic
criterion. Theorem 2.7 is an existence theorem and and Theorem 2.6 can be view

as part of a recipe to give explicitly the generators.
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2.4 Tensors

The following calculation allows one to construct a frame of translates in higher

dimensions by means of tensor products. It is a special case of a result found in [27].

Lemma 2.9. Let {mpp}rez and {19 hez be two frames for L*(R) with frame
bounds 0 < A< B < oo and 0 < A" < B' < oo respectively, then {7, (¢ ® ¢') }mezz

is a frame for L* (R?) with frame bounds AA" and BB'.

Proof. Consider a function of the form f = Y7 ;1 4,xp5,, where the A; x B; are
disjoint measurable rectangles. The set of functions of this form is dense in L* (R?).

Now, lets compute:

Y e’ =

meZ?

/ /R f@y)m (@ ¢') (2,y) dedy

2

>

keZ?

// D ailans, (2,9) T (¢ @ ) (2, y) dedy
R? =1

2

keZ?
n
meZ? i=1

YYY

k1€Z ko€Z 1=1

Sl

k1€Z kocZ i=1

Z Zzn:|ai|2'/Bi]'Bi(y)gpl(y_kQ)dy/AilAi(x)(,O(CC—lﬁ)dZL‘

k1€Z ko €Z i=1

S

k1€Z ko€Z i=1

2

/ / @ila,xp (2,9) Tm (0 ® @) (,y) dzdy
AiXBi

2

/v/j;1 B ailAi (':E) ]‘Bi (y) 2 (Z' - kl) (,0/ (y — kg) dl'dy

2

//A B 1Ai (‘7;) 1Bi (y) (2 («T — kl) 90/ (y — ]{32) dl‘dy

2

2 2

| tate)e o) ds
A,

1

oD D el (e, o) {La ) =

k1€Z ko€Z 1=1

/B_ 1, (y) ¢ (y — ko) dy
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2
Dol Y 1l me @) Y {Las T
i=1

ko€Z ki1€Z

Now, A'|Bi| < ez (g, 1) < B'|By| and A|Ai| < 3 o [(Lp, )| <

B |A;]; hence,

AAY s LA B <D Jeal® | D [Ws 7o) D (a1 @) | < BB [as|* |Ai] | B
p i-1

ko €EZ k1€Z i=1

that is,

AANFIP < Y7 Kfomm (e @@))” < BB'|£II*

meZ?

Hence, the result follows from the fact that these inequalities are satisfied on a dense

subset of L? (R?). By induction, we can extend this argument to R¢, d > 2. [

2.5 The Algorithm

Following Lemma 2.9, we shall construct FMRA wavelets by tensor products in the

same way it is done for the classical MRA case. First, assume that (V},¢) is an

FMRA of L? (R). Assume the set T' defined by

F:{VeT:Q)(Zf)/):O, P (v) >0, <I>(7+%) >0}

has measure zero, and the wavelet v is given by

o~

V(2y)=Hi(7)2(),

where H; (7y) is defined by

(

e Hy(y+35)®(y+3) if v € Ay,
Hy () = < 1 if ve€ Azand Hy(v) =0,
0 otherwise.
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The sets A;, 7 =1,2,3,4, are

1
o= freraimn a(re2) o).
Ao {76']1‘ () >0and¢)(7

Agz{’YET:@( >Oand(1>(7 ): }

se-frer ot -omae (+1 ) -0}

and they form a partition of T, see [11, 18]. We now define the d-fold tensor product

9 = &, V1 associated with the given FMRA of L* (R). Recall that
Vi = VoW, C L*(R).
Hence, if we set Xy =V}, X1 = Wy, and
=X, ®X,,Q..QX,,,
for v = (1, ..., vq) € {0,1}", we have
QW1 = @ue{o,l}dXv-
With the convention that 1y = ¢, denote
Yy (21, s Ta) = Yy, (1) Yoy (22) Dy, (T4) -

By Lemma 2.9, {73%,}, ;4 is a frame for X, so that {Tkwu}kezd’ye{o,l}d is a frame
for Vl(d).

In order to write these wavelets as a Mallat-Meyer algorithm, we compute ®(@
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obtained by the periodization of the square of the modulus of @ (71) ...% (74):

O (y1,a) = Y k) B (a + k)
(ki g)EZ8
= > e+ k)P 18 (ko)
(k1 ..... k‘d)EZd

=) D 1B+ R 1B (a + k)

k1€Z kdEZ
[Z\w n + k1)) [Z 12 (ya + k)|
k1EZ =

=P ()P ().

We then define @, by @, (71, ...,7a) = Pu, (1) ... P, (74), where

(I)Vj (’yj) =
CI)(’}/]) if vy = 1,
and H” by H” (1, ..., va) = H" (m) ...H" (74), where

| Hy(y) if vy=1
H" (v;) =

The sets Agd), 7 =1,2,3,4, for the tensor product, take the form

A = {rer i vue (0,1}, @, (v+5) =0},

(d)z{WETd (y) > 0 and Ju € {0,1}°\ {0}, @, (v+§) >0}7

1 1
{WETC[ )>0and<1>(71+§):...:@(7d+§>:0},

AW = {WETCI : ®@ () = 0 and Ju € {0,1}*\ {0} with ®, (7 + g) > 0} .
Moreover, the filters H,, (71, ...,v4) = Hy, (1) ...Hy, (74) , for v # (0, ..., 0) are given
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e 2mivv v (7 + %) D, ('y + %) if v € Ay,
HV(’Y): 3 H HO(’VP) if 7€A37 H"i (’yj):()?l/j:la
vp=0
0 otherwise,

\

where, by convention, the product HVPZOHO (7p) = 1 in the case none of the v, is
0,ie,v=(1,..1). Hyis the low pass filter on T. Thus, the FMRA wavelets, 1,,,
v # (0, ...,0), defined above can now be formulated as in the Mallat-Meyer algorithm

as follows:

—

by (29) = H, (1) 99 (7).
where @ (21, ..., 24) = @ (21) ...0 (24).

Remark 2.10. This argument can be generalized to the case (V; (1), 1), ..., (V; (d) , ¢a)

of d distinct FMRAs of L* (R). The idea is the same, but beginning with

o) (V15 ey 7ya) = @1 (71) - Py (7a) -

However, the notation becomes cumbersome. If one of the sets

1
Fj = {’}/GT : CI)](Z’}/) = 0, q)j (’}/) > 0, (I)j (’Y + 5) > O}

has measure zero, then Theorem 2.7 says that a set of FMRA wavelets for L* (Rd),
with cardinality less than or equal 2¢ — 1, exists. Moreover, if I'y, k # 7, has positive
measure, then it is impossible to construct via tensor products a set of wavelet gen-

erators with cardinality less than or equal 2% — 1, since we need at least two wavelet

generators for Wy (k) = Vo (k)" NV4 (k) by Theorem 2.7.
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Example 2.11. Let ¢ (v) = ]l[_%%) (7). Then
Ho(v) =111y (v), () =111y (v), and Hi(y) =10y (7) =111y (1) -
This gives

Example 2.12. Ezample 1 can be extended to any dimension. Let ) = [—%, i)d,

the cube of volume (%)d center at the origin, and define

Then

and

Note that in this case Ao has measure zero. In particular, if the support of ¢ lies
inside the cube centered at the origin and with volume (%)d, the algorithm produces
one wavelet. This is because the translations by the vectors § of this cube intersect
the others by either a vertex, an edge, or a face. All of these latter sets have measure
zero. For perspective, in the classical MRA theory the required number of wavelet

functions is 2% — 1.
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Chapter 3
General Multiresolution Analysis Structures

3.1 Overview

of L? (]Rd) is called a Generalized Mul-

A collection of closed subspaces {Vj}jifoo

tiresolution Analysis (GMRA) if the following is satisfied:
(a) V; C Vjqq, for all j € Z,
(b) D (Vj) = Vi,
(¢) Gy¥; = LA(R%) and (,V; = {0},
(d) V; is invariant under the lattice Z¢, i.e. 7,V C Vp for all n € Z%, or Vj is shift
muariant.

If instead of (d) we have that,

(d’) There exist a sequence {p; : i € I} of functions, possibly finite such that

{pi(x — k) : k € Z4,i € T} is a frame for V4.

then, {Vj};i_oo is called a Generalized Frame Multiresolution Analysis (GFMRA).
For the dyadic case, there is no difference between these definitions, since
every space invariant by the unitary operators 7,,, n € Z% contains a set of functions

{fi +i €I} for which {f; (x — k) : k € Z%,i € I} is a frame, and any space generated
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by the translates of functions {f; : ¢ € I} is automatically invariant under the lattice
VAR

Possibly the main tool in the theory of generalized multiresolution analysis
is the dimension function defined in the introduction. It is well known that the
dimension function and the multiplicity function coincides for the dyadic case [43].
Hence, its importance, as shown in [2, 4], relies in the fact that the dimension
function gives as much information as a scaling set of functions. In fact, the essential
supremum of the dimension function is the minimum number of scaling functions
needed to generate the core subspace Vj. Also, this function can be used to construct
a generalized frame multiresolution analysis for a given orthonormal wavelet [37].

The dimension function can be obtained from the Spectral Theorem [28], and
these approach reveals a beautiful connection between the theory of wavelets and ab-
stract harmonic analysis. A well known structural theorem about the core subspace
Vb is revealed by this approach [14].

The first part of this chapter is devoted to the proof of the Spectral Theo-
rem and how dimension functions characterize spectral measures. We shall use the
approach of Henry Helson [28]. The discusssion and presentation is informal and
intuitive. The standard way to present Spectral theory is by using Banach Algebras
techniques, and Henry Helson accomplish his goal avoiding such technicalities. The
presentation is beautiful and the reading is relatively easy.

Then, using the the dimension function, we construct an optimal scaling set
of functions. This is theorem 3.14. After that, we give an explicit formula for
an important unitary isomorphism mentioned in [4, 19]. This is theorem 3.17.
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Theorem 3.17 establishes a deeper connection between GMRAs and GFMRAs in
their apparently distincts approaches. In general, it was claimed in [4, 19] that an
explicit formula for this map cannot be given.

We finish with a new proof of a structural theorem for shift invariant subspaces
[14]. This result is theorem 3.19 and can be seen as a corollary of the existence of

the unitary isomorphism mentioned above.

3.2 The Spectral Theorem

The finite dimensional spectral theorem says that every normal operator 7' can be
diagonalized, i.e., there is a basis of orthonormal eigenvectors for T'. This result, as
stated, is false in the infinite dimensional case. We shall reformulate this result so
that it generalizes to linear operators on general separable Hilbert spaces.

Let T be a normal operator on a finite dimensional Hilbert space. If o (T) is
the spectrum of T, and A € o (T'), denote by P, as the orthogonal projection onto

the eigenspace of A, that is, the eigenspace of A the set of vectors v satisfying
Tv = .
It follows from the finite dimensional spectral theorem that,

Py Py, = 0if A\; # Ao,
I = Y P,
T = Z APy

The third equation is the spectral decomposition of T. If T is unitary, it can
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be shown that o (T) C {z€ C: |z|] =1} and any A € o (T) has the form \ =

2miza | for some unique xy € [—%, %) . The spectral decomposition becomes T =

e
> e (T) e?™@x Py . This expression is also valid for a cyclic group of unitary operators,
i.e., operators of the form U = T™ for some integer n. Specifically, we have,
VnezZ, T"= Y e p
rea(T)

This is the form of the spectral theorem that we want to extend to arbitrary
separable Hilbert spaces. In the infinite dimensional setting the sum is replaced by
an integral and the projections are replaced by a projection-valued measure.

Our goal is to decompose all unitary operators as a “continuous sum” or an
“integral” using a projection-valued measure. When we have a family of unitary
operators, we decompose each member of the family using the same projection-
valued measure, but each member is decomposed with a different integrand. More-

over, the spectral theorem asserts that there is a one-to-one correspondence between

projection-valued measures and unitary groups of operators.

Definition 3.1. Let (2,B) be a Borel space, that is, a topological space with
a sigma algebra generated by the open sets. Let H a separable complex Hilbert
space, and denote by L(H) as the space of continuous linear operators on H. A
projection-valued measure, sometimes called a spectral measure or a resolution of the

identity, is a map P : B — L(H) such that:

e For all £ € B, P(F) is an orthogonal projection,

e P(0)=0and P(Q) = Iy, the identity map in H.
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e P(ENF)=P(E)P(F), where P(E) P (F') denotes composition,
e P(UE;) =) P(Ej;) for all countable families {E£;} of disjoint Borel sets.

Example 3.2. Let E be a Borel set on RY, H = L*(R%), and define, for all f € H,
P(E)f =1gf. Then P is a projection-valued measure. It is called the canonical

projection-valued measure.

For uw,v € H and F € B, the map E — (P (E)u,v) defines a scalar bounded
complex measure. In particular, the previous map is a positive bounded measure

when u = v.

Theorem 3.3. Fuvery projection-valued measure, up to unitary equivalence, is com-
pletely determined by a measure class and a multiplicity function defined a.e. with

respect to this class.

In order to prove this theorem, we have to define the terminology needed and
state several well known results. The term measure class and multiplicity function
are explained later in the next discussion.

Let H be a Hilbert space, (£2,B) a Borel space and define, for 1 < p < o0,
LP (Q, u, H) to be the space of all weakly measurable vector functions F' : Q@ — H

(that is, Vu € H, f,(z) = (F(x),u) is measurable) such that

1l = [ JIF @l dute)

< OQ.

Note that L? (2, u, H) is a Banach space. L™ (€2, u, H) is the space of all bounded

vector functions, i.e.,

1| oo 0,0,y = €SS SUD [|F ()| < 00.
e
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In the case p = 2, for any F, G in L*(Q, u, H), we can define an inner product

(P.G) gy = [ (F ()G (a)) ).
If Q =T? and p = 1, the relation

F(z)~ Y e (F)e™ ¢, (F) € H

nezd

implies that, for all v € H, the Fourier series for (F (z),v) is given by

S fen (F) ) e2rine

neZzd

where
(cn (F),v) = / (F(x),v)e ™" dx.

The right side of the last equality is bounded by [|F'[| 11, g1y 10157 80 {ea(£), )
defines a bounded conjugate-linear functional on H. This unique element ¢, (F') in
H is what we call the n-th vector coefficient for the vector Fourier series of F. A
range function J is a mapping from  to the collection of closed subspaces of H.
Let Pj(;) be the orthogonal projection onto J (x). We say that J is measurable if
Vu € H, Pjy)(u) is a weakly measurable operator function.

For each measurable range function J, define M; to be the set of all vector
functions F' € L?(Q, u, H) such that F (z) € J (z) for almost every x € . Then,
it follows that M is a closed subspace of L? (2, u, H). Moreover, M; behaves like
an “ideal ring” in the sense that hM; C M, for every bounded measurable scalar

function h € L>*(2). This fact characterizes the subspaces M.

Theorem 3.4. Let M be a closed subspace of L*(TY, dw,1*(Z%)) such that M is
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invariant under multiplication by bounded measurable scalar functions, that is,
Vh € L (T%) ,hM C M. (3.1)
Then, M = Mj for some measurable range function J.

For the proof of this theorem, see [28]. The following result motivates the
definition of the dimension function, which is used with the spectral theorem in the

implementation of GMRAs.

Theorem 3.5. Let J be a measurable range function. Then there is a sequence
{Gr}tren C L? (Q, 1, H) such that {Gy (x)}, oy forms an orthonormal basis for J (z)
at the points where J (x) is infinite dimensional, {Gy ()}, is an orthonormal
basis for J(x) when this space has dimension n, and Gy (x) vanishes if k > n.

Dy (x) = dim J (z) is called the dimension function of J.
The proof of this result can be found in [28].

Example 3.6. Assume that H is infinite dimensional and let {eq, es, ...} be an ortho-
normal basis for H. Let D be any measurable function taking values in {0, 1,2, ..., 00}.
Define J (x) to be subspace of H generated by {eq,...,en}, if D(x) =n < oo and
J(x) = H if D(z) = co. Then, by the measurability of D, J is a measurable range
function. We call J the standard measurable range function with dimension func-

tion D.

Two range functions J and K are unitarily equivalent if there are unitary
isomorphisms, depending on z, U (z) : Mju) — Mgy such that they commute
with all bounded measurable scalar functions. The following two theorems give a
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criteria to tell if two range functions are equivalent. We omit the proofs of these

results. They can be found in [28].

Theorem 3.7. Let . and i/ be two mutually absolutely continuous o— finite mea-
sures on Q. My C L*(Q,u, H) and My C L*(Q, 1/, H) are equivalent if and only

’LfDJ = DK a.ce.

Theorem 3.8. If y and i’ are not mutually absolutely continuous, then J and K

cannot be equivalent.

Given a spectral measure P defined on a Borel space (£2, B). For fixed v,u € H,
VE € B, my, (F) = (P(E)u,v)

defines a complex finite measure on B. Hence, if h is a bounded measurable function

on (), the integral
/ h (x) dm,, (2)
Q

is finite for every u,v € H. Moreover, the following is satisfied:

Theorem 3.9. For every bounded measurable function h on §2, there is a unique

normal operator T such that

(Tu,v) = /Qh(x) dmy, () (3.2)

for every v,u € H, and ||T|| < |||, . The map k that sends h to T is an algebra
x-homomorphism, i.e., Kk (ﬁ) = T* where h denotes the complex conjugate of h. It

follows that if h is real, then T is self-adjoint. Also, k (1q) = Iy.

We abbreviate (3.2) by T = [, h () dP (z).
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Proof. For a bounded function h, set

Yu,u € H, F(u,v):/gh(zt)dmuﬁv (x).

Then F' is a conjugate linear functional in the second variable. Also,

|F (u,0)] =

/Q B () i (2)] < I Il ()

|muw| (©2) can be proved to be less than or equal [|ul| ||v]|, by the definition of m,,.

Hence, ||F (u,-)|| < ||lu]| |||, - Define T'u to be the unique element in H for which
Yv e H, F(u,v) = (Tu,v).

This is exactly (3.2). By above, the norm of 7" is at most ||A|| .
The linearity of k, & (E) = T*, and the fact that if A is real implies that T
is self-adjoint are trivial to show. Note that x(1g) = P (E). To prove that r is

multiplicative, we compute on characteristic functions:

By the linearity of &, it follows that x is multiplicative on simple functions and  is a
contraction. Since every bounded function is the uniform limit of simple functions,
it follows that x preserves multiplication on bounded measurable functions. Now,
the range of k is a commutative subalgebra of linear operators on H, since bounded
functions commute. Also, every h can be written as h = hgre + thy, where hge
and hy, are real-valued bounded measurable functions. Setting  (hre) = Tre and
K (A1) = Tim, we have that both Ty, and Ty, are self adjoint commuting operators
and T' = Tge + ¢11m. Hence, T is normal. O

52



The next theorem states that any spectral measure can be uniquely deter-
mined, up to unitary equivalence, by a measure class and a particular dimension
function that we shall call the multiplicity function, i.e., we are ready to prove

theorem 3.3.

Theorem 3.10. Every spectral measure on (2, B) in H is unitarily equivalent to
the standard spectral measure associated with some finite measure m on B and some

dimension function D.
Proof. For each u € H, let m, be defined for all £ € B by
my (E) = (P (E)u,u) = ||[P (E)ul|”.
From the definition of the spectral measure we obtain that m,, (2 — E) = 0 if and
only if P(F)u = u. Denote by H, the smallest closed subspace of H containing
P (E)u for every E' € B. Define A (P (F)u) = 1g. This map can be linearly ex-
tended to all finite linear combinations of vectors P (E)u for E € B. For E, F' € B,
(P(E)u,P(F)u) = (P(E)P (F)u,u) =(P(ENF)u,u)

—my (ENF) = /1Emdeu (i 1p)

— (A (P(E)u), A (P (F)u)).
The above expression shows that the map A can be extended to all of H, and this

extension is an isometry of H, onto L? (€, m,) . Moreover,
A(P(E)v) =1gA (v)

holds for all elements v of the form v = P (F)u. The measures m,, and the spaces

H, for u € H satisty:
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(a) If my,Lm,, then H, 1L H,,

(b) there is an element uy € H such that m, < m,, for all u € H.

(a) follows from the Radon-Nikodym theorem and the fact that m, (2 — E) = 0 if
and only if P(E)u = u. For (b) let F be the family of subsets @ of H such that
all elements of ) have norm 1 and H, | H, for distinct elements v and v. Singletons
{u} with norm 1 belongs to F, and F is ordered by inclusion. Zorn’s lemma implies
the existence of a maximal element ()g. This element @)y is countable since H is

separable. List the elements of Q)y by vy, v, .... We claim that
H = @ilHUi'

Suppose not. Then we can find a unit norm vector w orthogonal to all the spaces
H,,. Also, P(E)H,, C H,, for all i and for all £. Hence P (E)w is orthogonal to

all H,, for all £. This contradicts the maximality of ()y. Define

v;
Uy = : 1_2
=1
Then
my, (E)
i=1
and

My, K My, Vi

By the Radon-Nikodym theorem, there is a natural isometry 7' from L?(Q,m,,)
into L? (Q,m,,) given by T'f = f+/dm,,/dm,, that commutes with multiplication

of bounded functions. Therefore,

TA(P(E)v) =T (1gA(v)) = 15T (A (v)) (3-3)
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for all v in H,,, ¢ € Z. So far we have defined an isometric mapping commuting with
multiplication of bounded functions on each H,, onto the subspaces of L?(Q,m,,)
consisting of functions supported on the support of dm,, /dm,,,. If we denote by
the support of dm,,, /dm,,, then this isometrically maps each H,, onto L*(Q;,m,,).
Thus elements u of H are associated to sequences (f1, fa,...) with f; € L*(Q;, m,,)
and
= [ 1 dm,
i=1 7S

From (3.3) we see that in this representation, P (£) is just multiplication by 1z on
each component. Let K be a new separable Hilbert space with orthonormal basis

{e1,eq,...}. To (f1, fa,...) we associate

i=1

Such space of functions is invariant under multiplication by scalar functions, that
is, the product of a scalar bounded measurable function by any F' defined as above
is also in this space. Hence, this space is of the form M for some range function
J and the given spectral measure is unitarily equivalent to the spectral measure
given by multiplication of 1 in My, contained in L*(Q,m,,, K). J can be taken
to be a standard range function. Up to unitary equivalence, a spectral measure is
determined by the measure class {m,, }, and a dimension function defined a.e. with

respect to this measure class. O

Remark 3.11. The dimension function of J given at the end of theorem 3.10 is

called the multiplicity function of the spectral measure P.

Now we are ready to state the spectral theorem.
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Theorem 3.12 (Stone). Let {U,},cpa be a weakly continuous parametrized group
of unitary operators defined on a Hilbert space H. Then there is a unique spectral

measure P on R% such that

U, = /A > EVAP () .

Ra
Theorem 3.12 still true if the parameter group is an arbitrary locally compact
abelian group, that is, the theorem is true for unitary representations of arbitrary
locally compact abelian groups.
If 7 denotes the induced unitary representation of the group Z¢ given by its
action on Vj, then the Spectral Theorem says that 7 has a unique continuous spectral

decomposition, and can be recovered by the Fourier transform

T = / 2N AP (),
Td

of the spectral measure P defined on T¢, the dual of Z¢, and this spectral measure is
in turn uniquely determined by a multiplicity function m : T* — {00, 0, 1,...} and
a measure class on T?, for details, see [28]. In [2], it was shown that this measure
class associated with a GMRA in R? must be absolutely continuous with respect
to the Lebesgue measure. Hence, the multiplicity function, which basically counts
the number of times each character v in T¢ occurs in 7, completely characterizes 7.
If the GMRA is just an MRA, translates of the scaling function form an ONB for
Vo, and, hence, 7 is equivalent to the regular representation of Z?, which acts by
translation on /2 (Zd). The regular representation contains every character exactly
once so that m = 1 in this case. It is also known that the dimension function
and the multiplicity function are the same in our setting, that is dilation by 2 and
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translation by the group Z9, and moreover, the condition m = 1 characterizes all

MRA wavelets [42].

3.3 The Construction of the Scaling Set

Recall that L? (T?,1? (Z%)) is the Hilbert space of all square integrable />~ valued

functions over the d-dimensional torus T¢ with the following inner product:

VF,G e L? (T4 12 (%), (F, G)LQ(TW(Z(Z)) :/ (F(7),G (7)) dy. (3.4)

Td
The operator X' can now be seen as a map X : L}(RY) — L2 (Td, 12 (Zd)), where,
again

x(no={To+m} . (35)

kezd

This operator X is an isometry:
12 (Dlis(euszny = [, ¥ D)2 (e (36)

_ £ L ? dr —
Lgﬁww\vﬁwz

k‘eZd
2
ﬂid

=/umﬁm=w@wy
]Rd

Fov+0)| dr

f@)

=24mym v

kezd

From now on, 1 will denote an orthonormal wavelet for L*(R¢). The dimension
function associated to 1 is given by the following formula:
2
S M LT

J=1 kezd
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A simple calculation shows that

{P@a+m)}  =x(2FD7v) ().

kezd

If we set ¥; = X (2%‘(1D*j¢)>, then the following facts are true [16]:

L. Dy (v) = dimspan {¥; (7) : j = 1} = 332, 1% ()|l

2. Jra Dy () dy = 573

3. liminf, . Dy (27"y) > 1;

4. eron Dy (v+%) = Dy (2y) + 1 (the consistency equation);
5.3, 1a(v+k) > Dy () ae. where A={y€T?: D, (2777) >1,j € N};
6. Dy assumes all integer values between its essential supremum and 0;

7. If 12 has compact support, then Dy, is essentially bounded.

Remark 3.13. Using the reproducing formula and Ausher’s geometrical lemma,
see [1], we can prove statement (1); in [2],[3] Baggett et.al. proved (4); (2) follows
from the fact that 1 is an orthonormal wavelet; Bownik, Rzeszotnik, and Speegle
[16] proved (5),(6) and (7). These properties characterize dimension functions.
See [16, 3]. Moreover, (7) implies that the set of scaling functions for a GFMRA
associated to a bounded wavelet set is finite, in particular for the ones obtained by
the neighborhood-mapping construction given in [6, 7]. For more about wavelet sets,

see [2, 6, 7, 10].
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Let Jy (y) = span{¥,(y):j>1}. Then J, is a range function. In our
particular case, Jy; (7) is a closed subspace of (* (Z%). Also, Dy (v) = dim Jy, (v) for

almost every 7 in T¢. Thus, in light of Theorem 3.3,
Vh € L (T%) ,hM,, € My,
Suppose that we can obtain a set {®; }]oil C M}, with the following properties:

1. {®, (y)}Y, is an ONB for .J, () a.e. at points v where Dy, () = dim J, (7) =

Jj=1

N and @y () = 0 (the zero sequence) if k > N.

2. {®; (7)}52, is an ONB for J, () a.e. at points v where Dy, (7) = dim Jy, (y) =

j=1

Q.

Then every function F in M, C L? (T%,1? (Z%)) can be written as

F=> fi®, fjeL*(T, (3.7)
J

and hence,

||F||2Lz(w,lz(zd)) => Hfj”iz(w) : (3.8)
J

This set {®;}72, C M;, is what we call a canonical basis for M, and ¢; =
X~ (®;) will be our scaling set. It is clear that any basis for M, need not be like
this: F' and G can be orthogonal (at M, ) without being pointwise orthogonal (at

Jy (7) € 1?(Z?)) . Now we shall state the main theorem.

Theorem 3.14. For M, a canonical basis {q)j};il exists and the functions ¢; =
X1 (®;), 1 <j are the scaling functions for X~ (MJw) = @W_j, and this set is
Jj=1

optimal in the sense that the minimum number of scaling functions required for V;

is exactly N, the essential supremum of Dy.
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Proof. We shall prove the case where D, is essentially bounded. The same argument
can be used to prove the general case.

(a) Set Q, = D;l ({p}), 1 < p and let N = esssup D,. Since Jy (y) =
span;>1 {¥; (v)} a.e., the idea is to apply Gram-Schmidt pointwise to a subset of
{U;(y):j>1}. For v € Q,, since dimspan; {¥; (v)} is p, we can find indexes
J1(7,p) < J2 (7,p) < ... < Jp(7,p) such that {¥; (y)},_, is a basis for J, () and
J1 (7,p) is the first index for which W;, (y) # 0, ja (7,p) is the first index bigger
than j; (7, p) such that ¥, (v) and ¥}, () are linearly independent, js (7, p) is the
first index bigger than js (7, p) such that V,, (v), ¥, (y) and ¥, () are linearly
independent, and so on. Then, {¥;, (y)},_, will be an ordered basis for Jy, (7). The

Gram-Schmidt algorithm produces {®; (v)}”

i—1» an orthonormal basis for Jy, () for

almost every point 7 in €2,. We repeat this proccess at every level p. Note that
®; vanishes outside S; = Up>;Q% = {7 €T?: Dy (y) > j}. The following grid

illustrates what our orthonormal basis looks like:

QN—> (I)l (I)g q)g (I)N—l (I)N

Qz — (I)l q)z 0 0 0
Q— 0 0 0 .. 0 0

This set {q)j};.vzl has the desired properties. Moreover, these functions obtained in

the way described above are measurable (see [28]).

(b) Note that @W_j = spanjz, {D 71« k € Z}, hence X (@W_j) =

j>1 i>1
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M}, because (D i) = e 92 D1, producing the following equation:
X (D7) = 2% e_y V.

Since 2%6_23' » is periodic and bounded, by the characterization of M, , X (D7) €

M, for every j > 1. In fact, by the definition of Jy (v),

Jy (v) = spanj=1 {¥; (v)} = span;>1 {2%6—2% (7) ¥y (7)}

=span{®;(v):1<j < N}.

c) The set {e,®;:1<j < N,neZ% is a Parseval frame: If T, : L*>(S,) —
j ) )

L*(S,) @, — L? (']I'd, 2 (Zd)) is defined by the following equation:
Tyu = ud, (3.9)

then it follows that this operator is clearly a co-isometry (7, (v®,) = v is also an

isometry)

Iyl gos ) = [, 0Dy ) )@, ()

= [ P (2, (7)., (1)

= [ () 1s, (v)dy

Td
2 2
= [ O dr = el
Sp

Now, the set {e,1g, : n € Z¢} is a Parseval frame for L? (S,), and therefore we have
that {en<1>p ‘n € Zd} is a Parseval frame for its closed span (see [26]). Using the
fact that

(@p (7)) @q (M) = FpgLsyns, (7)
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we obtain that {encbp neZl1<p< N} is a Parseval frame for M, . Hence, the
functions ¢; = X~ (®;), 1 < j < N are the desired scaling functions. These scaling
functions have an interesting property: using equation (3.4) and the fact that X is

unitary, we easily obtain that

w; Lo ifj#1. (3.10)
This completes the proof. O

Note that the previous construction depends only on the invariance of the
space Vp: if V' is shift-invariant, a set of generators {¢;} exist. Then M is spanned
by {X (¢;)} and we can apply the Gram-Schmidt algorithm to obtain a set of gen-
erators with exactly the same properties as the ones above exhibited. The problem

is that {¢;} might be hard to find just from the invariance assumption of V.

Remark 3.15. Setting ®,; = ®;1q,, we obtain the scaling functions provided by

Papadakis in [37]. We claim that:
span{enq)p:nEZd,l SpSN} zspan{enq)pﬁi:nezd,l <p<N,1 Sigp}.
Any function f in span {en@p neZl1<p< N} is of the form
N
F=Y" hynen®,, hyn € L*(S,)

neZd p=1

Hence, e,®p; = €,P;1q, = 1g,e,P; belongs to
span{enq)p:n EZd,l <p< N}.

For the other inclusion observe the following:

N
enq)p: E enq)i,p
—p
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so that e,®, € span {e,®,;, :n € 24,1 <p < N,1 <i < p}.

3.4 Connection with Some Other Construction of Scaling Sets

3.4.1 A Scaling Set for a Generalized Multiresolution Analysis

In order to obtain the information that the multiplicity function contains about 7,

we form the direct sum
P’ sy
j=1

where S; = {7 € T? : m (v) > j}. Denote by n the representation of Z¢ on @LQ (S5)
j=1
given by

g (Zj21fj> =Y sekfis fi € L2 (S)).

Now, from the information about m, we can obtain a unitary map

J:%—>@L2(Sj),

j=1
such that

VkeZl, Jom, =e_y - J,

or equivalently,

VkeZl Jor, =m0

For more details, see [19]. This J map provides the scaling set for Vj.

Proposition 3.16. Let¢; = J~* (]lsj) or0if S; = 0. Then the set {quﬁj ckezd j> 1}

1s a Parseval frame for Vj.
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Proof. Let f € Vj, then

Sy L o)l = 30052 KT () T (megy)) |
= S T () (T o) (@)
= S (T () s (o 1) ()
= 05 [T () cecids )
=25 e (700,15)|
= l7(NIF = 1717

where J (f); is the j-th component of J (f) in €,L? (S;) and ¢y, (J (f); ]lg].) is the

k-th Fourier coefficient of J (f); Ls;. O

Usually, it is hard to write down an explicit expression for the map J, but in

our setting this map has an explicit form.

Theorem 3.17. The map (@;V:lTp_l) o X, where X is given by (3.5) and T,
N

is given by (3.9) is a unitary isomorphism from Vi onto @Lz (Sp), where S, =
p=1

{y€T:m(y)=Dy(y) > p}, and this intertwines translation with modulation.

In other words, (@glep_l) o X has all the properties of the map J given by the

PTevious Proposition.

Proof. We have the following unitary isomorphisms, since the set {Cbp};\;lis a canon-

ical basis for M, and ®, vanishes exactly outside S, = {7y € T?: Dy (v) > p}:

X N 2 @lel 2
Vo= EPW_,; =~ M, ~EL*(S,) -, ~ EPL*(S,),
=1

j=1 p=
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and X intertwines translation with modulation. The map @;V:lTp_l acts like the
N

identity map on @Lz (Sp). Hence, (@I])V:lT p*1> o X intertwines translation with
p=1

modulation and

{X 7 (en®;) : 1<j<NneZ'} ={nyp;:1<j<NnecZ'}

is the Parseval frame for 1V = @W,j similar to the one given in the previous
i>1
proposition. ]
Remark 3.18. There is an important difference between our situation and the situ-
ation in [19]: We start without knowing the GMRA, but we know the wavelet, while
in [19] they start knowing the GMRA, but without having any information about the
wavelet. In the latter situation, it is more difficult to construct the unitary isomor-
phism J. Also, our map depends on the construction given in Theorem 3.14, which
may not be easily constructed as well. But, for wavelet sets with essentially bounded
dimenston function, at least, the construction given in Theorem 3.14 is relatively
easy: (i) the entries of the vectors U, (y) are either zero or one, (i) only finitely

many entries are one and (iii) only finitely many of these vectors, and no more than

N, are nonzero for almost every ~.

3.4.2 Decomposition of Vj into Quasi-Regular Spaces Generated by Quasi-Orthogonal

Generators

e It is well known that any shift-invariant subspace V' C L*(R?) contains a
(countable or finite) set {y; : j € N} such that the translates of these func-
tions form a frame for V. The spectrum of V is denoted and defined by
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o (V)= {veT’: J(y) #{0}} where J () = 3pan{X (¢;) () : j € N}. In
other words,

c(V)={yeT?:dimJ(y) > 1}.

e Given ¢ € L*(R?), S(p) := span {twp : k € Z?} is called a principal shift

invariant space (PSI) generated by .

e A quasi-reqular space S is a shift-invariant space with dimension function
D = cl,(s), for some measurable o (S) C T and some constant integer c. It

is clear that any PSI is trivially a quasi-regular space: If we set

J () = span{X (¢) (7)},

then D (y) = dim J (v) is either zero, when X () () is the zero sequence, or

1, when X (¢) (7), # 0, for some k € Z.

o A quasi-orthogonal generator is a ¢ € L?*(R?) such that the translates of ¢

form a Parseval frame for S (¢).

For more details about the theory of shift-invariant subspaces see [14, 23].

Now, we state and give a simpler proof of Theorem 3.3 in [14]:

Theorem 3.19. Any shift-invariant subspace V- C L*(R%) can be decomposed as

V:@S(%),

where each element p; in the decomposition is a quasi-orthogonal generator, o (S (p;+1)) C
o (S(v;)), and Dy = € Ds,,). In other words, any shift-invariant subspace
j=1

V C L*(RY) contains a set {p; : j > 1} with the following properties:
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(i) {mpj: j =1,k € Z*} is a Parseval frame for V,

(i) the dimension function of V is the sum of the dimension functions of the

quasi-orthogonal components, and

(iii) p; Loy if j # 1 and Vk,n € 24, mhp; L 101 if j # 1.

Proof. Let 7 be the representation induced by the action of Z¢ on V. By the Spec-

tral Theorem, we can find a unitary map J : V — éLQ (S;), where S; =
=1

{yeT*:D(y)>j} (it was shown in [2] that the mea]sure class associated to

the representation induced by the action of Z¢ on L?(R?) is absolutely continu-

ous with respect to the Haar measure. Hence, the multiplicity function completely

characterizes this representation and therefore any subrepresentation. This implies

the existence of the unitary map J given above). Setting ¢; = J* (]ls].), and

S (p;) = J1(L*(S;)), we obtain the desired decomposition. O

Remark 3.20. By the previous theorem and applying Theorem 3.1/,

V()ZEBS(%OJ)-

The dimension functions for the components S (v;) are given by D; () = span{®; (y)} =

Ls (7). Then, ¢;, 1 <j < N are the quasi-orthogonal generator. Moreover,

Sjt1 =0 (5 (j41)) C o (S(p;)) = 5;.

In other words, the scalings obtained in Theorem 3.14 are quasi-orthogonal genera-

tors.
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Remark 3.21. The proof in [14] is constructive, while the one presented here is
not. An explicit formula for the map J given above is, again, in general hard to

obtain.

Remark 3.22. The construction used in the proof of the above theorem in [14] can
be seen as a generalization of Theorem 3.14, since we limited our case to GMRAs
and orthonormal wavelets. In the case that this decomposition has a finite num-
ber of nontrivial components, the number of nontrivial components corresponds to
the essential supremum of the dimension function and this number is the minimal

number of components, attaining the optimality.

Remark 3.23. If we begin by knowing the GMRA instead, the construction in [14]
allows you to get the scalings a priori. Then we can apply the generalized conjugate
mirror filter algorithm given in [19] to get the wavelets. Using the fact that the space
Vi is also shif-invariant, with essential supremum of the dimension function at most

equal to N2 ( the relation Vn € 7%, D1y, = 1,,D implies that the functions
Doy = Dropmup; = DT0p) = Tipjuy k€ 2% uwe {0,131, 1< j < N

where

D1upi = @ju »
forms a Parseval frame for Vi = DV} so that {goj,u cue{0,1}*,1<5< N} is
a set (not neccessarily optimal) of generators for the shift-invariant space Vi), the
information about the spectrum of Vi and the fact that Vi = Vo@Wy, gives us an
estimate about the the number of wavelets we can obtain. The latest progress in this

matter can be found in the recent work of Baggett et.al. [4].
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3.5 Conclusion and Future Research

3.5.1 Conclusion

In this thesis, the theoretical aspects of frame multiresolution analysis have been
extended to the multidimensional case. To find the wavelet generators we need to
solve pointwise a system of linear equations. When the set I' has measure zero,
the number of generators do not exceed 2¢ — 1, and we have a Mallat-Meyer type
algorithm. If I has positive measure, then 2¢ is a lower bound for the numbers of
generators and no algorithm is known in this case.

The theory of frame multiresolution analysis extends the classical theory of
multiresolution analysis, every MRA is a FMRA, but the theory itself has limita-
tions. For example, non-MRA orthonormal wavelets cannot be produced by FMRA.
The reason is that non-MRA orthonormal wavelets need multiscaling MRA schemes,
i.e., GFMRAs. Theorem 3.14 showed how to construct a GFMRA for a given non-
MRA orthonormal wavelet by constructing an optimal scaling set. We also showed
how our construction linked GFMRAs with GMRAs by finding an explicit formula
for an important unitary map in the GMRA theory. In general, it is hard to give
an explicit formula for this map. The main drawback of any multiresolution scheme
is the fact that the frames produced are semi-orthogonal, i.e., the wavelets are or-

thogonal at different resolutions.
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3.5.2 Future Research

I plan to implement the construction in Theorem 3.14 to the wavelet sets obtained
by the neighborhood-mapping algorithm developed in [6, 7]. Each iteration in the
neighorhood-mapping method produces a tight frame. We can think about this in
terms of a convergent sequence of GMRAs. Also, there is an underlying convergence

of dimension functions. We want to give a meaning to all these statements.
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