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In the past it has been custusary for antiairersft predictors to assum
3ight line flight of the enemy aircraft, and tc use varicus smoctbhing tech-
les to handle all departures of the inputs from lincar signals.
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However, if antiaircraft pnb4h ers ever succeed in furnishing a suf-
ficiently deadly solution for the prcblen of siraight-line targets, then

this very success would make the preblei: relatively unimpertant; for enewy
aircraft would then be forced to fly other than straight courses. Furither-
more, aircraft which attenpt to fly straight courses .do nct precisely do so,
for a variely of reasons. It is alsc clear trab, whatev.r the path of the
enemy aircreft, the inputs to the predictor consist of the true siznals, due
to the actual notion, upin which are superposed "ncise" due tc tracking errors.

Thus it is 1Lk;.Lant to investigate how one can, by various methods,
predict cother than a pure linecar signzl. For ana‘“t1_4l curves of verying
i azounts of conglexity (horigzo.tal circles, helices withk dive or cllﬁu, cte.)

the predictici procedures can be woriked out by siavle eometiicel nethods.
i Bat to investigete prediction problews for signals which contain ncise dae
, to tracxing or to flight errcrs, or for sigaals corresjording te varicus gen-
eral types of curved flight, that is a much deeper and rire difficult nmatter.
This is, in very general ter“s, the predblen with which onfes§yr Vilener
; has bteen concernzd. In a previ.us memoir (Repert te Services No. 19) he ar-
plied rowerful anulytical tools to develop a statistical rethod of rred’CtAPL
: In the present report e indicates, in two paners dated Deceiicer 1, 1742 and
: Januqrv 15, 1943, the result of aj OlflL his ..ethod to certain definite cases.
That these particular appllcutlonu did not turn out to be of practical impor-
tance does not, in our judgaent, mean that the stud:- was not well worthuhile.
The general tweorv will duth'”aS have othter apslicetions: and it was a natter
of impertance to kncw just how successful this statistical rethod woild be
for ths antiaircraft erbl en.

On page 5 of Professcr Viener's report dated Dece.ber 1, 1942, ke re-
fers to certain charts. (n these charts were plctted the actual pathk of the
airplare on Antiaircraft Artillery 3card ccurses 303 and 3uL, as deternined
from theodolite data. These charts are very leng, and trere does not scem

A= ]
to be any practiceble way of reproducing thenr for inclusion in this report.
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The present report concerns the usé of éldtistical methods of predicticn,

particularly us aprlied to thz centrol of anti-aircraft fire cf larze caliber at
lorj range, and even more sreciallv concerning such fire as uzed against planss b 9 B
an arwroximcately level and straigat course This investigation kad its incepticn in
certain cussticns thet were put teo the cuther in the rall of 4950 concerniny servo-
mz2chanism design. At that times the aeuthor was very ruch interested in what has
become a rcutine matter since, nanely, the use of the methcds of communication
engineering in serve design. ’

In firiny at a moving target, it is necessary that the projectile arrive at
the rosition of the target at =zoms future time and not at the prresent pesition of
the target. This means that some rethod oi determirning the exvected future position
ot the target is necessary. The simplsst msthod would be to determine precisely the
precsent rosition of the target and its velocity and oy multiplying the velocity by
the expected time of flight te crrive at the vecter exrressing the dx ferences De-
tween the expected future position arnd the present resiticn. This is only strictly
accurat: for per.cctly rectilinecy flight cbeserved with a perfect instrumant. It is
well knewn thot our tracking instrumints have very apnreciaoPl2 intrinsic and perscn-
nel errors and it is further well known that even a careful attempt to make a stra-
ight flight thrcough an cir suZject to all scrts of currants ond with machine sutject
to irregularities of performance seth intrinsic and due te the pilot is impossible.
It is further clear that errors far telow such as woula throw a shell effectively
off the present vosition of the target mav lead to foalse estimates of the future
position great enough teo ccuse misses. Thus,.even for Noninally rectilinear £1light,
the problen of rrsdiction ic one wirich ceens to involive a fairly complicnted mathe—

matical appcratus, at least for its criticol investigation ard treatment.

It then occurred to the auathor that the rrcilem of prediction, so cless to
problers in seérvo-machanism theorv, was ezuivalent te that ot d=signing an operater
which should aprroximats in =2n approrriats sersa th: operator €% * >  which is
w1l known to represant anticiration oy the ameount AN , but which is not rzalizabla
without alteration by any stable circuit. The proslcm then was to arrive at stakblc
approximations to this; and a priori it occurrad that an operater of the form

\ _ .\I.l.u)‘zh
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might fulfill the aesired purpose. Accordingly an attempt was made,usiny Dr. Bush's
differential anclyzer, to study the bezhavior of such orerators on data of various
sorts, and in particular orn data corsisting cf a succession of linear segrienis.
This cttempt was perfermed and the author gradually came te be aware of some oi the
intrinsic differences in the prokles. If M was sc chosen that the overator gave a
really gooi predicfion for a rectilinesar rart of tre ccurse to te follcowed, this wos
at an enormous expense of stability when the target plane chenges from one rectilin-
ear ccurse to another. At such places there was a simply encrrcus. overshoot, crd
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it recame cbvious that__)‘u, Kybd u;__cu;_;_,.;,_n t precisely of the share of a simple’

sinuscid or straight line, any attempt to use this method of prediction in cn
extrems form would lead to a failure cecause of lack of stability,-or what is the
same thing, to an excessive response of such a system te high frejuencies in the
input. This response was sc great thot the overshoot increased cxponentially as
the number of meshes in the circuit increused. OCn the other hand, if the number of
meshes used in the circuit were small, er in other words if W ware small, the
approximation of the cperator in question to an operator predicting by a tixed lead:
pecars sketchy in the extreme. It was obvious that the problem of pradiction was
essentially that of a compromise bstween two effects in diamatrically oppesits
dircetiens. As in all such compromises, the question of determining tha optimum
sacrifice cf ceccuracy to be made for stability end of stability to bs made for
accuracy was ithe cardinal guestion; and as in all such cases, this led to consid—
erations sssentially rfelonging tc the calculus of varictiens,

In order to settle such a proolem mathematically, it was necessary te have
a numerical measure of the amcunt by which a methed departs from ideal performance,
In the case of prediction for anti-aircrait ifire, the fundamental goal of our
efforts is to tind the design cf the predictor which shall producs the maximum
nurmter of effective hits. This notion, however, is not well adapted to mothemat—
tcal treatment; and in varticular, not to tie czliculus of variatiens. In the first
place, it involves a rather cenventionel definition of what an efisctive hit is;
and in the secenc prlace, integral numpoers like numbers of hits are in genesral rot
good material for minimization. It is tharetors exvedient at our present stoge of
devalopment to replace this minimization proslem &y one more imredictely accesible
te mathenatical itrectment. ’

Of all quantities which lend themsalves to an ¢asy minimization, the most
natural are those which are inherently positive because thev are szuares of sonme
somple real expression or suns. of such sjuares. If this te applied to the courss
of a plane, then a tentative definition cr the fost prsdictien is that in which
the nean sjuare distance setween the actual and predictzd position is a minimum,
this mean Peing taken with Tespect to the tine.

I wish to sgy that I am well aware that this definition has sericus faulis.
In the first place, it puts can over-emnhasis on the voints where the rredicted
and the actual positions uiAfer By a larye ameunt. YNow in fact after.a very limi-
ted twilight zone, one miss is as useless as another. If a shell bursts cver
400 yards from a plane 1t is quite as etfectively wasted as if it burst a mile
away.* On the othear chd the mean square definition of errer gives a consideradle
veight to small errors occuring with great freguency over a lcng interval of time.
It discriminates Letween two methcds of prediction, in one cf which a prediction,
let 'us say, in error bv 20 yvyards, is consistently reducedfbyAfive yards ovar the
prediction nake Ly tho other method.. Now within, let us say, 4C yards of d plane,
@ shell burst is a hit, and may be rejarded cs ceompletely destructive. to the plane.
This at both ends of the scale the mean sjuare test is toc sensitive, and it is not -
specifically sensitive tc the ' Yegion-cof error corresponding to the boundary of the
argc blasted by ths shkell. Notwithstanding these considerations, the euthor has
not found any methed of direct treatment of the true ballistic problem which is

* NOTE by Div. 7. This staterert 1s some what too stronz. For example 2.L. Welch hes showm
(thie Crances of Damage to Alrceraft frow A.A. 8hells: A generallzation of Frevicus Methods of
Solution. E.2.D. Peport No.2%, paze 1) trat when the stand=rd errors in the rectaifular
components of the errors 1n the burst point are of the crdsr of £00 feet, tien about 199 of
the vital roucds are less tlan 180 ft., frow tie tarset, 299 from 100 ft.to 200TL 48T Q-an £00LLt0
400 ft., and £07 over 4C0 ft, ewzy. Tuese data are for the Eritisk Z.7". If the kcande,rd
error Is asbcut 300 feet, then tiie correapcnding percentages are 24y, C;?. 2% end 9%
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mothcmﬂi*cally—munu¢aabl@‘““”*"“”flaVu4 that such a method rust ce founa by the
use of mathermatically manageable c¢riteria such as that here employed, together
with a certain amount of artificial slinmination of rarts of the rlane course which
Gre not 1mportant for real nxlltary pvrposes. :

Arother thing that will e seen is that ths methcd employed is statistical.
The criterion of goodness of a rrediction proce:ldure is one invelving time averages,
It is in the theory of time series that the author has uought the Lasis of his
methods. Without geing into aeny detail conceining these methods, it may be said
they are Lased on the two basic idzas of quto- corr;lalzoh copffzczcnt and spectruis.
If we have a sejuence of numbers ap, the autco-correlation cocitxc;ent¢“wof these
nunkters for the lag v is the mean value, taken over all time, of the product cf
cne of these numbers and its assocciate vy stages later. The spectrum is the funcs. .
tiorn whose lourier series hae as coefficients the cutc-correlation coefficients¢)
of the origiral sejuence. These are the simplest but not the only statistical para-
meters of ths time series. In order for anv statistical prodictionmsthed tofunctien,
it is necessary for such statistical parcrmeters to have a certain degrzs of stabils.
ity or in other words to b¢ much alikz ovser a conziderable rance of different time
serizs and of differsnt parts oi a single tims serins. Whather ths stazility oxe—
ists in perticular case¢s is o jusstion of foct bat it is on this guesticn of fact
that thz pessibilitv of the wffsctive use of s thods of rrsdiction, curs or any
others, deponds.

It is urnszcsssary here te ge into the mathamaticel detzil of the theory arising
from these conclusicns. It has been rresznted by the cuthor in a monogyraph pub-
lished privately oy the NDRC entitled The Interpolaticon and Extrapolation of Lin-
ear. fine Sferies. and Communications Engineering. It is essentially similer to a
method carried out somewhat earlier by Xoloogoreff in RPuszia but not known to the
author until ‘the pamphlet in gquestioa was well underway. 7This method hes recently
been scomewhat extended and rrojected, and it is the intention of the auther to give
a supseguent repcrt explaining these extensions and projections in- scme detail,
but they do not concern in any vital manner the guesticns which he has been specif-
ically ask=d to answer in the present final respert.

In the early winter of 1945, nr. Julian Bigelow was added as e€nginaser to the
personnzl of the project, anz later Mr. Faul Moon:zy, 6s a rechanic. Nr. Bigalow
helped the author very consiZarably ir the developnent of thz ths ory and in the
numerical computation needed to test the theory: but his assistance was greatest

* ond indeed indispersacle in the design of arraratus, and in particular in the de-
velopment of the technique of electric circuits of long time constant. By the

~use of an amplifier of extremely yreat input impedance and a very accurate voltage-

© Tatie of unity, he was able to show that circuits with any impedance characteristic
realizable at all were realjzatble with ths use oniy of amplifiers, caracities and
resistances, comrletely ignoring the use of indrctances. Tha inductiances ars well
known to bs the least satisfactory element of ordinary circuit dasign. They always
havs undssireble parasitic resistancs, and whers tha inductance is itself to be at
all large, this rosistance may btz :intirely ¢xczssivs It wos therefore a ster of
enormous importcnce to free the technique of circuit desxgn from the use of such
objectionable elements. Mr. 2igeleow alsc Jdesiuned an arnparatus fer generating
curves not unlike the track of an airplane as raw material for testing the statis—
tical method. This apparatus for generating.'tracks" was statistically stabilized
Ly giving the operator a task to rericrm whici was strictly beyond his capacity
for accurate performance. 1In the arparatus a guide light was moved across the
wall of the room by cleck work, and thz opsrater had a control oy which he was to
move a following light. This control lec on the cne hand to an apraratus which
deliberately falsified the kinesthetic sensations stimulated in centrolling it,
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Lhe other;SEontty 1ed”1't’s spot df light in velecity rather than in pos-—

‘bdtion.——The-anyutar-aTstance Botwesn ihe input spot of light and the output spot

was registered through potentiometers as a variable voltage, and this voltage
operated two Easterline-Angus recorders. One of these recorders was operated
directly, whle the other was operated through an adjustable electric circuit of

the amplifier capacity inductance type, the constants of this circuit being adjust-
ed as in the authors theory of prediction, on the basis of the auto-correlation of
the invut recorder for pPrevious runs. With the aid of this apparatus a very sig-
nificant degrec of prediction of the input was obtained, and Mr., Bigelow and the
author consultad with nembers of Section D-2 of NDRC for further instructions.
This consultation took Place in the early summer of 1942. At the same tims a de—
tailed plan of a preadicting apparatus was developed in which the method of predict-
ion of our theory was aprlied to the data of flight of the plane as transformed

into intrinsic coordinatss or in other words, coordinates determining the direction-

of flight, the speed of flight in track, and the altitude.’

At the end of the summer of 4942, it was decided by Section D-2 that before
any definite conclusicn should be arrived at concterning carrying our theory into
pPractice we should inform ourselves more specificallly as tc the actucl statistical
character of airplane flight and of the tracking of such flight. In accordance
with this, Mr. Bigelow and myself rade an extended trip in which we visited
Mr, Flood's project at Princeton, where we obtuined a considerabtle amount of infor-
mation concerning long time ani short time errors in tracking, and ccncerning .the
possible use of methods for tha precise determination of plane position; the
Anti-Aircraft Board at Caomp lavis, Dy which coursss 303 and 304 as here presented
were rut inte our hands, ani by the ceurtesy of which w2 ware given o nuch more

extensive acquaintance than we vTeviously had had of the techniques cnd difficuls -«

ties of anti-aircraft fire centrol; the authorities at Lengley Field, who rut at

our disposal considerable information congerningr-the reguleri tiesand irregularitiesof
the Crdnance Rureau of the Navy Department at Washington,

who then and on a later occasion informed us very fully of what naval procedure
and anti-aircraft prediction was; the authorities at Aberdeen Proving Ground:
Frankford Arsenal at Philadelphia; Dr. Fernberger at Priiladelphia; the Foxboro
Instrument Company; and finally the work being done on tracking at Tufts College.
In this way we learnzd a great deal éoncerning tracking accuracies and techniques,
and the mctter of airplanre flight from thas standpoint of ths anti-aireraft gunner.
We also obtained by the courtasy of ths Army Anti-Aircraft Board a considerable
amount of numerical material which was to serve as the basis of an estimate of the
volue‘gf our method. :

T
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Runs 303 and 304 were made at Camp Davis. Only angular tracking was performed,
the altitude of the plane being asczumed ccnstant. We took the Ry cos O and Ry« 0@
) - coordinates of run 303 at second intervals and obtained their autocorrelation
coetficients. The same work is under way on 304, but is not completed.

The on-course and cross-—course autocorrelation coefficients an and by, re-
spectively of the consecutive differences for n and for n-1 seconds of the compon—
ents of 303 were used to obtain spectra. It was found that in the spectra both of
on-cours2 and cross-course comvonents, there was a marked minimum at period about
43.5 seconds., This mininum was taken to incdicatz the aprreximate boundary between
components due to the track and components dus to the tracking. Tt is scarcely -to
be expected that a gap should not exist between frequencies primerily in the true
course and frequencies primarily in the tracking. It may.be obseivsd that we al-

. ready know that the spectrum of tracking errecrs tends to have a raeck at a period
of about 10 seconds and fall off rapidly fer lonyer pericds. The sutccorrelation
coefficients ap and p were separated at this ITeguirev inte-high ens low frequency
terms, g, and pn bging the low frejuency vrasiz. The system of ejuaticns ‘

| ; 2‘9H4+" N X T ' -
Xo & 4+ - - + ZE- T N |
" R A (“=°,' - ',f;)
: ‘ Ve - o V: - o

is solved 2y a mathod due te Dr., Crout of M.I.T. The quantities orz then used
to give riss to ths weighting Iaciors '

Yo =

Yiczxi--lo

Y2 T X2 - x4

Yo z X9 = Xg

Yio= —X9
If then the seguence of values of R, cos d at second intervals is given as S
we oFtain the best mean sguare approach to X, +20, in terms of X,, X; 4 ..... ..

* v..X 4~ as
10 . 10 ,
na4+ 20 ;2" n-k k.,
k=D .
A similar method is then used on the values of R_ sin Q, independently. We‘plgt on
the scme graph X,. @ smoothed X, X}, aond thepredicted Xﬁ' obtained on the fasis of
Q@ 40-second memory point method by taking

't = -
X = 20 i,
plottihg the pairs (R. cos @ R; ein é) and their prredictions and smoothings as
actual points in the plane. Furthermore, the predictions X' and its corresponding
predicted ®, sin ¢-are nade for #304 on the basis of coefficients comruted from
# 303. On the # 303 chart, certain other zmoothing methods and prediction methods
are also shown. (see accompanying charts.)

L
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It is amply clear in #303 that .the mean sguare error of prediction is less . «
for X! points than for the X'' points. The 'very great errors at the beginning of
#303 are reduced by not inconsiderable factors. It also appaars that the X! poxnts.
are closer to the X points than are the X'!' points 90 times out of 134, or é7% of
the time. On the other hand, allowing an error of 40 yards for hits to be consid-
ered as effective, the X' points produce only 43 hits as to 44 by the X'! method,

a relative improvement of only 4%, This is scarcely enough to justify the construct-
ion of new apparatus., ' “ : : :

For a prediction method to justify itself, it must be transferable to other -
courses than those on the basis of which it is designed. Vhen applied to #304, the
mean sfguare error still seems to be reduced, though slightly, but tho other factors
favor the X'' method. X'' yislds 53 hits against 48 for X', and is bstter 57% of
the time. Taking both runs together, X' is better 54% of the time, but X'! yields
3% more hits. A

Let it be noted that a least-sjuare method is dominated by its bad points. 1In
#303 the early predictions are much worse than the later predictions, and much
worse than any of the predictions of ¥3C4. This suggests that it would pe desir-
able to re-examine the two methods in the light of autocorrelation coefficients
obtained from the later points of # 303, or irom #304. This I intend to do .in the
near future.

In a1l such work, the difficult and expensive part is the computation of the
autocorrelation coefficients, although this will be much cheapened and speeded Eby
Q new computing machine,invented by Mr. 2igeloew for another government project.
Once these are obtained, it would e a shame not to use them to the full. I pro-

_ pose to submit a suvplementary resport in a few weaks, containing predictions for

#303 and #304 for leads of O, 5, 10, 45, 25, 30, and 35 scconds, based on auto-
corrclation cocfficients obtained from either:

(a) the corrosponding coordinates of #303
(k) the corrcspending coordinates of #3C4

{c) compromisss betwzan ths Ry €o8 ¢ and Ry sin ¢ coordinates
to produce apparatus independent of the angular orxentot;on of the agpparatus with g -3-
respect to the general direction of flight of the airplane. I also propose to in-
clude some practical examples of altitude prediction.

Let it be noted that the assumptions that the altitude of the plane is constant
in ¥303 and #304 mean that we have been predicting, not true horizontal coordinates,
but mixtures of these with the vertical coordinates, This affects the usefulness
of any instrument based on our computations, but not the general question of the
feasibility of such instruments. :

i
]
‘
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Apart from the possibility that the use of predictions based on #304, or the
latter part of #303, may improve matters much more substantially than I now expect,
It appears that my methods do not lead to any practical improvement over the
"memory-point" method. This latter method can be realized either by taking as one
terminus of a rectilinsar segment to be prolonged a really fixed mechanical point,
as in the Bode method, or a short time average, as in the Lovell method. 1In either
case, the results as applied to #303 "and #3104 will not be substantially better than
those actually obtained by the use of Sperry or of USMC apparatus, as shown in thg
accompanying official charts.,

It is almost certain that the mathematical advantags of my mathod will really
appsar for considcrably shorter times of flight than 20 seconds. Here, however,
the large-caliber aA weapons, to which I have been asked to confine my report, find
'as heavy competitors rapid-firing automatic weapens of smaller caliber, which fire
traces, and hence act simultaneously as weapons, observing instruments and ballistic
cams. With light portalkle weapons, the advantage of an elaborate, not too easily
portable instrument becomes guite questionable,

‘To-what extent the negative result of this investigation is due to tad tracking,
to what extent to the restriction of the useable past to 41C seconds, and to what
‘extent to the fact that the énemy plane has a very considsrable chance to change its
flight pattern, whether voluntary or involuntary, in the twenty seconds of nrojects
ile flight, is nct yet fully clear. I intend to study these matters with scmawhat
grzater thoroughness, although I am convincod that ths last named cffeet is PrG-—
rondurant., This is indicated 2y the general similarity of the X' and X'! curve,
which differ much wore in their leng-time swings than in their general short-time
character,

The work done on #3C3 is optimum from the mean square point of view., "The fact
that this ootimum work is not significantly wmore effective from the practical point
of view than the nemory-point method, nor tihan the overall results aof present
predicting apparatus as realized in Fractice, indicates that no great consistent
improvement in long rance AA fire is to e expected. This is all the meore oovious—
ly true in that the actual predictions used for these tracks employ times of
flight varying from arcund 20 seconds up to about 35 seconds. In particular, it
is now clear that the unremovable errors of these predictions are not smaller than
those errors due to oscillations in the time-of-flight feed-tack cycle, etc, - ..
Present field results aré much closer to the best cbtainable by any imaginable ,_
arparatus than I had exrected, and I presume, than most workers in the field had
exvected. Accordingly, there is less scope for further work in this field than
we hqd believed to be the case.
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The author finds that an optimum mean square prediction method based

on a 10 second past and with a lead of 20 seconds does not give substantial

. improverent over a memory-point method, nor over existing practice. He
proposes to check this result with a similar method in which the more unpre-
dictable parts of the course are discarded, and to discover the maximum lead
fer which his method yields an effective improvement in prediction. FEe also
wishes to examine the theoretical effect of better tracking. He considers
that if these investigations 'do not yield a much more fovuruble rasult than-
those alrcady carried out, and hz doss not anticipats that they will, hs
will have ostabliched that new devclopments in the design of long-time pro—
dictors have already reachcd tha point of diminishing rzturns, and that all
afforts in this tield should b concentrated on features leading to more
rapid production and simplicity of use in the ficld.
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Dr, Warren Weaver - e WO
Room 5500 - ' (L;»aa;uugur
49 VWeat 49th Street

New York, New. York

Dear Dr. Weaver:

The present report is intended to cover all remaining
issues on project 5980, As a tasis for this report, .I refer
back to your letter to Major General Williams and others dated
October 6, 4942. 1In that letter you distinguish between four
types of curved flight, These are:

(1) The curved flight of deliberate—-evasive action

(2) The rather steady longer radius flights of a plane
making a wide sweeping change in direction -

(3) The very much longer radius curve, presumably followsad
by a plane whose pilot is attempting to fly in approximately c
straight course : . '

(4) The irregular deviations of a plane whose pilot is
attempting to fly a straight course due to burpiness of air, etc.

You make a distinction between two tyres of flight predic-
tors, namely, an analytical filight predictor depending on the
assumptien that the course has certain analyticcl properties,
and a wander predictor, the latter being statistical in character,

‘ You ask

(4) Of the four types of curved path referred to above,
how important tactically do I consider it to be to develop an
anti-aircraft predictor that might furnish better predictions?

(2) Do I think.an analvtical curved flight predictor is
important in connaction with type three? .

(3) Do I think that type (2) occurs frequently enough to
make it important tactically to shoot effectively during this
type of flightt '

These questions were addressed to various army officers as
well as to myself, I have seen ths answers of q good many of
these army cfficers, and I have in addition had the opportu-—
nity to make a thorough statistical study of flights 303 and 304,
furnished me by ths Anti Aircraft Beard at Camp Davis, North
Cardlina. I have also had the opportunity of looking at a good
many of the other courses from a less detailodly critical point
of view, and of talking over with airforce authorities the
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mechanisms of straight line flight and the_couses and extent of
errors in such flights. I have come to the followirn; conclusions.

(1) The curved flight of deliberate evasive action, in par-
ticular when the plane is flying at a height of 10,000 feet or
more, is much too curved over the interval retween which the
shell leaves the gun and that at which it arrives at its destina-
tion tc make any effective prediction for such flight worth
while. This conclusion right conceivably have to be changed for
very short range, small calirre anti-aircraft weapons, rcut it is
extremely doubtful in such a case whether any mathematical treat-
ment of the matter can begin to compare with the use of simpls

and feolproof devices for predicting, plus the building up of a
cattery throwing a simply overwhelming weight of metal, -

(2) The evidence from all military sources that has teen
made available to me is that the rather steady, longer radius
curved flights of a plane making a wide, sweeping change in
direction, occur so seldem during actual combat that it is
scarcely worth while to design firs control acrparatus to meet them,

{3) The very much longer radius curve followed by a plane
whose pilot is attempting to fly in approximctely a stroxght
course can not bte too completely distinguished from

(4) The irregular deviaticns due to bumpiness of air , etc,
Between (3) and (4), we fina a gquite appreciable aeviation of the
plane from a straight course, and(if we use any elementary
method of prediction) a much more appreciacle deviation of the
predicted position of the plane from its actual future position.
These deviations are large in comparison with the deviation of
the burst of a fuse shell from its root-mean-sgyuare position.

Any reduction in this deviation will cause o more econimical use
of amrmunition and an appriciatle improvement in the number of
hits with a given amount of armunition,

The author has made several attempte to introduce an improvae-
ment in the prediction of the future position of the shell in
such a manner as to conserve as much as possitle some existing
typre of predicting apparatus, and alsc to lead to as stable and
consistent a theory and design as possible. It is well to notice
that in an ideal arrangement the prover coordinates to introduce
would te intrinsic cocrdinates, as we have indicctad in an
earlier raport. The chief value of introducing intrinsic
cocrdinates is that they make a sharp distinction Cetween tle on-
cours¢ and cross-—course coordinates, which havs a sharply distinct
statistical behavior, Another way of producing what is to a
tirst order the samz offect is to introduct one of the geometrical
mcthods ot pradiction first, such as, that of Boede,* and then to
apply statistical prediction to the =rrors of the gzometrical
mathod.

*Note by Division7, the"Eode" method 'to which Yiener refers is a memory point system which
was orlginated by Pode, altrougi urnknowr to him, it was developed consideradbly earlier
by Mr. Durican-J. Stewart, Member of Division 7. (Barber-Colmarn Co., Rockford, Ill.)
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I may renurk narenthetically here that I do nct consider the
distinction retween geometrical and statistical prediction as
absolute., Any geometrical prediction which involves too great
a uniformity in the geowmetrical characteristics of the curves to
be predicted is to be thrown out because it is not aprlicable
on the average to the predictor problem which we mset in practice.
This simply says that it is to be thrown out cecause it is
statistically inadmissable. Similarly any statistical method of
prediction is raeed on the existence of certain uniformities
petwzen the various curves which are to be predicted, and these
uniformities ara expressable in more or less geometrical language.

‘To return to the bode prediction, Bode's method is to fix a
certain memory-point in the past of the motion of ths plarz; and
to extrapolate linearily along this straight line. Any such
method will c¢f course have errcrs, as the motion is not in fact
perfectly rectilinear. These errors may be observed and re- -
cerded, cnd a crude methed of improving the Bode prediction
would te to correct the future position predicted for the plane
by cancelling out the pressnt observed error. This method would
involve a negative feed-tcck. It can ce made much more effective
by replacing the present error of position of the plane
computed statisticclly from this. The Bode method has a graat
advantage in that it is easy both theoretically and mechanically
to treat derartures from uniform rectilinzar motion across the
genarcl path of the rlane on a different basis from those along
the path of the planc. It is therefors both from the thecreti-
cal side and from the practical side o method cxtrenely adaptable
to improvenznts such @s those here suggoested.

It will bs noted that ths memory point in the Rods method
need not be at the beginning of the trajectory, In fact, the
Bode apparatus is so constructed as to allow for a change in
the memory point used in the . middle of the flight. A method of
prediction closely related to this would te one in which the
memory point is set a fixed distance fteck in time, beyond the
Tunning present pecint. This result mav be achieved to a con-
siderable degree of precision by taking average past coordinates
of the point, as read through an electrical lag system, and com-
pParing them with observed present values. Such a method differs
in description, but not in actual function, from one in which
the derivatives of the coerdinates of a plane are tecken, not
instantaneously, but by means of an integrating, smoothing
device, and used as the tasis of a linear extrapolation of the
cooidinates oi the plane. Such electrically smoothed derivatives
are used in a device invented by Mr. Lovsll, ‘and in the improve-
ment of the Sperry predictor by the Unitud Shoe Machinery
Corporaticn,* In the latter cassz, the smocthing covers and
intorval of some thrce saeconds,

* Note by Divisior 7, A rete srcothlng and matchlng device, deslgred to be zdded to the
Speery director in the fleld, 2nd followin: the gensrel schere suggested by the Unfted
Shoe Machinery Co., Las 21so been fproduced under Division 7 auspices, and iIs now under
service production.
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On the basis of courses 303 and 304, predictions were made
by several tentative methods, of which the significant ones
appeared to be: (4} the Bode method, using the initial point
as a memory point; (2) the modified Eode method, using-a point
10 seconds back as the memory ﬁoint;‘(s) the Bode method,

with the cross—course error of the Bode method corrected by a
statistical method of prediction based on a conjoint use of the
statistical data of 303 and 304. Over a period of time of 165
seconds for 303 and about the same time for 304, and with an
assumed radius of destruction of 40 yards for a burst, this
yielded ' :

Track (1) Pode (2) 10 Sec, Rode - {(3) Statis-

tical
303 " 6 hits 22 hits 23 hits
304 35 hits 5% hits " 49 hits

In course 3C3, the curvature of the ccurse is very conspicuous
on the map, and it is perhaps not surprising that the fixed
memory point is disadvantageous. ©On the other hand, 3C4 is a

much straighter course, and the result is really ncoteworthy,

It cppeared that an improvement of (3) by the application
of a statistical method to tne on-course coordinate as well .as
the cross—course coordinate would increase the number of hits,
but not greatly, and would certainly not bring out any clear
superiority to method (2), It also apreared that the merits
of (2) would not ce greatly changed by reducing the amount of
rast used to 6 seconds, nor by increasing it to 20 seconds,
It was easy to get statistical methods which should slightly
but appreciably improve tha number of hits for 3C3 or 304
separately, but not simultaneously, .
To come to practical conclusions, the Bode method is
certainly not to be used with fixed memory preint, and it seems
that to put the memory point under the voluntary control of an
operator is giving him too much freedon of judgement in practice,
The Eode aprparatus can be brought to a high efficiency by a
supplementary statistical 44+ network. Even at this level,
however, it does not seem from present evidence that it will be
out of the class of a somewhat improved U,S.M.C. apparatus, and
similar simple smoothing devices.

In the computation of method (3), the full force of my .
statistical method was used, without any restriction, as before,
to a ten-second base, As far as 303 and 304 are concerned, the
work may be considered substantially final, Howaver, these
flight paths are to a certain extont not cowpletely accurate
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trajectories. They have been made on the assumption that the
height of the plane above the ground is constant and only the
azimuth and angle of elevation of the plane have been measured.
That is any departure of the altitude of the plane from cen-—
stancy has been registered as a fictitious change of azimuth or
angle of elevation. This means that in any true mechanization

of an improved predictor, there will be three qualities that we
have to take care of, not two, and these three will be On-Course;
distance, cross-course distance, and altitude, It is important
to design the constants of any predictor on the basis of the
history of the actual data submitted to the predictor, and if
any further use is to be made of the suggestions presented in
this paper, it will be necessary to carry cut further experiments
in this direction.

Furthermore, two courses made under similar conditions with
a similar plan are not enough to serve as a basis of design, no
matter how much they may be suggestive that improvements may be
obtained. -Before any ottempt to realize method (3) can be
carried out, a program of examination of courses run certainly
up into theiO's and protably into the 4100's will be needed,
I hesitate to make any such recommendation because I frankly
do not know to what extent work of this sort may tie up
present working sources of the country, and because the present
expectation of great improvement is too distant to be signifi-
cant in the present war., I most definitely deo recommend that
such study be made within some part of the long time program
of our armed services.

Respectfully submitted

NORBERT WIENER .
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