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Bear John:

The passage on antagonistic errors occurs in Cybernetics
(2nd Ed., p.9; 1lst Ed., p.16).

In none of his documents does Wiener quite tie this in
with his discussion. The enclosed Document XI is one such. The
others duplicate this in essence, or deal with other aspects of
the problem, not relevant to the passage.

Best wishes,

Sincerely yours,

fos

P. Masani

PITTSBURGH, PA. 15260
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The.problem to whichvthis memorandum is a contribution is that
¢ anticipating the position of a moving object in such a way that it
=y be uccuragély reached by gunfire. The method is that of linear cir-
cuit theory.

It is desired, given a function of the time, to subject this
to a transformation by a linear apparatus which will yield the same func-

tion at a time later by a fixed interval. 1In its completeness, and with-

out auxiliary assumptions, this problem cannot be solved. Every appara-

tus is influenced by the past of the impulses which it receives, and any
future change in behaviour of these impulses cannot be recorded by it..
eg’ . However, 1f we restrict ourselves to the case where the impulses received
by &an instrumgpt are sufficiently slow to change the character, or, in
other viords, where the high frequency components are sufficiently small,
We may make our prediction to a useful degree of accuracy. In particular,
we wish to design a device which, when used apainst an airplane moving on
& straicht course or turring with a constant angular velocity on ; circle

on vhich it i; physically possible for it to turn, will aim a gun at a

™

point a fixed time ahead on the straight or circulariifﬁéectory.

The\fact thet the apparatus is strictly unablg\to foretell the
future and that it is linear means that if it receives an input of the
form £(t), it will yield an output of the form {ZD f(r) dg (t = r). Now
if we apply tﬁe.apparatus to a simple harmonic eiwt, we shall obtain as an

. . m .
output /¥ eltr gy (t - r) = eiut J eTUY 4 (r).
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wor, = e T gp (1) = F(iw), will be kuown as the conversion
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"at. > of the apparatus for frequency w.
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v:ion of a complex variable, F(Z), has no singularity when the real part
).. -

of Z is positive. It may, however,
: | S S
of F(Z) which are obtainable as

have zeros in this region.

The functions conversion ratios

have electrical systens with a finite n

umber of inductances, resistances

and capacitors, or have their mechanical equivalents, such as integraph
deviées, with a finite number of integrators, and will be of the form

é%%%, vhere P and Q are polwvnomials of finite order. ‘Vihen reduced to

their lowest terms, G(Z2) may have no zeros to the right of the imaginary
axis. If the device consists entirely

of resistances and capacitors, but

no inductances, the zeros of Q(Z) will all 1lie on the negative real axis.

therviice, they may lie anywhere in the negative half plane, except, of

course, the values off the axis must occur in pairs so that Q is real for

real arguments.

P(z) may have zeros anywhere, and when the apparatus is designed
for filter purposes,

Zeros in the right half pPlane are often very useful.

This is due to the fact that such zeros ray be used to cancel zeros of the

deromirator in the left half plane as far as their effect on the absolute

value of F is concerncd, while they produce an effect in the same direc-

tion as far ag the phase of ¥ is concerned. This effect is that of a lag.

s vie are trying to obtain a lead, and as any amplitude effect produced

by & zero in the right half plane can be produced by its mirror image in

the left half plane, it doos not seem reasonable to expect that such zeros

will be of any help to us in the design of apparatus to produce a lead.
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We shall then find that the func-
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in the left helf plane, or possibly, as far as P is concerned, on the
imaginary axis. Even with a device consisting entirely of condensers

and resistances, the zeros of P need lie on the real axis.

..

Vo ray, therefore, assume that both P(Z) and (%) have exclusively zeros

The logarithm of I will accordingly be free from singularities

. in the right half plane. This means that the logarithm of the absolute

value of I will be what is known as the conjugate function to the phase

completely determined except for an additive constant in phase when it

is determined in amplitude and vice versa. It is, thus, impossiBle to ad-

of ¥(iw). - In other words, the conversion ratio of such an apparatus is

just these two quantl ies 1ndependcnt1y, and if we wish to obtain & cer-

tain phase characteristic, we must look to it that we don't so distort

the amplitude characteristic of the apparatus as to produce undesired re-

s o)
sults. In particular, if either of the two quantities, /03‘10g

® .
RS and /;3 arg (F(iw)) 2 dw, exists, the other must exist and have the same

value. Thus, if our apparatus is to produce a considerable phase shift,

its attenuation or amplitude shift will differ widely from one frequency

‘ -
o “4.4 2.

~+ to another. If we hold it down hltn*u a glven frequency range, it will

alvays be at the expense of a large, parasitic amplification outside the

range over which we are working.

An éxample of the characteristic of a possible piece of appar-

atus of this sort is:

1 +.2.55062 ie - 2.6619 w® = 1.5861 100 + .9067 ot

——— - . - —— - - - - - -------_--__~_.--.- - . - — - ——

1+ .7854 iw - .2314 o® - ,0202 iwd + .0015 ot
ﬂl W

F(imﬂiz dw, '.;_1

This has been desipned to approximate to the function e 2 of the
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range -1%< w £ 1. If this operator is applied to 777, it will yield

iw(t +g ) /“- 4
e

and that is, if w = 1, it will yield a lead of 1/4 of a period. The ac-

curacy of the epproximating function is computed in the following way.

The absoluts error of approximation to elwt is divided by w and estimated

as a percent. Let it be noted that if this method is applied to one co-
ordinate of akbody moving in a circle with a fixed speed, it will estimate

on the same scale the error in the position of the body for circles or all
radii. Thaﬁ is, if a body is moving nearly in a straight line, the ampli=-
tude of the circle which it is describing will be large, and the same per-
centace error-;; referred to the'rédius of the circle will be a much larger
actual distanée error than if the body is moving in a circle or small radius.

Cn this basis, the absolute error divided by the frequency will yield the

following tables

w Fiw) |hrror| (per cent)
o
Hear O liear 1 + 1.5708 i 0
1/3 .8717 + .5128 i 4.2
1/2 L7144 + ,7251 i 3.88
2/3 L5167 + 9346 i 10.59
3/4 <4131 + ,9895 1 10.92
) L1559 + .9877 i 5.99
1 i 0

The characteristic here given was obtained by a crude process of
interpolation between values at piven points. There is a more precise
process of approximation which will give & result which is in some sense
the VLest possibie, and, by this way, we ought to be able to reduce the

percentare error divided by the frequency to 6 or 7 per cent.

T

cation is for frequencies outside of the range over which we desire a

n %his example, it is worthwhile considering what the amplifi-
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close imitation of a phase shift. The order of magnitude is given rough-

ly by the following table:

€

lF(iw),

nearly 1

nearly 10
nearly 45

nearly 100
nearly 175
nearly 180
nearly 600

80‘-(}10#01(\3)—‘

While the parasitic amplification appears to be enormous, it must

be reflected that this is an amplification of the amplitude and that, since

. 4,} ' the acceleration of a plane is fixed by mechanical considerations, the am-
. N o IR _

11y litude must go down at least as fast as the square of the freguenc and,
L , P g q y
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indeed, practically as fast as fhe cube of the frequency; unless the plane
eg; is engaged in wild and probably impossible maneuvers. Under these ‘condi-
tions, the re&ﬁced maénitude of the parasitic amplification is no greater
than a small integer, and is not serious, since no device whatever will
‘make it possible to hit a plane where the maneuvering time of the pilot
after the gun is fired is long and the pilot takes advantage of this man-
euvering, time o stunt. 5 i}
In the characteristic F(iw), which has been given, the numerator
and denominator are taken to be of the same degree. The denominator is,
. 4
in fact, (3 +iﬂ%§) + It would be desirable, from some points of view, to
use a denominator of hipher degree than the numerator, say a denominator
(1 + E%%)S, vith a 4th degrec numeratpr. in order to introduce a heavy

damping for high frequencies such as ray be put in by the observer in

o L cranking his jinstrurent.
’
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It ﬁill be noted thet both of these denominators give F zeros
only on the real axis. They are, thus, obtainable by networks in which
only capacito;s and resistances occur, together with such amplifiers as
&re necessary to prevent the eicessive attenuation of the input signal,
characteristic.of such networks. Such a notwork may be given a suffi-
clently large time constant to be operative without an excessive ehlarge-
ment of its parts, whereas this would be impossible about zero frequency
if we introduced inductances.

riw

——
s

Iﬁ this network, we have imitated e ¢ « It is easy, with.the.
same denominator, to obtain a numerator so that we may imitateieaiw,
where a is anynAumber less than g. This reans that, with the same struc-
ture of capacitors and resistances, but with a differont takeoff from
these members we are able to obtain any leed less than g » and so do with
the aid of gaggs of rheostats on a single shaft so that the lead is con-
tinuously adjustable. Tn an apparatus of this type, the information re-
‘ceived and stored by the machine is not changed by changing the lead, and
the apparatus will come instantaneously to the same position which it
would have had,if it had been inifiully adjusted for the new lead. This
is extremely important where there is a feed-back conncetion between the .
lead mechanism and an auxiliary mechanism which determines the proper
lead for a giGen expectad position of the target.

All the integrations ir this apparatus may be ﬁerformed with disc
integrators of the Bush type, instead of capacitors. The.disadvantage of
the use of this type integrator is the mechanical one of obtaining a linear

combination of several different output functions where the coefficients
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&re not simple ratios between small transfers., Eowever, a device using
Bush integraters has been set up for the characteristic function
s 4
iw
(1 + =)
——
iw
(1 +'1;)
and the results are available to accompany this. Such an apparatus,

while far frop having an adequately precise characteristic, at least

shows the method of operation of the apparatus,

Sible, by means of impedances already contained in the apparatys de-
Signed, to measyre theécomponentsmof acceleration of the plene and to
put these together into a single‘quantity giving the absolute value of

the acceleration., As this acceleration is almost entirely radial, it
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the plane vhich gives ys more information as to what to expect.
by



