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Intr oduction I

e On TuesdaySeptembed 9, 2006, Bloombeg News reportedthat the
globalcreditdervativesmarket hasmorethandoubledin the pastyear
to $26¢trillion.

e On August31, 2006,the Wall StreetJournalreportedthatthe underly-
Ing notionalin creditdefault swaps(CDS)exceedsb17trillion.

e As thesayinggoes atrillion here,atrillion there,andprettysoonwe’ll
betalking aboutrealmoney.



Overview I

e WWe shav how to replicatethepayofsto alargeclassof default-contingent
claimsby taking static positionsin a continuumof CDS'’s of different
maturities.

e Althoughwe assumadeterministicinterestratesanda constantecov-
ery rateon the bondunderlyingthe CDS’s, the replicationis otherwise
robustin thatwe make noassumptionsn how default occurs.

e In particular we canrohustly replicate Heaviside and Dirac payofs
written on therandomdefaulttime .

e Asaconsequenceaye canrobustly determineisk-neutralsurvival prob-
abilitiesfrom anarbitrarily givenforwardratecurve andCDScure.



Is This NeW?I

e It Is frequentlyassertedhat risk-neutraldefault probabilitiescan be
strippedfrom the singlenameCDS market.

e Wefindthatit cannotbedonein generaljn particularcorrelatednterest
and/orrecovery ratespreventidentification.

e Evenunderdeterministicinterestand/orrecovery rates,we areunable
to find reference®n replication(asopposedo pricing) andwould ap-
preciatethem.



Our Mission I

e Supposehatthedefaulttime 1 is randomandunspecified.

e Let thetargetbe a claim payinga couponc(t)dt for eacht € [0, TAT].
If T < T, thenthetargetclaim alsopaysalump sumrecorery amount
R(1) attime 1, wheretherecoveryfunctionR(t),t € [0, T] is known.

e The objectve is to replicatethe payofs to the target claim by taking
staticpositionsin a continuumof CDS of all maturities.

e Onecanalsomanage positionin ariskfreeassetwhich we call abank
balance.No otherassetsareusedin thereplication. As the CDS posi-
tionis static,thebankbalancas determinedy whatwe initially deposit
andwhatgoesout andin to financethe cashflows associateavith the
continuumof CDS positionsacrosamaturities.



Our Initial Data I

e Althoughwe canhandledeterministiaecovery from the CDS,this pre-
sentationwill assumdor simplicity thatthe recovery rateon the bond
underlyingthe CDSIs constant.

e It followsthatthelossgivendefaultis alsoconstanatsomel € (0, 1].

e As we have deterministicinterestrates,future shortratesare given by
theinitial forwardratecurnver(t) = fo(t),t € [0, T], which we assume
is CL.

¢ In contrast,future CDS ratesare stochasticand unmodelled,but we
know theinitial CDScurve so(u), u € [0, T], whichwe assumas C.

e Our positionsin CDS andcashcandependon the initial interestrate
cuner(t),t € [0,T], theinitial CDScurvwe s(u),u € [0, T], andtheloss
givendefaultL € (0, 1]. No otherinitial datais needed.
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Overview of the Solution Strategy I

e Recallhow replicationoccursin thesingleperiodbinomialmodel.One
formsaportfolio of two assetsvheretheinitial holdingscannotdepend
onwhetherthe underlyinggoesup or down.

¢ To find the two Initial holdings,one obtainstwo linear equationsvia
target matchingin the up and down state. One then solves the two
equationdor thetwo unknowns.

¢ Replicationin the single period binomial modelis static; It only be-
comesdynamicwhentherearetwo or moreperiods.



Overview of the Solution Strategy (con’d) I

e Ourcreditproblemis similarto thesingleperiodbinomialmodelin that
all of ourdecisionanustbe madeattime O.

¢ \We alsohave two controls,namely:

1. M(t): theamountof mone keptin the moneg/ market accountf we
have survivedto timet € [0, T],

2.Q(u)du: the notionalamountof CDSto initially write for maturity
ue [0,T].
e The majordifferenceis thatthe two controlsin the creditproblemare

functionson [0, T|. Nonethelessfor eachgivent € [0, T|, we either

have thatt =t or T £t andwe now explore target matchingin these
two states.



Matching Recovery if t is the Default Time I

e The two control functionsM(t) and Q(t) areuniquely determinedby
two equationsOneof theseequationarisedrom equatingheportfolio
value to the tamget’s recovery value whenthe candidatetime t is the
defaulttime:

M(t)—L/TQ(u)du: R(t), te[0,T].
e Differentiatingw.r.t. t a;dsolvingfor Q(t) implies:
Qv = TR -M@M)],  teoT]
e Sincethe loss given default L € (0,1] of the CDS and the recovery
function R(t),t € [0, T| of the target are both given, the rate Q(u) at

which CDS arewritten is determinedpncewe determinehe survival-
contingentankbalancev (t).



Matching Couponif t is not the Default Time I

e Recallthatthepossibilitythatt =t = Q(t) = {[R(t) —M'(t)],t € [0, T].
e Thepossibilitythatt # t = thatthechangein M(t) att is:
T
M'(©) =rOMO) + [ sUQudu—c),  te[0T]
t
e Differentiatingw.r.t. t implies:
M*(t) = r(OM'(t) +r'(HM(t) —so(t)Q(t) —c'(t),  te[0,T].
e Substitutingn thetop equatiorandre-arrangingmpliesthatM(t) solves:

LM =M"(t) — [r(t)+$] M'(t) —r'(t)M(t) = f(t), te[0,T],
wheretheforcing function f (t) is givenby:
f(t)=-c(t)— wR’(t), te[0,T].

L
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e Recallthatthe bankbalanceM(t) solvesthe2ndorderlinearODE:

LM = M7(t) — [r(t) +¥] M)~ (OM() = F(t),  te[0.T],

wheretheforcing function f (t) = —c'(t) — @R(t),t € [0, T].

¢ A uniquesolutionfor M(t),t € (0, T) arisesdrom 2 terminalconditions:

M(T) =0, and ItlTrp M'(t) = —c(T).

e For arbitraryforwardratecurvesr (t) andCDScurvessy(t), onenumer
ically solvesthe above terminalvalueproblemfor M(t),t € [0, T).

e ThescalarM(0) is theinitial valueof thetargetclaimbecausall of the
CDSusedin thereplicatingportfolio areinitially costless.

e Recallagainthat the rate at which CDS areinitially written for each
maturityt € (0,T) is givenby Q(t) = $[R(t) — M/(t)],t € [0, T).

e Thus,we have acompletesolutionto the problemof replicatingatamget
claimusingamoneg/ marketaccounandCDS of all maturitiesupto T.
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Example: Defaultable Annuity I

e Supposehatthetargetclaimis adefaultableannuityof maturity T.
e Let My(t; T) denotethe survival-contingenbankbalanceatt € [0, T|.
o Settingc(t) = Lico1) andR(t) = 0in theforcingterm f(t) =

—C'(t) — @R(t) impliesthatM;(t; T) solvesthehomogeneou®DE:

0%\ o, M) 9y, oy .
ontheopenintervalt € (0,T) s.t. Ma(T;T) = 0,lim EM,(t; T) = —1.

ot
t1T
e M,(0;T) is theinitial valueof thedefaultableannuitymaturingatT.

e For eachmaturityt € [0, T], CDSareinitially written attherate

Qa(t; T) = —%M, whererecallL € (0,1] is thelossgivendefault.
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Green's Function I

e Again considertheterminalvalueproblem£ZM(t) = f(t),t € [0, T].

e Thediff’| operatorL actsonthesurvival cont't bankbalanceM(t) that
arisesvhenreplicatinga claimwith couponratec(t) andrecoveryfunc-

tion R(t) enteringthroughtheforcingterm f(t) = —c'(t) — @R(t).

e Thegeneralolutionof theterminalvalueproblemcanbeexpressedn
termsof the Greens functiong(t; u), definedasafunctionsolving:

Lg(t;u) =d(t —u), t,ue [0, T].

SinceL is 2ndorder we need2 boundaryconditionsto uniquelydeter

minea Greens function. We choosegy(T; u) = 0, and ItiTrQ %g(t; u) =0,

causing(t; u) to vanishfort € (u, T).

e Notethat Greens ODE arisesfrom the generalODE by settingc(t) =
Licow @andR(t) =0in f(t).
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Green's Function I

e Thelastslideshavedthe Greensfunctiong(t; u) is connectedvith the
replicationof a defaultableannuitymaturingat u.

e In fact,a solutionto theterminalvalueproblemgoverningg(t; u) is:
Ma(t; If t €10,
g(t;u) = (i) Treefou
0 ifte(u,T).
e Thus,for fixedu, g(t;u) is the survival-contingentbbankbalanceatt ¢
10, u] whenreplicatingthe u maturity defaultableannuity

e Onceq(t;u) is known asa function of u for somet, thenthe survival-
contingenbankbalancevhicharisesvhenreplicatinganarbitrarydefault-
contingentclaim canbeexpressedn termsof it:

M(t) = /tT f(u)g(t; u)du, te[0,T].
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MoreGoodiesI

e Thelastslide shavedthatthe survival-contingenthankbalancewhich
arisesvhenreplicatinganarbitrarydefault-contingentlaim canbe ex-
pressedn termsof the Greens functiong(t; u). It follows thattherate
Q(t) atwhich CDSarewritten at maturityt alsodepend®ng:

Q(t) [ / f(u)=g(t;u) du] t € [0, T].

e Recallthatall of the CDS usedin the replicatingportfolio areinitially
costless.Hence,evaluatingthe expressionfor the bankbalanceM at
t = Orelategheinitial valueof thetargetclaimto the Greens function:

/ f(u)g(0;u)du, te[0,T].

e Thus,hedgingandpricingof thetargetreduceo determiningg(0;u),u €
[0, T]. Thislooksto becomputationallyintense put why be backward?
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Forward Equation for the Green's Function I

e Recallthatwhenthe Greensfunctiong(t; u) is considerecsafunction
of t for fixedu, it solvesthe ODE Lg(t;u) = &(t —u), for t,u e [0, T]
alongwith two terminalconditions.But wheng is considereasafunc-
tion of its secondvariableu, thenit satisfiesheadjointODE:

L7g(t;u) = ot —u),
where L* is thefollowing lineardifferentialoperator:
u
L= DE+ [r(u) + _sol(_u)] Q)l}+—sl0|(_ )@8,
and D, denotedifferentiationw.r.t. u.
e Thedomainfor theadjointODE s alsothesquargt,u) € [0, T] x [0, T].

In onetrianglet > u, g vanishesandin the othert < u, g is the bank
balancewvhenreplicatinga defaultableannuity
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Forward Equation for Defaultable Annuity Value I

e Recallonceagainthatwhenreplicatingadefaultableannuity thesurvial-
contingentbank balanceMg(t;u) that arisesis the Greens function
g(t;u) fort € [0, ul.

e Theresultsof the lastslide imply that M, solvesa forward ODE in its
maturity variableu.

e Let Ag(u) = My(0;u) denotetheinitial valueof thedefaultableannuity
maturingatu € [0, T]. It foIIowsthatAo( ) alsosolvesaforward ODE:

W+ [+ ]<>+@<>

onthedomainu € (0, T), subjectto theinitial conditions:

Ap(0) =0, andlim Ag(u) =

ulo
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Determining the Default Time PDF I

e Supposehatthedefaulttime 1 hasaprobabilitydensityfunction(PDF).
Canwe learnit from our knowledgeof Ag(u) andour initial data?

e Thevalueof the premiumleg of aCDSmaturingatu is Sp(u)Ag(u).
e By thedefn of 55(u), So(u)Ag(u) is alsothevalueof the protectionleg.

¢ Dividing this valueby L produce (“>|f\0(“>, whichis theterm structure
of initial valuesfor a claim paying$1 atthedefaulttimet if T < uand
$0 otherwise.

e Differentiatingw.r.t. u implies that %w IS the spotvalue of a
claimwith theDirac payof d(t — u) atu. Futurevaluingthis spotvalue

givesthedefaulttime PDF:

Q{T c dU} _ efé‘r(v)dv 0 SO(U)AO(U).

ou L
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Determining the Default Time PDF Again I

e RecallthatAq(u) denotegheinitial valueof defaultableannuity which
canbeobtainedoy solvinganinitial valueproblem.

e S0,A5(u) is thespotvalueof asurvial claim,i.e. aclaim thatpays$l
atuif T > u. Thus,theforwardpriceelo " AL (u) = Q{1 > u}.

¢ Differentiatingbothsidesw.r.t. u andnegatingimpliesthat:
Q{t e du} = —r(u)elor™Mdar () — elorVdvar ).
o But recallfrom thelastslidethatQ{t € du} = elo"(Vdv.2 2WAW)

ou L
e Equatingthe2 RHS's yieldsthe forward ODE governingAp(u):
A+ [0+ 52| A+ 2w 0, we o]

ImposingAy(0) = 0, and ”?3 Ap(u) = 1 uniquelydetermines\o(u).
u
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Pricing Claims on the Default Time I

e The last two slidesamountto a direct dervation of the initial value
problemgoverningtheinitial valueof thedefaultableannuity

e OnceAp(u) is known, eitherof the equationdor the risk-neutralPDF
of 1. givenonthelastslidecanbeusedto determinat.

e It followsthatarny claimthatpaysf(t) attime t canbeuniquelypriced
relatve to theinitial yield curve andtheinitial CDScurve.

e For example,onecanpricethepayof (1—K)™* paidatr.

e Our resultsimply that that any claim written on the default time can
alsobehedged.
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Similarities to Breeden& Litzenberger (1978)'

e Againrecallthe 2 formulaslinking the defaulttime PDFto Ag(u):

Q{T e dU} efo dvaauSO( )I'_A‘O( )

Qft € du} = —r(u)ed VA (u) — e TINAG(W).
e Thesearetheanaloggo BL'sresult: Q{s, € dK } = elor(Vav " 52Co(K, U).
e All 3resultslink theRN PDFto partialdervativesof obser\ables.

e While we assumedleterministicinterestratesanda constantrecovery
rateontheCDS,ourdeterminatiorof thedefaulttime PDFis otherwise
robustin thatno assumptionsveremadeon how defaultoccurs.

e Inversely startingfrom known Q{t € du} andr(v),v € [0, u], onecan
explictly solve the2ndequationfor the defaultableannuityprice Ag(u),
andthenexplictly solve thetop equationfor the CDSspreadsy(u).

21



Differ encesfrom Breeden& Litzenberger (1978) I

e When Europeanoptionstradeoutright (eg. for stockindicesor FX),
thenBL'’s call pricesaredirectly obserable,while our defaultablean-
nuity valuesAq(u) only becomeobsenableonceaninitial valueprob-
lemis solved.

e While our resultis not presentlyasexplicit asthe BL result,we shawv
thatourresultscanbe madecompletelyexplicit if eithertheCDScurve
or yield curweis initially flat.

e Thepaperalsoexplicitly shavs how to hedgeandprice:

1. unit recovery claims: i.e. aclaim paying$lattif 1< T and$0
otherwise.

2.survial claims:aclaimpaying$latT if T > T and$0 otherwise.
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Summary I

e We shaved how to replicatethe payofs to a large classof default-
contingentclaimsby taking static positionsin a continuumof CDS of
differentmaturities.

¢ Althoughwe assumedleterministianterestratesanda constantecov-
ery rate on the CDS, the replicationwas otherwiserobust in that we
madeno assumption®n how default occurs.In particular our results
areconsistentvith bothreducedorm andstructuralmodelsof default.

e Our resultsimply that we canrobustly replicateHeaviside and Dirac
payofs onthedefaulttime .

e As aconsequencaye wereableto robustly determineisk-neutralsur
vival probabilitiesfrom anarbitrarily givenforwardratecurve andCDS
curve. Theextensionto correlatedecovery and/orinterestratess open.
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