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Intr oduction

• On TuesdaySeptember19, 2006,Bloomberg News reportedthat the
globalcreditderivativesmarket hasmorethandoubledin thepastyear
to $26trillion.

• On August31, 2006,theWall StreetJournalreportedthat theunderly-
ing notionalin creditdefault swaps(CDS)exceeds$17trillion.

• As thesayinggoes,a trillion here,a trillion there,andprettysoonwe’ll
betalkingaboutrealmoney.
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Overview

• Weshow how to replicatethepayoffs to alargeclassof default-contingent
claimsby takingstaticpositionsin a continuumof CDS’s of different
maturities.

• Althoughwe assumedeterministicinterestratesanda constantrecov-
ery rateon thebondunderlyingtheCDS’s, thereplicationis otherwise
robustin thatwemake no assumptionson how default occurs.

• In particular, we can robustly replicateHeaviside and Dirac payoffs
writtenon therandomdefault time τ.

• Asaconsequence,wecanrobustlydeterminerisk-neutralsurvival prob-
abilitiesfrom anarbitrarilygivenforwardratecurveandCDScurve.
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Is This New?

• It is frequentlyassertedthat risk-neutraldefault probabilitiescan be
strippedfrom thesinglenameCDSmarket.

• Wefind thatit cannotbedonein general;in particularcorrelatedinterest
and/orrecovery ratespreventidentification.

• Evenunderdeterministicinterestand/orrecovery rates,we areunable
to find referenceson replication(asopposedto pricing) andwould ap-
preciatethem.
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Our Mission

• Supposethatthedefault time τ is randomandunspecified.

• Let thetargetbea claim payinga couponc(t)dt for eacht ∈ [0,τ ∧T ].
If τ < T , thenthe target claim alsopaysa lump sumrecovery amount
R(τ) at time τ, wheretherecovery functionR(t), t ∈ [0,T ] is known.

• The objective is to replicatethe payoffs to the target claim by taking
staticpositionsin a continuumof CDSof all maturities.

• Onecanalsomanageapositionin a riskfreeassetwhichwecall abank
balance.No otherassetsareusedin thereplication.As theCDSposi-
tion isstatic,thebankbalanceisdeterminedby whatweinitially deposit
andwhatgoesout andin to financethecashflows associatedwith the
continuumof CDSpositionsacrossmaturities.
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Our Initial Data

• Althoughwecanhandledeterministicrecovery from theCDS,thispre-
sentationwill assumefor simplicity that the recovery rateon thebond
underlyingtheCDSis constant.

• It follows thatthelossgivendefault is alsoconstantat someL ∈ (0,1].

• As we have deterministicinterestrates,futureshortratesaregivenby
the initial forward ratecurve r(t) ≡ f0(t), t ∈ [0,T ], which we assume
is C1.

• In contrast,future CDS ratesare stochasticand unmodelled,but we
know theinitial CDScurve s0(u),u ∈ [0,T ], whichweassumeis C1.

• Our positionsin CDS andcashcandependon the initial interestrate
curve r(t), t ∈ [0,T ], theinitial CDScurve s0(u),u ∈ [0,T ], andtheloss
givendefault L ∈ (0,1]. No otherinitial datais needed.
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Overview of the Solution Strategy

• Recallhow replicationoccursin thesingleperiodbinomialmodel.One
formsaportfolio of two assetswheretheinitial holdingscannotdepend
onwhethertheunderlyinggoesupor down.

• To find the two initial holdings,oneobtainstwo linear equationsvia
target matchingin the up and down state. One then solves the two
equationsfor thetwo unknowns.

• Replicationin the single periodbinomial model is static; It only be-
comesdynamicwhentherearetwo or moreperiods.
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Overview of the Solution Strategy (con’d)

• Ourcreditproblemis similarto thesingleperiodbinomialmodelin that
all of ourdecisionsmustbemadeat time 0.

• We alsohave two controls,namely:

1. M(t): theamountof money kept in themoney market accountif we
have survivedto time t ∈ [0,T ],

2. Q(u)du: the notionalamountof CDS to initially write for maturity
u ∈ [0,T ].

• Themajordifferenceis that the two controlsin thecreditproblemare
functionson [0,T ]. Nonetheless,for eachgiven t ∈ [0,T ], we either
have that τ = t or τ 6= t andwe now explore target matchingin these
two states.
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Matching Recovery if t is the Default Time

• The two control functionsM(t) andQ(t) areuniquelydeterminedby
two equations.Oneof theseequationsarisesfromequatingtheportfolio
value to the target’s recovery value when the candidatetime t is the
default time:

M(t)−L
∫ T

t
Q(u)du = R(t), t ∈ [0,T ].

• Differentiatingw.r.t. t andsolvingfor Q(t) implies:

Q(t) =
1
L
[R′(t)−M′(t)], t ∈ [0,T ].

• Since the loss given default L ∈ (0,1] of the CDS and the recovery
function R(t), t ∈ [0,T ] of the target are both given, the rate Q(u) at
which CDSarewritten is determined,oncewe determinethesurvival-
contingentbankbalanceM(t).
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Matching Coupon if t is not the Default Time

• Recallthatthepossibilitythatτ = t ⇒Q(t) = 1
L[R

′(t)−M′(t)], t ∈ [0,T ].
• Thepossibilitythatτ 6= t ⇒ thatthechange in M(t) at t is:

M′(t) = r(t)M(t)+
∫ T

t
s0(u)Q(u)du− c(t), t ∈ [0,T ].

• Differentiatingw.r.t. t implies:

M′′(t) = r(t)M′(t)+ r′(t)M(t)− s0(t)Q(t)− c′(t), t ∈ [0,T ].

• Substitutingin thetopequationandre-arrangingimpliesthatM(t) solves:

LM ≡ M′′(t)−
[

r(t)+
s0(t)

L

]
M′(t)− r′(t)M(t) = f (t), t ∈ [0,T ],

wheretheforcing function f (t) is givenby:

f (t) ≡−c′(t)−
s0(t)

L
R′(t), t ∈ [0,T ].
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• RecallthatthebankbalanceM(t) solvesthe2ndorderlinearODE:

LM ≡ M′′(t)−
[

r(t)+
s0(t)

L

]
M′(t)− r′(t)M(t) = f (t), t ∈ [0,T ],

wheretheforcing function f (t) ≡−c′(t)− s0(t)
L R′(t), t ∈ [0,T ].

• A uniquesolutionfor M(t), t ∈ (0,T ) arisesfrom 2 terminalconditions:

M(T ) = 0, and lim
t↑T

M′(t) = −c(T ).

• For arbitraryforwardratecurvesr(t) andCDScurvess0(t), onenumer-
ically solvestheabove terminalvalueproblemfor M(t), t ∈ [0,T ).

• ThescalarM(0) is theinitial valueof thetargetclaimbecauseall of the
CDSusedin thereplicatingportfolio areinitially costless.

• Recallagainthat the rateat which CDS are initially written for each
maturityt ∈ (0,T ) is givenby Q(t) = 1

L[R
′(t)−M′(t)], t ∈ [0,T ).

• Thus,wehaveacompletesolutionto theproblemof replicatingatarget
claimusingamoney marketaccountandCDSof all maturitiesupto T .
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Example: DefaultableAnnuity

• Supposethatthetargetclaim is a defaultableannuityof maturityT .

• Let Ma(t;T ) denotethesurvival-contingentbankbalanceat t ∈ [0,T ].

• Settingc(t) = 1t∈(0,T) andR(t) ≡ 0 in theforcing term f (t) ≡
−c′(t)− s0(t)

L R′(t) impliesthatMa(t;T ) solvesthehomogeneousODE:

∂2

∂t2
Ma(t;T )−

[
r(t)+

s0(t)
L

]
∂
∂t

Ma(t;T )− r′(t)Ma(t;T ) = 0,

on theopeninterval t ∈ (0,T ) s.t. Ma(T ;T ) = 0, lim
t↑T

∂
∂tMa(t;T ) = −1.

• Ma(0;T ) is theinitial valueof thedefaultableannuitymaturingat T .

• For eachmaturityt ∈ [0,T ], CDSareinitially written at therate
Qa(t;T ) ≡− ∂

∂t
Ma(t;T)

L , whererecallL ∈ (0,1] is thelossgivendefault.
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Green’s Function

• AgainconsidertheterminalvalueproblemLM(t) = f (t), t ∈ [0,T ].
• Thediff ’ l operatorL actson thesurvival cont’t bankbalanceM(t) that

ariseswhenreplicatingaclaimwith couponratec(t) andrecoveryfunc-
tion R(t) enteringthroughtheforcing term f (t) ≡−c′(t)− s0(t)

L R′(t).
• Thegeneralsolutionof theterminalvalueproblemcanbeexpressedin

termsof theGreen’s functiong(t;u), definedasa functionsolving:

Lg(t;u) = δ(t −u), t,u ∈ [0,T ].
SinceL is 2ndorder, weneed2 boundaryconditionsto uniquelydeter-
mineaGreen’s function.We chooseg(T ;u) = 0, and lim

t↑T

∂
∂tg(t;u) = 0,

causingg(t;u) to vanishfor t ∈ (u,T ).
• Note thatGreen’s ODE arisesfrom thegeneralODE by settingc(t) =

1t∈(0,u) andR(t) ≡ 0 in f (t).
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Green’s Function

• ThelastslideshowedtheGreen’s functiong(t;u) is connectedwith the
replicationof a defaultableannuitymaturingat u.

• In fact,a solutionto theterminalvalueproblemgoverningg(t;u) is:

g(t;u) =

{
Ma(t;u) if t ∈ [0,u]
0 if t ∈ (u,T ).

• Thus,for fixedu, g(t;u) is thesurvival-contingentbankbalanceat t ∈
[0,u] whenreplicatingtheu maturitydefaultableannuity.

• Onceg(t;u) is known asa functionof u for somet, thenthesurvival-
contingentbankbalancewhichariseswhenreplicatinganarbitrarydefault-
contingentclaim canbeexpressedin termsof it:

M(t) =
∫ T

t
f (u)g(t;u)du, t ∈ [0,T ].
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Mor e Goodies

• The lastslideshowed that thesurvival-contingentbankbalancewhich
ariseswhenreplicatinganarbitrarydefault-contingentclaimcanbeex-
pressedin termsof theGreen’s functiong(t;u). It follows thattherate
Q(t) at whichCDSarewritten atmaturityt alsodependsong:

Q(t) =
1
L

[
R′(t)−

∫ T

t
f (u)

∂
∂t

g(t;u)du

]
, t ∈ [0,T ].

• Recallthatall of theCDSusedin thereplicatingportfolio areinitially
costless.Hence,evaluatingthe expressionfor the bankbalanceM at
t = 0 relatestheinitial valueof thetargetclaimto theGreen’s function:

M(0) =
∫ T

0
f (u)g(0;u)du, t ∈ [0,T ].

• Thus,hedgingandpricingof thetargetreducetodeterminingg(0;u),u∈
[0,T ]. This looksto becomputationallyintense,but why bebackward?
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Forward Equation for the Green’s Function

• RecallthatwhentheGreen’s functiong(t;u) is consideredasafunction
of t for fixedu, it solvesthe ODE Lg(t;u) = δ(t − u), for t,u ∈ [0,T ]
alongwith two terminalconditions.But wheng is consideredasafunc-
tion of its secondvariableu, thenit satisfiestheadjointODE:

L∗g(t;u) = δ(t −u),
whereL∗ is thefollowing lineardifferentialoperator:

L∗ ≡ D2
u +

[
r(u)+

s0(u)
L

]
D1

u +
s′0(u)

L
D0

u ,

andDu denotesdifferentiationw.r.t. u.

• Thedomainfor theadjointODEis alsothesquare(t,u)∈ [0,T ]× [0,T ].
In onetrianglet > u, g vanishesandin the othert < u, g is the bank
balancewhenreplicatinga defaultableannuity.
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Forward Equation for Defaultable Annuity Value

• Recallonceagainthatwhenreplicatingadefaultableannuity, thesurvival-
contingentbank balanceMa(t;u) that arisesis the Green’s function
g(t;u) for t ∈ [0,u].

• Theresultsof the lastslide imply thatMa solvesa forwardODE in its
maturityvariableu.

• Let A0(u) ≡ Ma(0;u) denotetheinitial valueof thedefaultableannuity
maturingatu ∈ [0,T ]. It follows thatA0(u) alsosolvesa forwardODE:

A′′
0(u)+

[
r(u)+

s0(u)
L

]
A′

0(u)+
s′0(u)

L
A0(u) = 0,

on thedomainu ∈ (0,T ), subjectto theinitial conditions:

A0(0) = 0, and lim
u↓0

A′
0(u) = 1.
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Determining the Default Time PDF

• Supposethatthedefaulttimeτ hasaprobabilitydensityfunction(PDF).
Canwe learnit from ourknowledgeof A0(u) andour initial data?

• Thevalueof thepremiumleg of a CDSmaturingat u is s0(u)A0(u).
• By thedef’n of s0(u), s0(u)A0(u) is alsothevalueof theprotectionleg.

• Dividing this valueby L producess0(u)A0(u)
L , which is thetermstructure

of initial valuesfor a claim paying$1 at thedefault time τ if τ < u and
$0otherwise.

• Differentiatingw.r.t. u implies that ∂
∂u

s0(u)A0(u)
L is the spot value of a

claimwith theDiracpayoff δ(τ−u) atu. Futurevaluingthisspotvalue
givesthedefault time PDF:

Q{τ ∈ du} = e
∫ u
0 r(v)dv ∂

∂u
s0(u)A0(u)

L
.
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Determining the Default Time PDF Again

• RecallthatA0(u) denotestheinitial valueof defaultableannuity, which
canbeobtainedby solvinganinitial valueproblem.

• So,A′
0(u) is thespotvalueof a survival claim, i.e. a claim thatpays$1

atu if τ ≥ u. Thus,theforwardpricee
∫ u
0 r(v)dvA′

0(u) = Q{τ ≥ u}.
• Differentiatingbothsidesw.r.t. u andnegatingimpliesthat:

Q{τ ∈ du} = −r(u)e
∫ u
0 r(v)dvA′

0(u)− e
∫ u
0 r(v)dvA′′

0(u).

• But recallfrom thelastslidethatQ{τ ∈ du} = e
∫ u
0 r(v)dv ∂

∂u
s0(u)A0(u)

L .

• Equatingthe2 RHS’s yieldstheforwardODEgoverningA0(u):

A′′
0(u)+

[
r(u)+

s0(u)
L

]
A′

0(u)+
s′0(u)

L
A0(u) = 0, u ∈ [0,T ].

ImposingA0(0) = 0, and lim
u↓0

A′
0(u) = 1 uniquelydeterminesA0(u).
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Pricing Claims on the Default Time

• The last two slidesamountto a direct derivation of the initial value
problemgoverningtheinitial valueof thedefaultableannuity.

• OnceA0(u) is known, eitherof the equationsfor the risk-neutralPDF
of τ. givenon thelastslidecanbeusedto determineit.

• It followsthatany claimthatpays f (τ) at time τ canbeuniquelypriced
relative to theinitial yield curve andtheinitial CDScurve.

• For example,onecanpricethepayoff (τ−K)+ paidat τ.

• Our resultsimply that that any claim written on the default time can
alsobehedged.
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Similarities to Breeden& Litzenberger (1978)

• Again recallthe2 formulaslinking thedefault timePDFto A0(u):

Q{τ ∈ du} = e
∫ u
0 r(v)dv ∂

∂u
s0(u)A0(u)

L
.

Q{τ ∈ du} = −r(u)e
∫ u
0 r(v)dvA′

0(u)− e
∫ u
0 r(v)dvA′′

0(u).

• Thesearetheanalogsto BL’sresult:Q{su ∈ dK}= e
∫ u
0 r(v)dv ∂2

∂u2C0(K,u).
• All 3 resultslink theRN PDFto partialderivativesof observables.

• While we assumeddeterministicinterestratesanda constantrecovery
rateontheCDS,ourdeterminationof thedefault timePDFis otherwise
robustin thatno assumptionsweremadeonhow default occurs.

• Inversely, startingfrom known Q{τ ∈ du} andr(v),v ∈ [0,u], onecan
explictly solve the2ndequationfor thedefaultableannuitypriceA0(u),
andthenexplictly solve thetopequationfor theCDSspreads0(u).
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Differ encesfr om Breeden& Litzenberger (1978)

• WhenEuropeanoptionstradeoutright (eg. for stock indicesor FX),
thenBL’s call pricesaredirectly observable,while our defaultablean-
nuity valuesA0(u) only becomeobservableoncean initial valueprob-
lem is solved.

• While our resultis not presentlyasexplicit astheBL result,we show
thatour resultscanbemadecompletelyexplicit if eithertheCDScurve
or yield curve is initially flat.

• Thepaperalsoexplicitly showshow to hedgeandprice:

1. unit recovery claims: i.e. a claim paying$1 at τ if τ < T and$0
otherwise.

2. survival claims:a claim paying$1at T if τ ≥ T and$0 otherwise.
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Summary

• We showed how to replicatethe payoffs to a large classof default-
contingentclaimsby takingstaticpositionsin a continuumof CDSof
differentmaturities.

• Althoughweassumeddeterministicinterestratesandaconstantrecov-
ery rateon the CDS, the replicationwas otherwiserobust in that we
madeno assumptionson how default occurs.In particular, our results
areconsistentwith bothreducedform andstructuralmodelsof default.

• Our resultsimply that we canrobustly replicateHeaviside andDirac
payoffs on thedefault time τ.

• As a consequence,wewereableto robustly determinerisk-neutralsur-
vival probabilitiesfrom anarbitrarilygivenforwardratecurveandCDS
curve. Theextensionto correlatedrecoveryand/orinterestratesis open.
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