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Basic Problem

X (quasi-)normed sequence space over [
x € X x={x;};er I countable
Py O0<|yi| <l|zil,iel,xr € X = ye Xand |lyl|x < |z||x
on(z) = inf |z —20|x
[z9lo <N

|2%]j0 = #supp 2° = #{i € I : 2 # 0}

Problem. Characterize X for which 29V of the N largest elements of x is near optimal:

on(@) ~ ||z —zN|x, N>0
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otherwise

1o = 1q, x normalized characteristic sequence of {)
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otherwise
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Weakly Rearrangement Invariant

. _ . 1 ifj=1
e’ ={e;tjer (€'); = { 0 otherwise

Q) C [ finite set

1o = 1q, x normalized characteristic sequence of {)

. ifi € Q
(1) =< lletllx
0 otherwise

¢ x (£2) fundamental function of X

¢x () = Nallx -
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Acknowledgement
Basic Problem P .
: : : 1 if7 =1

1 VA ¥
€ — 1€, 4 (& y — .
{ J}JGI (€"); { 0 otherwise

Weakly Rearrangement
Invariant
Characterization

Some Examples Q) C I finite set
Function Spaces
Optimization

The 0/1 Knapsack Problem 1o = 1q, x normalized characteristic sequence of {)

General Knapsack Problem

. ifi € Q
(1) =< lletllx
0 otherwise

¢ x (£2) fundamental function of X

bx (Q) - ||1Q||X :

Definition. X weakly rearrangement invariant if

(WRI) ¢x(Q1) < Cox(Q22) whenever #0271 < #Qs.
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Theorem. For a sequence space X satisfying the lattice property (LP), the following are equivalent:
(i) X is a weakly rearrangement invariant space
(iiyForallz € X, N > 0,

Characterization
Some Examples
Function Spaces
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on(@)x ~ ||z — 2%V x.

The 0/1 Knapsack Problem

Proof: (i) = (ii): Need to show

General Knapsack Problem

(%) |z — a:O’NHX < Copn(x).
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%N N elements with z; |e?|| x as large as possible.
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Theorem. For a sequence space X satisfying the lattice property (LP), the following are equivalent:
(i) X is a weakly rearrangement invariant space
(iiyForallz € X, N > 0,

Characterization
Some Examples

Function Spaces
o ~ 0,N

Optimization O'N(CU)X ~ ||$ — X ||X

The 0/1 Knapsack Problem

Proof: (i) = (ii): Need to show

General Knapsack Problem

(*) |z — 29V ||x < Con(z).
Note
— inf _..0,Q2
on(a) =itz —a®?x,
0,9 0, 0,0 x; ifi €
€T’ = 1. : @T. =
{ ¢ biel ¢ 0 otherwise.
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%N N elements with z; |e?|| x as large as possible.

Characterization

Theorem. For a sequence space X satisfying the lattice property (LP), the following are equivalent:
(i) X is a weakly rearrangement invariant space

(iiyForallz € X, N > 0,

on(x)x ~ ||z —=x

Proof: (i) = (ii): Need to show

O’NHX-

(*) |z — 29V ||x < Con(z).
Note
— inf _..0,Q2
on(@) = ol e =29,

0,02
CUO’Q — {CU,L }ieI

For some 2 with #Qny < N

xO’QN — IO’N.

€T.

0,02
1

if7 € €2
otherwise.
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|z — 25N || x = {ziticag |x = [{ziticag nae +{ziticag nallx

< C(I{zitieas, nacllx + H{zitieas, nallx)
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|z — 2" N[x = [{ziticog Ix = [{ziticag
< C(|H{=zitieag,naellx + lI{zi

<C Hicoe
< O midicncllx + mas

nQe + {xi}ieag\]mﬂﬂx
bieas, nallx)

[zillle’]|x)lag nallx) =1+ 11
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Pick  with #Q < N.

|z — 25N || x = {ziticag |x = [{ziticag nae +{ziticag nallx

< C(I{zitieas, nacllx + H{zitieas, nallx)

< C(I{zi}icqellx + ierél?])ég(mﬂ||6i||X)||1Q§VﬂQ||X) =1+1I

#O < #On = #0% NQ < #Qy N Q°

II <C min
iGQNﬂQC

(zillle’ ) ayneellx < Cl{zitieaynocllx < Cll{zi}icaelx.
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Characterization

Pick  with #Q < N.

|z — 25N || x = {ziticag |x = [{ziticag nae +{ziticag nallx

< C(I{zitieas, nacllx + H{zitieas, nallx)

< C(I{mdicaclx + max (lzlllelllx)llas nallx) = I + 11

i€Q5,NQ

#O < #On = #0% NQ < #Qy N Q°

I1<C _min_ (|lzillle’llx)loynaellx < ClH{ziticaynocllx < Cll{zitieaellx-

iGQNﬂQC

lz — 2"~ | x < Cl{ziticoclx = Cll —a®|x.
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Pick  with #Q < N.

|z — 2N || x = [{zi}icas, | x = {ziticag nae + {zi}icas, nallx
< C(I{zitieas, nacllx + H{zitieas, nallx)
< C(|H{=zitieqellx + ieglggg(mﬂ||6i||X)||1Q§VnQ||X) =I+11

#O < #On = #0% NQ < #Qy N Q°

I1<C min_ (Jzi][le’|| x)[laynocllx < ClH{zi}ticaynacllx < Cl{zi}icoe|x-
lGQNﬂQC

lz — 2"~ | x < Cl{ziticoclx = Cll —a®|x.

Take infimum over €2, #Q < N = (x)

(i) = (ii): Argue by contraction. []
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Some Examples

lelleruy = (O lailPus) Y7, gl = #0217

el
1z ¢pra (u) = (q/oo (s( > ui)l/p>q@)1/q 11e |l gpra(uy A #QL/P.
> (u) 0 |$'|>S S ’ > (u)
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Iellsgen = (2 Imilla) /7 = (2 (3 o))
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Some Examples

lelleruy = (O lailPus) Y7, gl = #0217
el

o° d
||w||gp,q(u) — (q/() (S( Z ui)l/p>q§)1/q, ||1Q||£p,q(u) ~ #Ql/p.

|z;|>s

felscen = (sl = ((3 b))

il icl jeJ

Iallereay = (O (#94)P/7) 1/p
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Qi ={j:(,5) e & ={i:(i,j)eQ}
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Function Spaces

A={Xgloeca, Xo(z)= |Q|_1/2XQ(CU), Q € Q “dyadic cubes”

c 1@ = (2 (1R rolxa@)?)

Qe

“discrete Triebel-Lizorkin spaces”

Al jora = IGHIN)[[L,, @ €R,0<p<H400,0<g< +o0
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1/q

s G1N@) = (30 (1R alfe()?)
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The 0/1 Knapsack Problem ¢ “discrete Triebel-Lizorkin spaces”

General Knapsack Problem

Al fora =[G (N)][L,, @ €R,0<p<+00,0<g< +o0
Via wavelet transform (for example)

f;,q ~ F;,q

FZ‘;"2 ~ Hg‘ Sobolev spaces order «

F£’2 ~ H, Hardyspaces(0 < p < +o0
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Function Spaces

A={Xgloeca, Xo(z)= |Q|_1/2XQ(CU), Q € Q “dyadic cubes”

c 1@ = (2 (1R rolxa@)?)

Qe

“discrete Triebel-Lizorkin spaces”

||>\||f'2(9x,q = [|G*T(MlL,, a€R0<p<+00,0<qg< +o0
Via wavelet transform (for example)

f;,q ~ F;,q

FZ‘;"2 ~ Hg‘ Sobolev spaces order «

F£’2 ~ H, Hardyspaces(0 < p < +o0

€9 jgua = QI /72217,
p

G1(10)(z) = (D (1QI"YPxq(a))?) /1.

QEN
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QEN
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GUI(1) (@) = (Y (1QI"Pxq(a))) /1.

QEN

Claim. G190 (16)(x) ~ G491 (19)(x),

0 <qo,q1 < +0o0
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GUI(1) (@) = (Y (1QI"Pxq(a))) /1.

QEN
Claim. G*%(1g)(z) = G (1g)(x), 0 < qo,q1 < 40

Corollary (HJLY94). fﬁ 4 s weakly rearrangement invariant and
el joa = 1l jo.r = #Q1/P.
p p

Function Spaces

slide 9



Acknowledgement

Basic Problem

Weakly Rearrangement
Invariant

Characterization

Some Examples

Function Spaces
Optimization

The 0/1 Knapsack Problem

General Knapsack Problem

February 17 2011

GUI(1) (@) = (Y (1QI"Pxq(a))) /1.

QEN
Claim. G*%(1g)(z) = G (1g)(x), 0 < qo,q1 < 40

Corollary (HJLY94). fﬁ 4 s weakly rearrangement invariant and
el joa = 1l jo.r = #Q1/P.
p p

Proof of claim: (0 smallest cube containing =, [(Qz) = 27 V=

Function Spaces
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Proof of claim: (0 smallest cube containing =, [(Qz) = 27 V=
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Qe v<vg
< ClQu|™HP < CG¥™(1g)(w).
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Weakly Rearrangement . GOC,Q(lﬂ)(x) — ( Z (|Q| 1/pXQ (x))q) /q'

Invariant § QGQ

Characterization :

Some Examples © Claim. G (1q)(x) ~ G4 (1g)(x), 0 < qo,q1 < +oo
Function Spaces . .

Optimization Corollary (HJLY94). f;‘ 7 is weakly rearrangement invariant and
The 0/1 Knapsack Problem E ||1Q|| g A ||1Q|| cap = #Ql/p.

General Knapsack Problem ¢ ‘fp fp

Proof of claim: (0 smallest cube containing =, [(Qz) = 27 V=

GY(1g)(x) = (Z (|Q|_1/pXQ(x))q)1/q < ( Z 2an/p)1/q

Qe v<vg
< ClQu|™HP < CG¥™(1g)(w).

Corollary (HILY94). L,, 1 < p < 400 is isomorphic to f;"Q, a/d=1/p — 1/2 with

o, 2
Lpmin(p,2) C fp'" C lp max(p,2)

Conversely, if x is rearrangement invariant space based on countably infinite measure space,
normalized so that the mass of each point is one, and L, is isomorphic to x, then

February 17 2011 l lp,min(p,Q) CxzC lp,max(p,Z)‘ slide 9
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Optimization

slide 10



Acknowledgement

Basic Problem

Weakly Rearrangement
Invariant

Characterization

Some Examples

Function Spaces
Optimization

The 0/1 Knapsack Problem

General Knapsack Problem

February 17 2011

Optimization

Balance two competing objectives — error/cost

F. Riesz’s Rising Sun Lemma

Fz) = /_ ; F(u)du — ta

a; b;
F(a;) = F(b;) & /_ fuw)du — ta; = /_ f(u)du — tb;

1 bs
& — / fu)du =t
bi — Q4 a;
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Balance two competing objectives — error/cost

Peetre’'s K-functional

K(t, f; Xo,X1) =

inf
f=fo+rf1

(I follxo + 2l f1llxy)

Optimization
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O = {oj }37:1 objects
P = {pj 37:1 profits

C = {c;j 3-]:1 sizes

pi =pj(oj) € Nandc; = ¢j(0;) €N

The 0/1 Knapsack Problem
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J
(KP)  max ijacj : chwj <t, x;€{0,1},5=1,...,J t > 0 fixed
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N >0,1€1
Ei(N) =20

Ci(0) = 0

General Knapsack Problem
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General Knapsack Problem
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General Knapsack Problem

E(t) =E(t;C,E) = inf E(N)
C(N)<t
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General Knapsack Problem

SE;(N) = E;(N +1) — E;(N), N>0,i€I;
0C;(N)=Cj(N+1)—-C;(N), N >0,i€l,;

OF;
0C;

)V =

0E;(N)
6Ci(N)’

N >0,icl.
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General Knapsack Problem

SE;(N) = E;(N +1) — E;(N), N>0,i€I;
0C;(N)=Cj(N+1)—-C;(N), N >0,i€l,;

()03

§C;(N)’
Theorem. Suppose {Ei}ie] Is a sequence of non-increasing, convex functions, and suppose
{C} }icr1 is a sequence of non-decreasing, convex functions. Then

N >0,icl.

oF;
(N} ier veni £0(60),€1(50))

= B(1,1:0°(50),£'(~65)),

E(t;C, f) = E(t, -

where 1 denotes the constant sequence 1 = {1};c1 NeN.

Non-convex: through Gagliardo discretization
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