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Joint work with Mario Milman

BJ and Mario Milman, “ Weakly rearrangment invariant spaces and approximation by largest elements”

[HJLY94] C. Hsiao, BJ, B. Lucier, and M. X. Yu, “Near optimal compression of orthonormal wavelet
expansions”
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X(quasi-)normed sequence space over I

x ∈ X x = {xi}i∈I I countable
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X(quasi-)normed sequence space over I

x ∈ X x = {xi}i∈I I countable

(LP) 0 ≤ |yi| ≤ |xi|, i ∈ I, x ∈ X ⇒ y ∈ Xand ‖y‖X ≤ ‖x‖X
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X(quasi-)normed sequence space over I

x ∈ X x = {xi}i∈I I countable

(LP) 0 ≤ |yi| ≤ |xi|, i ∈ I, x ∈ X ⇒ y ∈ Xand ‖y‖X ≤ ‖x‖X

σN (x) = inf
‖x0‖0≤N

‖x− x0‖X

‖x0‖0 = #supp x0 = #{i ∈ I : x0
i 6= 0}
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X(quasi-)normed sequence space over I

x ∈ X x = {xi}i∈I I countable

(LP) 0 ≤ |yi| ≤ |xi|, i ∈ I, x ∈ X ⇒ y ∈ Xand ‖y‖X ≤ ‖x‖X

σN (x) = inf
‖x0‖0≤N

‖x− x0‖X

‖x0‖0 = #supp x0 = #{i ∈ I : x0
i 6= 0}

Problem. Characterize X for which x0,N of the N largest elements of x is near optimal:

σN (x) ≈ ‖x− x0,N‖X , N ≥ 0
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ei = {eij}j∈I (ei)j =

{

1 if j = i
0 otherwise

.
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{

1 if j = i
0 otherwise

.

Ω ⊂ I finite set
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ei = {eij}j∈I (ei)j =

{

1 if j = i
0 otherwise

.

Ω ⊂ I finite set

1Ω = 1Ω,X normalized characteristic sequence of Ω

(1Ω)i =

{

1

‖ei‖
X

if i ∈ Ω

0 otherwise
.
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ei = {eij}j∈I (ei)j =

{

1 if j = i
0 otherwise

.

Ω ⊂ I finite set

1Ω = 1Ω,X normalized characteristic sequence of Ω

(1Ω)i =

{

1

‖ei‖
X

if i ∈ Ω

0 otherwise
.

φX(Ω) fundamental function of X

φX(Ω) = ‖1Ω‖X .
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ei = {eij}j∈I (ei)j =

{

1 if j = i
0 otherwise

.

Ω ⊂ I finite set

1Ω = 1Ω,X normalized characteristic sequence of Ω

(1Ω)i =

{

1

‖ei‖
X

if i ∈ Ω

0 otherwise
.

φX(Ω) fundamental function of X

φX(Ω) = ‖1Ω‖X .

Definition. X weakly rearrangement invariant if

(WRI) φX(Ω1) ≤ CφX(Ω2) whenever #Ω1 ≤ #Ω2.
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x0,N N elements with xi‖e
i‖X as large as possible.
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x0,N N elements with xi‖e
i‖X as large as possible.

Theorem. For a sequence space X satisfying the lattice property (LP), the following are equivalent:
(i) X is a weakly rearrangement invariant space
(ii) For all x ∈ X,N ≥ 0,

σN (x)X ≈ ‖x− x0,N‖X .
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x0,N N elements with xi‖e
i‖X as large as possible.

Theorem. For a sequence space X satisfying the lattice property (LP), the following are equivalent:
(i) X is a weakly rearrangement invariant space
(ii) For all x ∈ X,N ≥ 0,

σN (x)X ≈ ‖x− x0,N‖X .

Proof:
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x0,N N elements with xi‖e
i‖X as large as possible.

Theorem. For a sequence space X satisfying the lattice property (LP), the following are equivalent:
(i) X is a weakly rearrangement invariant space
(ii) For all x ∈ X,N ≥ 0,

σN (x)X ≈ ‖x− x0,N‖X .

Proof: (i) ⇒ (ii): Need to show

(?) ‖x− x0,N‖X ≤ CσN (x).
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x0,N N elements with xi‖e
i‖X as large as possible.

Theorem. For a sequence space X satisfying the lattice property (LP), the following are equivalent:
(i) X is a weakly rearrangement invariant space
(ii) For all x ∈ X,N ≥ 0,

σN (x)X ≈ ‖x− x0,N‖X .

Proof: (i) ⇒ (ii): Need to show

(?) ‖x− x0,N‖X ≤ CσN (x).

Note

σN (x) = inf
#Ω≤N

‖x− x0,Ω‖X ,

x0,Ω = {x0,Ω
i }i∈I x0,Ω

i =

{

xi if i ∈ Ω

0 otherwise.
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x0,N N elements with xi‖e
i‖X as large as possible.

Theorem. For a sequence space X satisfying the lattice property (LP), the following are equivalent:
(i) X is a weakly rearrangement invariant space
(ii) For all x ∈ X,N ≥ 0,

σN (x)X ≈ ‖x− x0,N‖X .

Proof: (i) ⇒ (ii): Need to show

(?) ‖x− x0,N‖X ≤ CσN (x).

Note

σN (x) = inf
#Ω≤N

‖x− x0,Ω‖X ,

x0,Ω = {x0,Ω
i }i∈I x0,Ω

i =

{

xi if i ∈ Ω

0 otherwise.

For some ΩN with #ΩN ≤ N

x0,ΩN = x0,N .
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Pick Ω with #Ω ≤ N .
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Pick Ω with #Ω ≤ N .

‖x− xΩN ‖X = ‖{xi}i∈Ωc
N
‖X = ‖{xi}i∈Ωc

N
∩Ωc + {xi}i∈Ωc

N
∩Ω‖X
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Pick Ω with #Ω ≤ N .

‖x− xΩN ‖X = ‖{xi}i∈Ωc
N
‖X = ‖{xi}i∈Ωc

N
∩Ωc + {xi}i∈Ωc

N
∩Ω‖X

≤ C
(

‖{xi}i∈Ωc
N

∩Ωc‖X + ‖{xi}i∈Ωc
N

∩Ω‖X
)
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Pick Ω with #Ω ≤ N .

‖x− xΩN ‖X = ‖{xi}i∈Ωc
N
‖X = ‖{xi}i∈Ωc

N
∩Ωc + {xi}i∈Ωc

N
∩Ω‖X

≤ C
(

‖{xi}i∈Ωc
N

∩Ωc‖X + ‖{xi}i∈Ωc
N

∩Ω‖X
)

≤ C
(

‖{xi}i∈Ωc‖X + max
i∈Ωc

N
∩Ω

(|xi|‖e
i‖X)‖1Ωc

N
∩Ω‖X

)

= I + II
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Pick Ω with #Ω ≤ N .

‖x− xΩN ‖X = ‖{xi}i∈Ωc
N
‖X = ‖{xi}i∈Ωc

N
∩Ωc + {xi}i∈Ωc

N
∩Ω‖X

≤ C
(

‖{xi}i∈Ωc
N

∩Ωc‖X + ‖{xi}i∈Ωc
N

∩Ω‖X
)

≤ C
(

‖{xi}i∈Ωc‖X + max
i∈Ωc

N
∩Ω

(|xi|‖e
i‖X)‖1Ωc

N
∩Ω‖X

)

= I + II

#Ω ≤ #ΩN =⇒ #Ωc
N ∩ Ω ≤ #ΩN ∩ Ωc
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Pick Ω with #Ω ≤ N .

‖x− xΩN ‖X = ‖{xi}i∈Ωc
N
‖X = ‖{xi}i∈Ωc

N
∩Ωc + {xi}i∈Ωc

N
∩Ω‖X

≤ C
(

‖{xi}i∈Ωc
N

∩Ωc‖X + ‖{xi}i∈Ωc
N

∩Ω‖X
)

≤ C
(

‖{xi}i∈Ωc‖X + max
i∈Ωc

N
∩Ω

(|xi|‖e
i‖X)‖1Ωc

N
∩Ω‖X

)

= I + II

#Ω ≤ #ΩN =⇒ #Ωc
N ∩ Ω ≤ #ΩN ∩ Ωc

II ≤ C min
i∈ΩN∩Ωc

(|xi|‖e
i‖X)‖1ΩN∩Ωc‖X ≤ C‖{xi}i∈ΩN∩Ωc‖X ≤ C‖{xi}i∈Ωc‖X .
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(|xi|‖e
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‖x− xΩN ‖X ≤ C‖{xi}i∈Ωc‖X = C‖x− xΩ‖X .
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Pick Ω with #Ω ≤ N .

‖x− xΩN ‖X = ‖{xi}i∈Ωc
N
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N
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N
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)
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(|xi|‖e
i‖X)‖1ΩN∩Ωc‖X ≤ C‖{xi}i∈ΩN∩Ωc‖X ≤ C‖{xi}i∈Ωc‖X .

‖x− xΩN ‖X ≤ C‖{xi}i∈Ωc‖X = C‖x− xΩ‖X .

Take infimum over Ω, #Ω ≤ N =⇒ (∗)
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Pick Ω with #Ω ≤ N .

‖x− xΩN ‖X = ‖{xi}i∈Ωc
N
‖X = ‖{xi}i∈Ωc

N
∩Ωc + {xi}i∈Ωc

N
∩Ω‖X

≤ C
(

‖{xi}i∈Ωc
N

∩Ωc‖X + ‖{xi}i∈Ωc
N
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)

≤ C
(
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N
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(|xi|‖e
i‖X)‖1Ωc

N
∩Ω‖X

)

= I + II

#Ω ≤ #ΩN =⇒ #Ωc
N ∩ Ω ≤ #ΩN ∩ Ωc

II ≤ C min
i∈ΩN∩Ωc

(|xi|‖e
i‖X)‖1ΩN∩Ωc‖X ≤ C‖{xi}i∈ΩN∩Ωc‖X ≤ C‖{xi}i∈Ωc‖X .

‖x− xΩN ‖X ≤ C‖{xi}i∈Ωc‖X = C‖x− xΩ‖X .

Take infimum over Ω, #Ω ≤ N =⇒ (∗)

(i) ⇒ (ii): Argue by contraction. �
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‖x‖`p(u) =
(

∑

i∈I

|xi|
pui

)1/p
, ‖1Ω‖`p(u) = #Ω1/p



Some Examples

Acknowledgement

Basic Problem

Weakly Rearrangement
Invariant

Characterization

Some Examples

Function Spaces

Optimization

The 0/1 Knapsack Problem

General Knapsack Problem

February 17 2011 slide 7

‖x‖`p(u) =
(

∑

i∈I

|xi|
pui

)1/p
, ‖1Ω‖`p(u) = #Ω1/p

‖x‖`p,q(u) =
(

q

∫ ∞

0

(

s
(

∑

|xi|>s

ui

)1/p
)q ds

s

)1/q
, ‖1Ω‖`p,q(u) ≈ #Ω1/p.
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∑
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(
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(
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(
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.

Ωi = {j : (i, j) ∈ Ω} Ωj = {i : (i, j) ∈ Ω}
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λ = {λQ}Q∈Q, χ̃Q(x) = |Q|−1/2χQ(x), Q ∈ Q “dyadic cubes”
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λ = {λQ}Q∈Q, χ̃Q(x) = |Q|−1/2χQ(x), Q ∈ Q “dyadic cubes”

Gα,q(λ)(x) =
(

∑

Q∈Q

(

|Q|−α/n|λQ|χ̃Q(x)
)q

)1/q
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λ = {λQ}Q∈Q, χ̃Q(x) = |Q|−1/2χQ(x), Q ∈ Q “dyadic cubes”

Gα,q(λ)(x) =
(

∑

Q∈Q

(

|Q|−α/n|λQ|χ̃Q(x)
)q

)1/q

“discrete Triebel-Lizorkin spaces”

‖λ‖ḟα,q
p

= ‖Gα,q(λ)‖Lp
, α ∈ R, 0 < p < +∞, 0 < q ≤ +∞
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λ = {λQ}Q∈Q, χ̃Q(x) = |Q|−1/2χQ(x), Q ∈ Q “dyadic cubes”

Gα,q(λ)(x) =
(

∑

Q∈Q

(

|Q|−α/n|λQ|χ̃Q(x)
)q

)1/q

“discrete Triebel-Lizorkin spaces”

‖λ‖ḟα,q
p

= ‖Gα,q(λ)‖Lp
, α ∈ R, 0 < p < +∞, 0 < q ≤ +∞

Via wavelet transform (for example)

ḟα,q
p ≈ Ḟα,q

p

Ḟα,2
p ≈ Hα

p Sobolev spaces order α

Ḟ 0,2
p ≈ Hp Hardy spaces 0 < p < +∞
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λ = {λQ}Q∈Q, χ̃Q(x) = |Q|−1/2χQ(x), Q ∈ Q “dyadic cubes”

Gα,q(λ)(x) =
(

∑

Q∈Q

(

|Q|−α/n|λQ|χ̃Q(x)
)q

)1/q

“discrete Triebel-Lizorkin spaces”

‖λ‖ḟα,q
p

= ‖Gα,q(λ)‖Lp
, α ∈ R, 0 < p < +∞, 0 < q ≤ +∞

Via wavelet transform (for example)

ḟα,q
p ≈ Ḟα,q

p

Ḟα,2
p ≈ Hα

p Sobolev spaces order α

Ḟ 0,2
p ≈ Hp Hardy spaces 0 < p < +∞

‖eQ‖ḟα,q
p

= |Q|−α/n−1/2+1/p.

Gα,q(1Ω)(x) =
(

∑

Q∈Ω

(|Q|−1/pχQ(x))q
)1/q

.
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Gα,q(1Ω)(x) =
(

∑

Q∈Ω

(|Q|−1/pχQ(x))q
)1/q

.
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Gα,q(1Ω)(x) =
(

∑

Q∈Ω

(|Q|−1/pχQ(x))q
)1/q

.

Claim. Gα,q0 (1Ω)(x) ≈ Gα,q1 (1Ω)(x), 0 < q0, q1 ≤ +∞
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Gα,q(1Ω)(x) =
(

∑

Q∈Ω

(|Q|−1/pχQ(x))q
)1/q

.

Claim. Gα,q0 (1Ω)(x) ≈ Gα,q1 (1Ω)(x), 0 < q0, q1 ≤ +∞

Corollary (HJLY94). ḟα,q
p is weakly rearrangement invariant and

‖1Ω‖ḟα,q
p

≈ ‖1Ω‖ḟα,p
p

= #Ω1/p.
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Gα,q(1Ω)(x) =
(

∑

Q∈Ω

(|Q|−1/pχQ(x))q
)1/q

.

Claim. Gα,q0 (1Ω)(x) ≈ Gα,q1 (1Ω)(x), 0 < q0, q1 ≤ +∞

Corollary (HJLY94). ḟα,q
p is weakly rearrangement invariant and

‖1Ω‖ḟα,q
p

≈ ‖1Ω‖ḟα,p
p

= #Ω1/p.

Proof of claim: Qx smallest cube containing x, l(Qx) = 2−νx
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Gα,q(1Ω)(x) =
(

∑

Q∈Ω

(|Q|−1/pχQ(x))q
)1/q

.

Claim. Gα,q0 (1Ω)(x) ≈ Gα,q1 (1Ω)(x), 0 < q0, q1 ≤ +∞

Corollary (HJLY94). ḟα,q
p is weakly rearrangement invariant and

‖1Ω‖ḟα,q
p

≈ ‖1Ω‖ḟα,p
p

= #Ω1/p.

Proof of claim: Qx smallest cube containing x, l(Qx) = 2−νx

Gα,q(1Ω)(x) =
(

∑

Q∈Ω

(|Q|−1/pχQ(x))q
)1/q

≤
(

∑

ν≤νx

2qnν/p
)1/q

≤ C|Qx|
−1/p ≤ CGα,∞(1Ω)(x).
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Gα,q(1Ω)(x) =
(

∑

Q∈Ω

(|Q|−1/pχQ(x))q
)1/q

.

Claim. Gα,q0 (1Ω)(x) ≈ Gα,q1 (1Ω)(x), 0 < q0, q1 ≤ +∞

Corollary (HJLY94). ḟα,q
p is weakly rearrangement invariant and

‖1Ω‖ḟα,q
p

≈ ‖1Ω‖ḟα,p
p

= #Ω1/p.

Proof of claim: Qx smallest cube containing x, l(Qx) = 2−νx

Gα,q(1Ω)(x) =
(

∑

Q∈Ω

(|Q|−1/pχQ(x))q
)1/q

≤
(

∑

ν≤νx

2qnν/p
)1/q

≤ C|Qx|
−1/p ≤ CGα,∞(1Ω)(x).
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Gα,q(1Ω)(x) =
(

∑

Q∈Ω

(|Q|−1/pχQ(x))q
)1/q

.

Claim. Gα,q0 (1Ω)(x) ≈ Gα,q1 (1Ω)(x), 0 < q0, q1 ≤ +∞

Corollary (HJLY94). ḟα,q
p is weakly rearrangement invariant and

‖1Ω‖ḟα,q
p

≈ ‖1Ω‖ḟα,p
p

= #Ω1/p.

Proof of claim: Qx smallest cube containing x, l(Qx) = 2−νx

Gα,q(1Ω)(x) =
(

∑

Q∈Ω

(|Q|−1/pχQ(x))q
)1/q

≤
(

∑

ν≤νx

2qnν/p
)1/q

≤ C|Qx|
−1/p ≤ CGα,∞(1Ω)(x).

�

Corollary (HJLY94). Lp, 1 < p < +∞ is isomorphic to ḟα,2
p , α/d = 1/p− 1/2 with

lp,min(p,2) ⊂ ḟα,2
p ⊂ lp,max(p,2)

Conversely, if x is rearrangement invariant space based on countably infinite measure space,
normalized so that the mass of each point is one, and Lp is isomorphic to x, then

lp,min(p,2) ⊂ x ⊂ lp,max(p,2).
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Balance two competing objectives – error/cost
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Balance two competing objectives – error/cost

F. Riesz’s Rising Sun Lemma

F (x) =

∫ x

−∞
f(u)du− tx

F (ai) = F (bi) ⇔

∫ ai

−∞
f(u)du− tai =

∫ bi

−∞
f(u)du− tbi

⇔
1

bi − ai

∫ bi

ai

f(u)du = t
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Balance two competing objectives – error/cost

Peetre’s K-functional

K(t, f ;X0, X1) = inf
f=f0+f1

(‖f0‖X0 + t‖f1‖X1 )
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Balance two competing objectives – error/cost

Peetre’s K-functional

K(t, f ;X0, X1) = inf
f=f0+f1

(‖f0‖X0 + t‖f1‖X1 )

Best approximation functional

E(t, f ;X0, X1) = inf
‖f0‖≤t

‖f − f0‖X1
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Balance two competing objectives – error/cost

Peetre’s K-functional

K(t, f ;X0, X1) = inf
f=f0+f1

(‖f0‖X0 + t‖f1‖X1 )

Best approximation functional

E(t, f ;X0, X1) = inf
‖f0‖≤t

‖f − f0‖X1

K(t, f ;X0, X1) = sup
s

(s+ tE(s, f ;X0, X1))
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O = {oj}
J
j=1 objects

P = {pj}
J
j=1 profits

C = {cj}
J
j=1 sizes

pi = pj(oj) ∈ N and cj = cj(oj) ∈ N
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O = {oj}
J
j=1 objects

P = {pj}
J
j=1 profits

C = {cj}
J
j=1 sizes

pi = pj(oj) ∈ N and cj = cj(oj) ∈ N

(KP) max







J
∑

j=1

pjxj :

J
∑

j=1

cjxj ≤ t, xj ∈ {0, 1}, j = 1, . . . , J







t > 0 fixed
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O = {oj}
J
j=1 objects

P = {pj}
J
j=1 profits

C = {cj}
J
j=1 sizes

pi = pj(oj) ∈ N and cj = cj(oj) ∈ N

(KP) max







J
∑

j=1

pjxj :

J
∑

j=1

cjxj ≤ t, xj ∈ {0, 1}, j = 1, . . . , J







t > 0 fixed

pmax =

J
∑

j=1

pj

J
∑

j=1

pjxj = pmax −

J
∑

j=1

pj(1− xj)
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O = {oj}
J
j=1 objects

P = {pj}
J
j=1 profits

C = {cj}
J
j=1 sizes

pi = pj(oj) ∈ N and cj = cj(oj) ∈ N

(KP) max







J
∑

j=1

pjxj :

J
∑

j=1

cjxj ≤ t, xj ∈ {0, 1}, j = 1, . . . , J







t > 0 fixed

pmax =

J
∑

j=1

pj

J
∑

j=1

pjxj = pmax −

J
∑

j=1

pj(1− xj)

(KP) ⇐⇒ E(t, 1; l0(C), l1(P )) = inf
‖x‖

l0(C)
≤t

‖1− x‖l1(P )
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N ≥ 0, i ∈ I

Ei(N) ≥ 0

Ci(N) ≥ 0, Ci(0) = 0
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N ≥ 0, i ∈ I

Ei(N) ≥ 0

Ci(N) ≥ 0, Ci(0) = 0

E(N̄) =
∑

i∈I

Ei(Ni)

C(N̄) =
∑

i∈I

Ci(Ni)
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N ≥ 0, i ∈ I

Ei(N) ≥ 0

Ci(N) ≥ 0, Ci(0) = 0

E(N̄) =
∑

i∈I

Ei(Ni)

C(N̄) =
∑

i∈I

Ci(Ni)

General Knapsack Problem

E(t) = E(t;C,E) = inf
C(N̄)≤t

E(N̄)

= inf
N̄={Ni}

{

∑

i∈I

Ei(Ni) :
∑

i∈I

Ci(Ni) ≤ t

}

.
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δEi(N) = Ei(N + 1)− Ei(N), N ≥ 0, i ∈ I;

δCi(N) = Ci(N + 1)− Ci(N), N ≥ 0, i ∈ I;
( δEi

δCi

)

(N) =
δEi(N)

δCi(N)
, N ≥ 0, i ∈ I.
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δEi(N) = Ei(N + 1)− Ei(N), N ≥ 0, i ∈ I;

δCi(N) = Ci(N + 1)− Ci(N), N ≥ 0, i ∈ I;
( δEi

δCi

)

(N) =
δEi(N)

δCi(N)
, N ≥ 0, i ∈ I.

Theorem. Suppose {Ei}i∈I is a sequence of non-increasing, convex functions, and suppose
{Ci}i∈I is a sequence of non-decreasing, convex functions. Then

E(t;C, f) = E
(

t,
{

−
δEi

δCi
(N)

}

i∈I,N∈N
; `0(δC), `1(δC)

)

= E
(

t, 1; `0(δC), `1(−δE)
)

,

where 1 denotes the constant sequence 1 = {1}i∈I,N∈N.

Non-convex: through Gagliardo discretization
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