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Abstract

High-dimensional data sets often exhibit inherently low-dimensional structure. Over the
past decade, this empirical fact has motivated researchers to study the detection, measure-
ment, and exploitation of such low-dimensional structure, as well as numerous implications
for high-dimensional statistics, machine learning, and signal processing. Manifold learning
(where the low-dimensional structure is a manifold) and dictionary learning (where the
low-dimensional structure is the set of sparse linear combinations of vectors from a finite
dictionary) are two prominent theoretical and computational frameworks in this area and,
despite their ostensible distinction, the recently-introduced Geometric Multi-Resolution
Analysis (GMRA) provides a robust, computationally efficient, multiscale procedure for si-
multaneously learning a manifold and a dictionary. In this work, we prove non-asymptotic
probabilistic bounds on the approximation error of GMRA for a rich class of underlying
models that includes “noisy” manifolds, thus theoretically establishing the robustness of
the procedure and confirming empirical observations. In particular, if the data aggregates
near a low-dimensional manifold, our results show that the approximation error primarily
depends on the intrinsic dimension of the manifold, and is independent of the ambient
dimension. Our work thus establishes GMRA as a provably fast algorithm for dictionary
learning with approximation and sparsity guarantees. We perform numerical experiments
that further confirm our theoretical results.

Keywords: Dictionary learning, Multi-Resolution Analysis, Manifold Learning, Robust-
ness, Sparsity
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1. Introduction

In many high-dimensional data analysis problems, existence of efficient data representa-
tions can dramatically boost the statistical performance and the computational efficiency
of learning algorithms. Inversely, in the absence of efficient representations, the curse of
dimensionality implies that the required sample size must grow exponentially in the ambient
dimension, which renders many statistical learning tasks completely untenable. Parametric
statistical modeling seeks to resolve this difficulty by restricting the family of candidate dis-
tributions for the data to a collection of probability measures indexed by a finite-dimensional
parameter. By contrast, nonparametric statistical models are more flexible and oftentimes
more precise, but usually require data samples of large sizes unless the data exhibits some
simple latent structure (e.g., some form of sparsity). Such structural considerations are
essential for establishing convergence rates, and oftentimes these structural considerations
are geometric in nature.

One classical geometric assumption asserts that the data, modeled as a set of points in
RP in fact lies on (or perhaps very close to) a single d-dimensional affine subspace V' € RP
where d < D. Tools such as PCA (see Hotelling, 1933, 1936; Pearson, 1901) estimate V in a
stable fashion under suitable assumptions. Generalizing this model, one may assert that the
data lies on a union of several low-dimensional affine subspaces instead of just one, and in
this case the estimation of the multiple affine subspaces from data samples already inspired
intensive research due to its subtle complexity (e.g., see Chen and Maggioni, 2011; Chen
and Lerman, 2009; Elhamifar and Vidal, 2009; Fischler and Bolles, 1981; Ho et al., 2003; Liu
et al., 2010; Ma et al., 2007, 2008; Sugaya and Kanatani, 2004; Tipping and Bishop, 1999;
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Vidal et al., 2005; Yan and Pollefeys, 2006; Zhang et al., 2010). A widely used form of this
model is that of k-sparse data, where there exists a dictionary (i.e., a collection of vectors)
O ={p}", C RP such that each observed data point € R may be expressed as a linear
combination of at most k < D elements of ®. These sparse representations offer great
convenience and expressivity for signal processing tasks (such as in Peyré, 2009; Protter
and Elad, 2007), compressive sensing, statistical estimation ,and learning (e.g., see Aharon
et al., 2005; Candes and Tao, 2007; Chen et al., 1998; Donoho, 2006; Kreutz-Delgado et al.,
2003; Lewicki et al., 1998; Maurer and Pontil, 2010a, among others), and even exhibits
connections with representations in the visual cortex (see Olshausen and Field, 1997). In
geometric terminology, such sparse representations are generally attainable when the local
intrinsic dimension of the observations is small. For these applications, the dictionary is
usually assumed to be known a priori, instead of being learned from the data, but it has been
recognized in the past decade that data-dependent dictionaries may perform significantly
better than generic dictionaries even in classical signal processing tasks.

The k-sparse data model motivates a large amount of research in dictionary learning,
where @ is learned from data rather than being fixed in advance: given n samples X1,..., X,
from a probability distribution x in R” representing the training data, an algorithm “learns”
a dictionary ® which provides sparse representations for the observations sampled from pu.
This problem and its optimal algorithmic solutions are far from being well-understood, at
least compared to the understanding that we have for classical dictionaries such as Fourier,
wavelets, curvelets, and shearlets. These dictionaries arise in computational harmonic anal-
ysis approaches to image processing, and Donoho (1999) (for example) provides rigorous,
optimal approximation results for simple classes of images. The work of Gribonval et al.
(2013) presents rather general bounds for the complexity of learning the dictionaries (see
also Maurer and Pontil, 2010b; Vainsencher et al., 2011, and references therein). The al-
gorithms used in dictionary learning are often computationally demanding, and many of
them are based on high-dimensional non-convex optimization. The emphasis of existing
work is often made on the generality of the approach, where minimal assumptions are made
on geometry of the distribution from which the sample is generated. This “pessimistic”
approach incurs bounds dependent upon the ambient dimension D in general (even in the
standard case of data lying on one hyperplane).

A different type of geometric assumption on the data gives rise to manifold learning,
where the observations aggregate on a suitably reqular manifold M of dimension d isomet-
rically embedded in R” (notable works include Belkin and Niyogi, 2003; Coifman et al.,
2005a,b; Coifman and Maggioni, 2006; Donoho and Grimes, 2003, 2002; Genovese et al.,
2012b; Jones et al., 2008, 2010; Little et al., 2009; Little, 2012; Roweis and Saul, 2000;
Tenenbaum et al., 2000; Zhang and Zha, 2002, among others). This setting has been recog-
nized as useful in a variety of applications (e.g. Causevic et al., 2006; Coifman et al., 2006;
Rahman et al., 2005)), influencing work in the applied mathematics and machine learning
communities during the past several years. It has also been recognized that in many cases
the data does not naturally aggregate on a smooth manifold (as in Little et al., 2009; Little,
2012; Wakin et al., 2005), with examples arising in imaging that contradict the smoothness
conditions. While this phenomenon is not as widely recognized as it probably should be,
we believe that it is crucial to develop methods (both for dictionary and manifold learning)
that are robust not only to noise, but also to modeling error. Such concerns motivated
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the work on intrinsic dimension estimation of noisy data sets (see Little et al., 2009; Lit-
tle, 2012), where smoothness of the underlying distribution of the data is not assumed,
but only certain natural conditions (possibly varying with the scale of the data) are im-
posed. The central idea of the aforementioned works is to perform the multiscale singular
value decomposition (SVD) of the data, an approach inspired by the works of David and
Semmes (1993) and Jones (1990) in classical geometric measure theory. These techniques
were further extended in several directions in the papers by Chen and Maggioni (2011);
Chen et al. (2011a,b), while Allard et al. (2012); Chen and M.Maggioni (2010) built upon
this work to construct multiscale dictionaries for the data based on the idea of Geometric
Multi-Resolution Analysis (GMRA).

Until these recent works introduced the GMRA construction, connections between dic-
tionary learning and manifold learning had not garnered much attention in the literature.
These papers showed that, for intrinsically low-dimensional data, one may perform dictio-
nary learning very efficiently by exploiting the underlying geometry, thereby illuminating
the relationship between manifold learning and dictionary learning. In these papers, it was
demonstrated that, in the infinite sample limit and under a manifold model assumption for
the distribution of the data (with mild regularity conditions for the manifold), the GMRA
algorithm efficiently learns a dictionary in which the data admits sparse representations.
More interestingly, the examples in that paper show that the GMRA construction succeeds
on real-world data sets which do not admit a structure consistent with the smooth mani-
fold modeling assumption, suggesting that the GMRA construction exhibits robustness to
modeling error. This desirable behavior follows naturally from design decisions; GMRA
combines two elements that add stability: a multiscale decomposition and localized SVD.

In this paper, we analyze the finite sample behavior of (a slightly modified version of)
that construction, and prove strong finite-sample guarantees for its behavior under general
conditions on the geometry of a probability distribution generating the data. In particular,
we show that these conditions are satisfied when the probability distribution is concentrated
“near” a manifold, which robustly accounts for noise and modeling errors. In contrast to
the pessimistic bounds mentioned above, the bounds that we prove only depend on the
“intrinsic dimension” of the data. It should be noted that our method of proof produces
non-asymptotic bounds, and requires several explicit geometric arguments not previously
available in the literature (at least to the best of our knowledge). Some of our geometric
bounds could be of independent interest to the manifold learning community.

The GMRA construction is therefore proven to simultaneously learn manifolds (in sense
that it outputs a suitably close approximation to points on a manifold) and dictionaries
in which the data is represented sparsely. Moreover, the construction is guaranteed to be
robust with respect to noise and to perturbations of the manifold model. The GMRA
construction is fast, linear in the size of the data matrix, inherently online, does not require
nonlinear optimization, and is not iterative. Finally, our results may be combined with
the GMRA compressed sensing techniques and algorithms presented in Iwen and Maggioni
(2013), yielding both a method to learn a dictionary in a stable way on a finite set of training
data, and a way of performing compressive sensing and reconstruction (with guarantees)
from a small number of (suitable) linear projections (again without the need for expensive
convex optimization).



MULTISCALE DICTIONARY LEARNING

This paper is organized as follows: Section 2 introduces the main definitions and notation
employed throughout the paper. Section 3 explains the main contributions, formally states
the results and provides comparison with existing literature. Finally, Sections 4 and 5 are
devoted to the proofs of our main results, Theorem 2 and Theorem 6.

2. Geometric Multi-Resolution Analysis (GMRA)

This section describes the mathematical framework and the main objects studied in the pa-
per. Our goal will be to prove the following claims which we explain informally at this point.
In the statement below, “2” and “<” denote inequalities up to multiplicative constants and
logarithmic factors. The results will be made formal in the course of exposition.

Statement of results. Let ¢ > 0 be a fized small constant, and let € 2 o be given.
Suppose that n > e~ H42) and let X, = {X1,...,X,} be an ii.d. sample from 11, a
probability distribution with density supported in a tube of radius o around a smooth closed
d-dimensional manifold M < RP. There exists an algorithm that, given X, outputs the
following objects:

e a dictionary EI;g ={Piticq. C RP;

e a nonlinear “encoding” operator 235 :RP = R which takes x € RP and returns the
coefficients of its approzimation by the elements of ®.;

e a “decoding” operator 756_ 1. R% — RP which maps a sequence of coefficients to an
element of RP.

Moreover, the following properties hold with high probability:
i. Card(J.) < e ¥?;

ii. the image of D. is contained in the set Sar1 C R of all (d+1) - sparse vectors (i.e.,
vectors with at most d + 1 nonzero coordinates);

1. the reconstruction error satisfies

sup lo = D' De(a)|| S e
zesupport (1IT)

. the time complexity for computing

e O is O(CYUD + d2)€_1_% log(1/¢)), where C is a universal constant;
o D.(z) is O(d(D + dlog(1/¢))), and for 755_1(33) is O(d(D +log(1/¢))).

If a new observation X,11 from Il becomes available, EI;E may be updated in time

O(CYUD + d?)log(1/e)).

In other words, we can construct a data-dependent dictionary o, of cardinality O(e~%?)
by looking at n = 717 data points drawn from II, such that (55 provides both (d + 1)-
sparse approximations to data and has expected “reconstruction error” of order ¢ (with high
probability). Moreover, the algorithm producing this dictionary is fast and can be quickly
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updated if new points become available. We want to emphasize that the complexity of our
construction only depends on the desired accuracy €, and is independent of the total number
of samples (more precisely, it is enough to use only the first ~ e~ (144/2) qata points). Many
existing techniques in dictionary learning cannot guarantee a requested accuracy, or a given
sparsity, and a certain computational cost as a function of the two. Our results above
completely characterize the tradeoffs between desired precision, dictionary size, sparsity,
and computational complexity for our dictionary learning procedure.

We also remark that a suitable version of compressed sensing applies to the dictionary
representations used in the theorem: we refer the reader to the works by Chen et al. (2012);
Iwen and Maggioni (2013).

2.1 Notation

For v € RP| ||v|| denotes the standard Euclidean norm in R”. B4(0,7) is the Euclidean
ball in R? of radius r centered at the origin, and we let B(0,7) := Bp(0,7). Proj; stands
for the orthogonal projection onto a linear subspace V' C R, dim(V) for its dimension and
V< for its orthogonal complement. For z € R, let Proj, 4y be the affine projection onto
the affine subspace = + V defined by Proj,.(y) = x + Projy (y — z), for y € RP.

Given a matrix A € RF¥!, we write A = [ay]---|a], where a; stands for the ith column
of A. The operator norm is denoted by ||A||, the Frobenius norm by ||A||r and the matrix
transpose by AT, If k = I, tr (A) denotes the trace. For v € R* let diag(v) be the k x k
diagonal matrix with (diag(v));; = v;, 4 = 1,...,k. Finally, we use span{a;}\_, to denote
the linear span of the columns of A.

Given a C? function f : R! — R, let f; denote the ith coordinate of the function f
for i = 1,...k, Df(v) the Jacobian of f at v € R', and D?f;(v) the Hessian of the ith
coordinate at v.

We shall use dVol to denote Lebesgue measure on R?, and if U C RP is Lebesgue
measurable, Vol(U) stands for the Lebesgue measure of U. We will use Vol p( to denote the
volume measure on a d-manifold M in R” (note that this coincides with the d-dimensional
Hausdorff measure for the subset M of R?), and d(w,y) to denote the geodesic distance
between two points z,y € M. For a probability measure IT on R?,

supp(Il) := ﬂ C
C closed,II(C)=1

stands for its support. Finally, for z,y € R, x V y := max(z, y).

2.2 Definition of the geometric multi-resolution analysis (GMRA)

We assume that the data are identically, independently distributed samples from a Borel
probability measure IT on RP. Let 1 < d < D be an integer. A GMRA with respect to the
probability measure II consists of a collection of (nonlinear) operators {P; : RP — R} ;5.
For each “resolution level” j > 0, P; is uniquely defined by a collection of pairs of subsets

and affine projections, {(C;y, Pj,k)}]kV:(Jl), where the subsets {C’]k}kN:(]l) form a measurable

partition of R? (that is, members of {C]k}ljj:(]l) are pairwise disjoint and the union of all



MULTISCALE DICTIONARY LEARNING

members is R?). P;j is constructed by piecing together local affine projections. Namely, let
Pj () := cjr + Projv, , (z — ¢jk),

where ¢ € R? and V; i are defined as follows. Let E;; stand for the expectation with
respect to the conditional distribution dIl; ;(x) = dII(z|z € Cj ). Then

i = Ejr, (1)
Vi = argmin Ej |z — ¢ — Proj v (z — ¢j )|, (2)
dim(V)=d

where the minimum is taken over all linear spaces V' of dimension d. In other words, ¢;, is
the conditional mean and Vj . is the subspace spanned by eigenvectors corresponding to d
largest eigenvalues of the conditional covariance matrix

Sik=Ejr(®—cip)(@—cjp)’ (3)

Note that we have implicitly assumed that such a subspace Vj, k 1s umque which will always
be the case throughout this paper. Given such a {(Cj, P;, k)}k 1> we define

N(j)

Pi(x):= Y IH{z € Cjp}Pix(x)

k=1

where I{x € Cj} is the indicator function of the set C .
It was shown in the paper by Allard et al. (2012) that if IT is supported on a smooth,

closed d-dimensional submanifold M < R, and if the partitions {C; k} o Satlsfy some
regularity conditions for each j, then, for any z € M, |z — Pj(z)| < C(./\/l) ~2 for all

J > jo(M). This means that the operators P; provide an efﬁcient “compression scheme”
x — Pj(x) for z € M, in the sense that every = can be well-approximated by a linear

combination of at most d+ 1 vectors from the dictionary ®,-2; formed by {cjk}]kvz(jl) and the
union of the bases of Vj;, k =1...N(j). Furthermore, operators efficiently encoding the
“difference” between P; and Pji; were constructed, leading to a multiscale compressible
representation of M.

In practice, IT is unknown and we only have access to the training data X,, = {X1,..., Xy},
which are assumed to be i.i.d. with distribution II. In this case, operators P; are replaced
by their estimators

R N(j) R
Pa) =Y Ha € Cu}Pula)

k=1

where {C’]k}kN:(]l) is a suitable partition of R” obtained from the data,

Piae) =B+ Prot g =5 ()
Cik = Z z,
meX

~ 1 — . —~
Vi) = argmin —— Z |z — €% — Projy(z —¢x)l%,
dim(V)=d ‘ Js k’ TEX; )
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X = Cjr N A&, and ]Xj7k\ denotes the number of elements in X; ;. We shall call these ]3]
the empirical GMRA. '
Moreover, the dictionary ®4-2; is formed by {¢;, k}iv and the union of bases of ‘A/'Lk, k=

1...N(j). The “encoding” and “decodlng operators D2 »; and D;!,. mentioned above are

2-2j
now defined in the obvious way, so that D2 2 Dy-s;(z) = P]k( ) for any x € Cj .

We remark that the “intrinsic dimension” d is assumed to be known throughout this
paper. In practice, it can estimated within the GMRA construction using the “multiscale
SVD” ideas of Little et al. (2009); Little (2012). The estimation technique is based on
inspecting (for a given point x € C; ) the behavior of the singular values of the covariance
matrix ;5 as j varies. For alternative methods, see Camastra and Vinciarelli (2001);

Levina and Bickel (2004) and references therein.

3. Main results

Our main goal is to obtain the non-asymptotic probabilistic bounds on the performance of
the empirical GMRA under certain structural assumptions on the underlying distribution
of the data. In practice, the data rarely belongs precisely to a smooth low-dimensional
submanifold. One way to relax this condition is to assume that it is “sufficiently close”
to a nice set. Here we assume that the underlying distribution is supported in a thin
tube around the manifold. We make no assumptions about the structure or distribution
of the noise, instead trying to understand how the error of sparse approximation depends
on the “thickness” of the tube, which quantifies stability and robustness properties of our
algorithm. Another way to model this situation is to allow additive noise, whence the
observations are assumed to be of the form X =Y + &, where Y belongs to a submanifold
of RP, ¢ is independent of Y, and the distribution of ¢ is known. This leads to a singular
deconvolution problem (see Genovese et al., 2012¢; Koltchinskii, 2000).
We will measure performance of the empirical GMRA by the Lo (II)-error

— 2 ~ 2
E||x - Bx)| = / e~ Pyt | e (5)
supp(IT)
or by the || - ||oo,r-error defined as
HId _ﬁjHoo, = sup H:E - ID\](x)‘ , (6)

xesupp(II)

where ]3 is defined by (4). As we mentioned before, our GMRA construction is entirely
data—dependent it takes the pomt cloud of cardinality n as an mput and for every j € Z,

returns the partition {C} k} fe 1 ) and associated affine projectors P] k-
The presentation is structured as follows: we start from the natural decomposition

-2 < l—p@) + [P - R

approxnmatlon error

random error

and state the general conditions on the underlying distribution and partition scheme that
suffice to guarantee that
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1. the distribution-dependent operators P; yield good approximation, as measured by
2
E[lz — Pj()[%;

~ — 2
2. the empirical version P; is with high probability close to P}, so that E HPj (x) — Pj(x) H

is small.

This leads to our first result, Theorem 2, where the error E Hx — ]3](33)H2 of the empirical
GMRA is bounded with high probability.

After developing this general result, we then consider the special but important case
where the distribution II generating the data is supported in thin tube around a smooth
submanifold, and for a (concrete, efficiently computable, online) partition scheme we show
that the conditions of Theorem 2 are satisfied. This is summarized in the statement of
Theorem 6, that may be interpreted as proving finite-sample bounds for our GMRA-based
dictionary learning scheme for high-dimensional data that suitably concentrates around a
manifold. It is important to note that most of the constants in our results are explicit. The
only geometric parameters involved in the bounds are the dimension d of the manifold (but
not the ambient dimension D), its reach (see 7 in (9)) and the “tube thickness” o.

Among the existing literature, the papers Allard et al. (2012); Chen et al. (2012) in-
troduced the idea of using multiscale geometric decomposition of data to estimate the
distribution of points sampled in high-dimensions. However in the first paper no finite sam-
ple analysis was performed, and in the second the connection with geometric properties of
the distribution of the data is not made explicit, and the conditions are expressed in terms
of certain approximation spaces within the space of probability distributions in R, with
Wasserstein metrics used to measure distances and approximation errors.

The recent paper by Canas et al. (2012) is close in scope to our work: its authors present
probabilistic guarantees for approximating a manifold with a global solution of the so-called
k-flats (Bradley and Mangasarian, 2000) problem in the case of distributions supported on
manifolds. It is important to note, however, that our estimator is explicitly computable,
while exact global solution of k-flats is usually unavailable and certain approximations are
used in practice, and convergence to a global minimum is conditioned on suitable unknown
initializations. We also seamlessly tackle the case of noise and model error, which is beyond
what was studied previously. We consider this development extremely relevant in appli-
cations, both because real data is corrupted by noise and the assumption that data lies
exactly on a smooth manifold is often unrealistic. A more detailed comparison of theoret-
ical guarantees for k-flats and for our approach is given after we state the main results in
Subsection 3.2 below.

Another body of literature connected to this work studies the complexity of dictio-
nary learning. For example, Gribonval et al. (2013) present rather general bounds for the
complexity of learning the dictionaries (those results build on and generalize the works of
Maurer and Pontil (2010b); Vainsencher et al. (2011), among several others). The emphasis
of that work is on the generality of the approach, at the expense of obtaining bounds that
are rather pessimistic in general (even in the standard case of data lying on one hyperplane)
and depend on the ambient dimension D of the problem, while the bounds we present only
depend on the intrinsic dimension of the data.
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In the course of the proof, we obtain several results that might be of independent interest.
In particular, Lemma 16 gives upper and lower bounds for the volume of the tube around
a manifold in terms of the reach (7) and tube thickness. While the exact tubular volumes
are given by Weyl’s tube formula (see Gray, 2004), our bound are exceedingly easy to state
in terms of simple global geometric parameters.

For the details on numerical implementation of GMRA and its modifications, see the
works by Allard et al. (2012); Chen and M.Maggioni (2010).

3.1 Finite sample bounds for empirical GMRA

In this section, we shall present the finite sample bounds for the empirical GMRA described
above. For a fixed resolution level j, we first state sufficient conditions on the distribution
IT and the partition {C’j,k}g:(i) for which these Lo(II)-error bounds hold (see Theorem 2
below).

Suppose that for all integers jmin < 7 < Jmax the following is true:

(A1) There exists an integer 1 < d < D and a positive constant 1 = 61 (II) such that for
all k=1,...,N(j), |
I(Cj ) > 612797

(A2) There is a positive constant 03 = 62(II) such that for all £ = 1,...,N(j), if X is
drawn from II;; then, II - almost surely,

1X = cjpll < 62277

(A3) Let )\{’k, . ,/\%k denote the eigenvalues of the covariance matrix 3 (defined in 3)
arranged in the non-increasing order. Then there exist o = o(I) > 0, 65 = 03(II),
04 = 04(I1) > 0, and some « € (0, 1] such that for all k. =1... N(j),

. 22 D . . 1 .
Ntz 07— and 0 A < (0”4 27H0) < DA
I=d+1
If in addition

(A4) There exists 05 = 05(II) such that

Jld =Pyl < 05 (o +27F7),

then the bounds are also guaranteed to hold for the || - ||oo -error (6).

Remark 1

i. Assumption (A1) entails that the distribution assigns a reasonable amount of proba-
bility to each partition element, assumption (A2) ensures that samples from partition
elements are always within a ball around the centroid, and assumption (A3) controls
the effective dimensionality of the samples within each partition element. Assumption
(A4) just assumes a bound on the error for the theoretical GMRA reconstruction.

10
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11. Note that the constants 0;, i = 1...4, are independent of the resolution level j.

iii. It is easy to see that Assumption (A3) implies a bound on the “local approzimation
error”: since P; acts on Cj ), as an affine projection on the first d “principal compo-
nents”, we have

. . T
Ejkllz — Pj(x)|? = tr [Ej,k (z — cjr — Projv, , (2))(x — ¢ — Projy,, (z)) ]

D
_ Z )\g,k S94(0_2_’_2—2(1+a)j).
l=d+1

w. The parameter o is introduced to cover “noisy” models, including the situations when
II is supported in a thin tube of width o around a low-dimensional manifold M.
Whenever 11 is supported on a smooth d-dimensional manifold, o can be taken to be
0.

v. The stipulation
. 1 .
04(0_2 + 2—2(1—1—(1)]) < 5/\3716

guarantees that the spectral gap )\fl’k — Agfl is sufficiently large.

We are in position to state our main result.

Theorem 2 Suppose that (A1)-(A8) are satisfied, let X, X1,..., X, be an i.i.d. sample
from 11, and set d := 4d203/03. Then for any jmin < j < jmax and any t > 1 such that
t+log(d Vv 8) < 26n279¢,

0j (t +log(d V 8))d®
n2-Jd ’

E|IX — B(X)|2 < 204 (0% + 27%05)) 4 127

and if in addition (A4) is satisfied,

(t + log(d v 8))d?
n2-Jd

-5 < o)+

2jd+1

_ 2
with probability > 1 — o (e_t + e—%m Jd>, where ¢; = 2 (12\/5% + 4ﬂd%> ]

3.2 Distributions concentrated near smooth manifolds

Of course, the statement of Theorem 2 has little value unless assumptions (A1)-(A4) can
be verified for a rich class of underlying distributions. We now introduce an important class
of models and an algorithm to construct suitable partitions {C};} which together satisfy
these assumptions. Let M be a smooth (or at least C2, so changes of coordinate charts
admit continuous second-order derivatives), closed d-dimensional submanifold of R”. We

11
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recall the definition of the reach (see Federer, 1959), an important global characteristic of

M. Let

D(M) = {y €R”: 3z € Mst. o —y| = inf [l= =y}, (7)
M, ={yeR": dnf Jlo -y} <7} (8)

Then
reach(M) :=sup{r > 0: M, C D(M)}, 9)

and we shall always use 7 to denote the reach of the manifold M.

Definition 3 Assume that 0 < o < 7. We shall say that the distribution 11 satisfies the
(1,0)-model assumption if there exists a bounded smooth (or at least C*) submanifold
M — RP with reach T such that supp(I1) = M, 11 is absolutely continuous with respect to

Um, - the uniform distribution on M, - and the Radon-Nikodym derivative dljljl\: satisfies

dIl
0< g1 < ¥ i < g < 00 U, almost surely. (10)

o
o

Our partitioning scheme is based on the data structure known as the cover tree intro-
duced by Beygelzimer et al. (2006) (see also Ciaccia et al., 1997; Karger and Ruhl, 2002;
Yianilos, 1993). We briefly recall its definition and basic properties. Given a set of n dis-
tinct points S, = {z1,...,z,} in some metric space (5, p), the cover tree T on S, satisfies
the following: let 7} C S,, j = 0,1,2,... be the set of nodes of T" at level j. Then

1. T C Tjyq;
2. for all y € Tj41, there exists z € T; such that p(y, z) < 27;
3. for all y,z € T}, p(y,2z) > 277.

Remark 4 Note that these properties imply the following: for any y € Sy, there exists
z € T} such that p(y, z) < 2791,

Theorem 3 in (Beygelzimer et al., 2006) shows that the cover tree always exists; for more
details, see the aforementioned paper.

We will construct a cover tree for the collection Xi,..., X, of i.i.d. samples from the
distribution IT with respect to the Euclidean distance p(z,y) := ||z — y||. Assume that
T :=T;(X1,....X,) = {aj,k}g:(]l). Define the indexing map

k(x) ;= argmin ||z — a; |
1<k<N(j)
(ties are broken by choosing the smallest value of k), and partition R” into the Voronoi
regions

Cjx={z e RY : kj(z) = k}. (11)

12
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Let £(n,t) be the smallest ¢ > 0 which satisfies

n> L (T1e dﬂ (log B2 + 1) (12)
= ¢1 o 1 g P2 )
o Vol pq(M) o Vol (M) o . N
where 81 = cosd(él)Vg\lA(Bd(O,eM))’ P2 = COSd(%)ng(Bd(Ove/g)), 51 = arcsin(e/87), and dy =
arcsin(e/167).

Remark 5 For large enough n, this requirement translates inton > C(M,d, ¢1) (%)d (log% + t)
for some constant C(M,d, ¢1).

We are ready to state the main result of this section.

Theorem 6 Suppose that 11 satisfies the (7,0)-model assumption. Let Xi,...,X, be an
i.i.d. sample from I, construct a cover tree T from {X;}7_,, and define Cjy as in (11).
Assume that €(n,t) < o. Then, for all j € Z such that 279 > 80 and 3-277 + 0 < 7/8,
partition {Cj,k}]kV:(Jl) and 11 satisfy (A1), (A2), (A3), and (A4) with probability > 1 —e™*
for

0 1 Vol(B4(0,1)) (T—0o d
L7 28dvol (M) \r+o
0y = 12,
R Vi
94d+8 (1+%)d’
394
94:2\/g7
-
dj/4
232 a2 (14 (23)2
952(2\/&) 1+3.25\/ﬁ(1+f)/ +(7%) 7
’ T 1= gom
a=1.

One may combine the results of Theorem 6 and Theorem 2 as follows: given an i.i.d.
sample X1, ..., X, from II, use the first [§] points {X1,... ,X[%]} to obtain the partition

{Cj,k}]kvz(jl), while the remaining {Xz1,,..., Xy} are used to construct the operator P;
(see (4)). This makes our GMRA construction entirely (cover tree, partitions, affine linear
projections) data-dependent.

In the special case when o = 0, the bounds resulting from Theorem 2 can be “optimized”
over j to get the following statement (we present only the bounds for the Ly(IT) error, but
the results || - || 11 are similar).

Corollary 7 Assume that conditions of Theorem 6 hold with o = 0, and that n is suffi-
ciently large. Then for all A > 1 such that Alogn < c4n, the following holds:

(a) ifd e {1,2},

2
N 1 a
inf Eu:c—Pj(angol(Og") ;
JEZ:27Ii<T /24 n

13
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(b) ifd >3,

4
logn ) a+2

nf Bl = )l < 6o (2

13

JEZ:27I<T /24 ( )
with probability > 1 — csn™4, where C1 and Co depend only on A, T,d, ¢1/da, Vol p(M)
and c3, ¢y depend only on 7,d, ¢1/¢p2, Vol p(M).

_ 1/d
Proof In case (a), it is enough to set t := (A + 1)logn, 277 := (;%) , and apply

_1
Theorem 2. For case (b), set t := (A + 1)logn and 277 := (%) - [ |

Finally, we note that the claims 4i. and 4. stated in the beginning of Section 2 easily follow

from our general results (it is enough to choose n such that e ~ n" @2 and 277 = VE).
Claim 4. follows from assumption (A1) and Theorem 6. Computational complexity bounds
. follow from the associated computational cost estimates for the cover trees algorithm
and the randomized singular value decomposition, and are discussed in detail in Sections 3
and 8 of (Allard et al., 2012).

3.3 Connections to the previous work

It is useful to compare our rates with results of Theorem 4 in (Canas et al., 2012). In
particular, this theorem implies that, given a sample of size n from the Borel probability
measure IT on the smooth d-dimensional manifold M, the Lo(II)-error of approximation of
M by k, = C1 (M, TI)n% Rd+9) affine subspaces is bounded by Cy(M, IT)n~2/(¢+4)  Here,
the dependence of k, on n is “optimal” in a sense that it minimizes the upper bound
for the risk obtained in (Canas et al., 2012). If we set 0 = 0 in our results, then it easily
follows from Theorems 6 and 2 that the Lo (IT)-error achieved by our GMRA construction for
9~ 17T (so that N (j) ~ k, to make the results comparable) is of the same order n” T
However, this choice of j is not optimal in this case - in particular, setting 2/» ~ nﬁ?, we
obtain as in (13) a Ls(IT)-error of order n_ﬁ, which is a faster rate. Moreover, we also
obtain results in the sup norm, and not only for mean square error. We should note that
technically our results require the stronger condition (10) on the underlying measure II,
while theoretical guarantees in (Canas et al., 2012) are obtained assuming only the upper
bound d?]—HM < ¢ < 00, where Uy := Vgl—\j\(jll(%) is the uniform distribution over M.

The rate (13) is the same (up to log-factors) as the minimax rate obtained for the
problem considered in (Genovese et al., 2012a) of estimating a manifold from the samples
corrupted with the additive noise that is “normal to the manifold”. Our theorems are stated
under more general conditions, however, we only prove robustness-type results and do not
address the problem of denoising. At the same time, the estimator proposed in (Genovese
et al., 2012a) is (unlike our method) not suitable for applications. The paper (Genovese
et al., 2012b) considers (among other problems) the noiseless case of manifold estimation
under Hausdorff loss, and obtains the minimax rate of order n=%. Performed numerical
simulation (see Section 6) suggest that our construction also appears to achieve this rate in
the noiseless case. However, we are interested in the much more realistic scenario of noisy
data.

14
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4. Preliminaries

This section contains the remaining definitions and preliminary technical facts that will be
used in the proofs of our main results.

Given a point y on the manifold M, let T, M be the associated tangent space, and let
T yl/\/l be the orthogonal complement of T M in RP. We define the projection from the
tube M, (see (8)) onto the manifold Proj o : My — M by

Proj pm(z) = argmin ||z — y||
yeM

and note that o < 7, together with (7), implies that Proj ¢ is well-defined on M., and

Proj m(y +§&) =y

whenever y € M and £ € T;-M N B(0,0).

Next, we recall some facts about the volumes of parallelotopes that will prove useful in
Section 5. For a matrix A € R¥*! with | < k, we shall abuse our previous notation and let
Vol(A) also denote the volume of the parallelotope formed by the columns of A. Let A and
B be k x [1 and k x [ matrices respectively with [; 4+ o < k, and note that

Vol([A| B]) < Vol(A)Vol(B)

where ([A| B]) denotes the concatenation of A and B into a k x (I1 + l2) matrix. Moreover,
if the columns of A and B are all mutually orthogonal, we clearly have that Vol([A| B]) =
Vol(A)Vol(B). Assuming that I is the [; x [; identity matrix, we have the bound Vol (?) >
1. The following proposition gives volume bounds for specific types of perturbations that
we shall encounter.

Proposition 8 Suppose Y = [y1|---|ya| is symmetric d by d matriz such that |Y] < ¢ < 1.

Then
I+Y d I
V01< X > (1+¢)“ Vol <X>

I+y X7 d I X7
Vol< b% _[> > (1—-9q) Vol(X )

IN

The proof is given in Appendix 6.2. Finally, let us recall several important geometric
consequences involving the reach:

Proposition 9 The following holds:
i. For all x,y € M such that ||x — y|| < 7/2, we have

dpi(my) <7 —ryf1— 2128 o
T

ii. Let v(t) : [0,1] — M be the arclength-parameterized geodesic. Then ||v"(t)|| < % for
all t.

15
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iti. Let ¢ be the angle between T, M and T,M, in other words,

[{u, v)]-

cos(¢) = min max
u€Te M, ||lu||=1veTy M, |lv||=1

If | —y| <3, then cos(¢) > /1 —2lz=ull,

w. If x is such that ||z — y|| < 7/2, then x is a regular point of Proj i, am : B(y,7/2) N
M =y +TyM (in other words, the Jacobian of Proj,.1,m at = is nonsingular).

v. Letye M, r <71 and A= Mn B(y,r). Then
Bd(y,TCOS(H)) - PI'Oj y+TyM(A)7

where 0 = arcsin (;—T)

Proof Part i. is the statement of Proposition 6.3 and part 7. - of Proposition 6.1 in
(Niyogi et al., 2008). Part ii. is demonstrated in Lemma 5.4 of the same paper, and this
lemma coincides with 4v. Part v. is proven in Lemma 5.3 of (Niyogi et al., 2008). |

5. Proofs of the main results

The rest of the paper is devoted to the proofs of our main results.

5.1 Proof of Theorem 2

Assumption (A3) above controls the Ly(II) approximation error of z € M by Pj(x) (see
Remark 1, part #:.), hence we will concentrate on the stochastic error H]SJ(:U) — Pj(z)|. To
this end, we will need to estimate [|c;x — Cj x| and || Projy,, — Proj ‘Zk”’ kE=1...N(j).

One of the main tools required to obtain this bound is the noncommutative Bernstein’s
inequality.

Theorem 10 (Minsker, 2013, Theorem 2.1) Let Zy,...,Z, € RPXD pe 4 sequence of in-
dependent symmetric random matrices such that EZ; = 0 and || Z;|| < U a.s., 1 < i < n.
Let

n

> EZ

i=1

0'2 =

Then for any t > 1

n

37

i=1

< 2max <a\/t +1log(D),U(t + log(D))) (14)

B tr (i IEZE)
with probability > 1 — e~t, where D = 4%-

16
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Note that we always have D < 4D. We use this inequality to estimate Hi‘,jk — 3kl let
II(dz|A) be the conditional distribution of X given that X € A, and set II;(dx) :=

II(dx|Cjy). Let mjp = ZI{X € Cji} to be the number of samples in Cjj, k =

1...N(j). Let I C {1,. n} be such that |I| = m. Conditionally on the event A; :=
{X; € Cjfor i€, and X; ¢ Cj fori ¢ I}, the random variables {X;, i € I} are
independent with distribution II; ;. Then

Pr (Hi\jjk — EMH > s|mj, = m) = o Zn:} I:mPr <H§J]k — Ej,kH > s A[) é (15)

=Pr <H§]’k - Ej’kH Z S | A{l,...,m}) .
To estimate Pr (Hiﬂk — 2j7k“ > s A{l,,,,7m}>, we use the following inequality. Recall that

4
262

d=4d*=
03’

where 0, 05 are the constants in Assumptions (A2) and (A3).

Lemma 11 Let X, Xy,...,X,, be an i.i.d. sample from 11, . Set
1 & 1 &
Cik = p— ZXi and  Xji = - Z(Xz — i) (Xi — i)
j= i=1
Assume that m >t +log(d v 8). Then with probability > 1 — 2e~*

t +log(d Vv 8)

[ =] < o2y ==

Proof We want to estimate

o~ 1 & N .
HEM - Ej”“H ~|lm D (X = ) (Xi = ejp)" = i+ (e — Ga) (e — Cj,k)TH
i=1
R . .
- Z =) (Xi = e )" = k|| + [ (ein = G (ein — )| - (16)

Set r := 6 - 277, Recall that ||z — ¢; x| < r for all z,y € C;; by assumption (A2). It
implies that

1. forall 1 <i <m, |[(X; — cjx)(X; — cjx)T| < r? almost surely,
2
2. [[B[(X = i) (6 = )T || = [BIX: = el (X = ) (X = )| < 721Z5:

17
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Therefore, by Theorem 10 applied to Z; := %(XZ — k) (X; — chf)T, 1=1...m,

m m

_ 2742\/<t+1:1g<‘>> <\/t+2g<ci> y

with probability > 1 — e~*. Note that ||Z; ]| < tr (3;x) < % Moreover,

) ¢ (¢ +log(@) Sl |, ot +loa(d)

1 m
T
p— Z = ) (Xi = ¢jk)” = Bjn

2k
7"2

)

2 2 4 4
HEZl | (Aj7k> 032_4j 93
d
by assumption (A3) and the definition of r. Since % <1 by assumption,
1 & t +log(d)
— ) — Sl < 2r?y ) ——,
m 2:: — ¢6)(Xi = ¢jin) gk = 4T m
For the second term in (16), note that ||(cjx — ¢jx)(cik — Cix)ll = llcjik — Cikll?. We apply

Theorem 10 to the symmetric matrices

G — 0 (Xi — Cj,k)T ‘
! Xz — Gk 0

Noting that ||G;|| = || Xi — ¢j x| < r almost surely,
IEGE|| = EIX; — cjull* = tr (Zj0) <72,

tr (EG?)

and
[EGE]]

= 2, we get that for all ¢ such that t + log 8 < m, with probability > 1 —e~¢
ft+1
< 2r w, (17)
m

o ~ t+log8
H(Cj,k - cj,k)(Cng — Cj,k)TH < 47‘2ﬂ7

t+log8) t+log8
(t+1logs) t+log
m

1S — ¢kl <2 [7“ —

hence with the same probability

m

and the claim follows. |

Given the previous result, we can estimate the angle between the eigenspaces of §j7k and
ik
-77

Theorem 12 (Davis and Kahan, 1970), or (Zwald and Blanchard, 2006, Theorem 3).
Let 64 = 8a(Sjx) == s (N = NjF). IF 1S5 — 2]l < 8a/2, then

. . Sik— Yk
HPTOJVM —PI"OJ@-,kH < 125, - i H,

18
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O3 r2
20 d

the event {mjvk = m}, with probability > 1 — 2e7¢,

03 [t +log(dV
HPI‘OJVJk —PI‘OJV H < 12d€3 w'

It remains to obtain the unconditional bound. Set n;; := nH(Cj,k) and note that n;; >
61n277% by assumption (A1). To this end, we have

02 | (t +log(d Vv 8))d?
P P —-P > 12
(g e i | 2 12 [0

Since §q > by assumption (A3), the previous result implies that, conditionally on

03 [(t+log(dV 8))d? .
<Pr (k:rln..z.l]if{(] H Projy, PI‘OJV H > 1203\/ nin)2 mje >n;k/2, k=1...N(j)
N(j) N(j)
U {mjk <njx/2} | < N@Ge " + Z Pr(m;, <njr/2).
k=1 k=1

n
Recall that m;; = 21 I{X; € Cj}, hence Em; = nj; and Var(m; ) < n;j. Bernstein’s
1=

inequality (see Lemma 2.2.9 in van der Vaart and Wellner, 1996) implies that

4
Mk —njkl < <2\/8njvk v §3>

with probability > 1 — e™. Choosing s = i, we deduce that Pr(mj; < n;z/2) <
e~ 1627 and, since N(j) < %Wd by assumption (A1),

N(j) .
Z Pr(mj, <njr/2) < 9—2Jde—1_6"2 !
k=1
and
02 [ (t +log(d V 8))d2 204 /6y o
Pr (k:rln..z.l]if{(] H Projv,, — PI‘OJV H > 1293\/ )2 < o <e +e 16" >
(18)
A similar argument implies that
Pr( max e &l > 2 t +1log(d Vv 8) - 27d (e_t n e_%ngfjd> (19)
X ik — Cj _— — .
k=1...N(j) Gk Gkl = nj,k/2 - 0

We are in position to conclude the proof of Theorem 2: given x € C} 1, note that

1P (@) = Pj(@)ll = llejx = g +Projv  (z = ¢j) = Projp. (2 —¢jp + cjk = Cin)|

< 2ljcjp — Gl + | Proju, . — Projp |- [lo = il
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Together with assumption (A2), (18) and (19), it implies that with high probability

~ 02 . [t+log(dV8) 03 _»\/(t—l—log(JV 8))d?
| Pj(z) — Pj(x)|| < 4\/5\/E2 7 + 12\/503 7 2 R

Combined with assumption (A3) (see Remark 1, part 4ii.), this yields the result.

5.2 Proof of Theorem 6

Recall that M < RP is a smooth (or at least C?) compact manifold without boundary,
with reach 7, and equipped with the volume measure dVoly . Our proof is divided into
several steps, and each of them is presented in a separate subsection to improve readability.

5.2.1 LOCAL INVERSIONS OF THE PROJECTION

In this section, we show that, for » < 7/8, the projection map Proj y+T, M 18 Injective on
B(y,r) N M, and hence invertible by part iv. of Proposition 9. We also demonstrate that
the derivatives of this inverse are bounded in a suitable sense. These estimates shall allow
us to develop bounds on volumes in M,.

We begin by proving a bound on the local deviation of the manifold from a tangent
plane.

Lemma 13 Suppose 1) € T;-M with ||n|| =1 and z € B(y,r) N M, where r < 7/2. Then

22

[(n,2 —y)| <
Proof Let v : [0,dar(z,y)] = M denote the arclength-parameterized geodesic connecting

y to z in M. Since v is a geodesic, there is a v € T, M with [Jv|| = 1 such that the Taylor
expansion

dM (z,y)
z:y+@44wv+/ A(8) (dpa(z ) — 1) d.
0

By Proposition 9, |7 (t)||2 < 1/7 for all ¢t and daq(z,y) < 2r, so we have that

dm(2,y)
<777/0 ’ ¥'(t) (dm(z,y) — 1) dt>

dpm(z,y)
g/ (07" ()] (dpa (2, ) — B) dit
0

[(n, 2 —y)| =

1 dM (z,y)
g—/ (daa(z,y) — 1) dt
0

T

< d./\/l (Z, y)2
- 2T

20
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Our next lemma quantitatively establishes the local injectivity of the affine projections
onto tangent spaces. 1

Lemma 14 Suppose y € M and r < 7/8. Then Projyr,am : B(y,r) "M — y+ T,M is
njective.

Proof Suppose a and b are distinct in B(y,r) N M. Now, b — a = v + w where v € T, M
2
and w € T;}- M, and note that |Jw|| < M < 4Z by Lemma 13. This also implies that

lla — b||* 72 r
ol = V/lla = b2 = [Jw[]? > \/||a —b||? — A=z la—0ll\/1- 165 2 la—0lly/1— 4.

By part iii. of Proposition 9, there is a u € T, M such that (u,v) > |[v| cos(¢) where ¢ is
the angle between T, M and T, M. Then

[{u,b = a)| = [{u, )] = !<u w)|

2 ||vl} cos(¢) — ]|

2
>Ha—b||\/1— \/ 2~ 2@

> [|b— al| <\/1—4—\/1—4— —45>
T T T
T
> |[b— af (1—8;).

It then follows from r < 7/8 that Projr,m(b —a) # 0, and hence Proj, 7,am(a) #
Proj , 1, m(b) and injectivity holds. [ |

There are two important conclusions that Lemma 14 provides. First of all, it indicates
that, under a certain radius bound, the manifold does not “curve back” into particular
regions. This is helpful when we begin to examine upper bounds on local volumes. More
importantly, if we let .J,, = Proj 1, m(B(y,r) N M), then there is a well-defined inverse
map [ of Projy r,m, f i Jyr — B(y,7) N M, when r < 7/8. Part iv of Proposition 9
implies that f is at least a C? function, and part v of Proposition 9 implies that there is a
d-dimensional ball inside of J,, of radius cos(#)r, where 6 = arcsin(r/27).

Whenever we refer to such an f, we think of J, , as a subset in the span of the first d
canonical directions, and we identify f with the value f takes in the span of the remaining
D — d directions. Thus, we identify f with the function whose graph is a small part of the
manifold. Such an identification is obtained via an affine transformation, so we may do
this without any loss of generality. Using these assumptions, we may prove the following
bounds.

1. In an independent work, Eftekhari and Wakin (2013) prove a slightly stronger result that holds for
r<T/4
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Proposition 15 Let ¢ < 7/8, and assume f is defined above so that v — <fz)?1)> is the
inverse of Projyir,m in B(y,€) for some y € M. Then

2e

sup [[Df(v)| < (20)
vEB4(0,6) T—2
and
D—d—1 T2
sup sup w; D2 fi(v)|| < ———. 21
vEBy(0,6) ueSP—d—1 ; (v) (- 25)3 2D

Proof For € < 7/8, we may define the embedding

(5) = (i) = (P157) 0

where we have assumed (without loss of generality) that y = 0 and 7,,M coincides with the
span of the first d canonical orthonormal basis members. The domain of this map is the set

Q= {(v,8) eRIxRP™*:0 e MNB(0,¢), |8]* + | Df ()" BI* < 7%}
and the Jacobian of this map is

<I + 3257 8D fi(v) Df(v)T>
Df(v) -1 )

It is clear that the inverse of the above map is given by
z +— (Proj y 1, m(Proj m(x)), Proj ri p(x — Proj m(x))),

which is at least a C' map. Thus, a necessary condition for the 7-radius normal bundle to
embed is that the Jacobian exhibited above is invertible, which in turn implies that

<I + Z%;(B;)D%(v) Df_(;)T> (Df%v)4> £0

for all ¢ # 0 when (v, ) € Q. This reduces to (I +_ 3;D*f;(v) + D f(v)T Df(v))¢ # 0, and
so a necessary condition for embedding is then that the norm of Zf):_l B;D? f;(v) does not
exceed 1+ ||Df(v)||?> whenever

H (Df—(?T> ﬁHQ = 181> + |IDf ()" BI* < 7°.

In particular, this must be true if ||8|| < 7/+4/1+ ||Df(v)||?. This reduces to the condition
that the operator norm

sup
uESD7d71

D—d 0)|12)3/2
Zuiszi@)HJ“”Df( IO < Lavipron®. @
=1

T
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By the fundamental theorem of calculus, we have that
l[ll flvll
Df(v)z = Df(0)z + / T D2 fi(tuy )2 dt = / T D2 (tuy )2]dt,
0 0

where u, = v/||v|| and [ul D?f;(tu, )] indicates a vector with ith component ul D2 f;(tu,)x.
Consequently, for any = € R%, we have that

llll
HDf(v)fEIIS/0 [[ug D? fi(tuy)a]|| dt < [o]l sup || [uy D*fi(tu, )]

te[0,]|v|l] (23)
<e sup H[ufD2f,(tuv)a:]H .
te[0,e]
Now,
D—d
H[u{D2fi(tuv)x]H = sup (u, [u{szi(tuv):ED = sup Zui(ug;szi(tuv):E)
uweSP—d—1 ueSP—d-1 1
D—d
T 2
= su U u; D* f;(tu T
uesDEifl v <; i fz( v))
D—d
< sup w0 wiD? filtuy) | ||
weSD—d—1 e
D—d
= [lz||  sup u; D? fi(tuy)||
uESD7d71 ; (A 1 v

which together with (23) and (22) yields the bound

3
IDs @) < = (1+ sup HDf(tuv)H> .

te[0,e]

Since this inequality also holds for any v’ with ||v|| < &', taking a supremum yields

\]

, 3 3
sup [|Df(tu,)] < sup = <1+ sup HDf(tuv)H> <= <1+ sup |er<tuv>u> ,

e’€l0,e] e'eloe] T te[0,e’] e’€l0,e]

and hence

3
sup ||Df<v>us§<1+ sup IIDf(v)H>-

vEB(0,e) vEB(0,¢)
Setting a(e’) = sup,ep, 0, 1D f(v)|, we have that a(0) = 0,
/

a(e) € = (1+a()",

for all ¢/ > 0, and a is continuous by continuity of || D f(v)||. Setting b(¢’) = a(¢’)/(1+a(e")),
we get

m\

b(e')(1 — b(")? <

all

23



MAGGIONI, MINSKER AND STRAWN

Examining the polynomial z(1 — )2, we see that the sublevel set z(1 — 2)? < w consists of
two components when w < 4/27. Also note that if w < 1/8, then

2(1 —2w)? =2 8w +8w? >2—-1=1,

and hence
2w(1 - 2w)? > w.

Consequently, if z is such that z(1 — 2)? < w and is in the interval containing zero in the
sublevel set z(1 — z)? < w < 1/8, then z < 2w.
By these observations, continuity of b(¢’), and the fact that b(0) = 0, we have that

!

a(e) < %, and thus

2e
sup [[Df(v)| < :
vEB4(0,) T —2¢
From the bound in (22) we now acquire the bound
D—d—1 2
2
sup sup w; D fi(v)|| < ———=.
vEB;(0,e) ueSP—d-1 ; ‘ ‘ (r— 26)3

5.2.2 VOLUME BOUNDS

The main result of this section is Lemma 16, which allows us to compare volumes in M,
with volumes in M. It also establishes an upper bound on volumes, which is an essential
ingredient when we control the conditional distribution of II subject to being in a particular
Cjk-

Lemma 16 Suppose o < 7, suppose U C M is measurable, and define P : M, — M so
that x — Proj p(x) under P. Then

| o\d o\¢
(1- ;) Vol u(U)Vol(Bp—a(0,)) < Vol(P~1(U) < (1+ ;) Vol u(U)Vol(Bp_a(0, 7))

ii. If r+o0 <7/8, then

2 +0) \*\"
%>> Vol(B4(0,r+a))Vol(Bp—a(0, 0)).

Vol(M,NB(y,r)) < (1 + g)d <1 n (

Proof We first prove part i. Let ¢ > 0 satisfy ¢ < 7/8. Because of (21) and the fact that
|1B]| < o, we have that

or?
<

D—d
2
; BiD*fi(v)| < r—2p
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Since this is also a bound for the columns of Y 3;D?f;(v), Proposition 8 implies that

va (AL DI < (1 s v (P

in TH(M N B(y,e)) N M,.
On the other hand, we have that

T — 2¢)?

DfT 4e 2 (D—d)/2
Vol( ><H‘/1+”Vf’ \2<<1+ )>

since (20) implies the bounds H%H < -2 for each i = 1,...,d, and the above is the
largest this quantity may be subject to these bounds.
When these estimates are joined together, we have an inequality

Vol <I+ZZle( Z)D?fz( v) Df_(;)T> < <1+ %)dw <Dfl(v) Df_(?T>

<(r57) (retmm) Y of

For an arbitrarily small ¢ > 0, let {U,},er denote a finite partition of U into measurable
sets such that there for each v € I, there is a y, satisfying U, C M N B(yy,e). Let f,
denote the inverse of P, = Proj Yy +Ty, M in U, and set

Eyo = {8 € R |B]° + 1D £, (v)B]* < 0%}

for all v € P,(U,). Thus,

I+Z zszZ( ) Df(x)T>
dVol(x Vol = 1 dpd
/Pwl(U"/) 0 /Pw(U"/ Lw v ? < Df( ) -1 /8 v

oT 42 d/2 I
ﬁ/pw/% <1+(T_25>3> (”v—%)?) Vol (Df(v)> v

ot 4e2 d/2
< <1+ m) <1+ ﬁ) Vol o((Us)Vol(Bp_q(0, 7))

since E , C Bp_4(0,0). Consequently, we have that

Vol(P Z Vol(P.

yel
I 4e? a/2
< ; (1 + T — 26 > <1 + m) VOIM(U’\/)VOI(BD_CI(070-))
or2 d 4¢2 d/2
- <1 " m) (1 * m) Vol j(U)Vol(Bp—-4(0,0)).
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Since € > 0 was arbitrary, we obtain
o\ d
Vol(P~H(U)) N M,) < (1 + —) Vol p (U)Vol(Bp_q(0, ).
T

This completes the proof of upper bound in part . Using a similar partition strategy, we
have that

I+Z 52D2f@( ) Df(a:)T>
dVol(x ol dBd
/PJ(UW Vo /1% (U,) /va < Df(v -1 pdv
2 I Df(w)T
/pWU7 /w< 7'—25) Df(v —I >dﬁdv
Vol

#Zaw) (ot
d
/1% L(l_ui%> Vol () Vo <Df_(§)T> dpdo
2 d
x) ¥ oson
2

)
Vol

v

v

Vol

)
/P'v /E7 . ( (r— 25) g ) dfdv

Df(v

/1% / ’Ts_ <1_ﬁ>d\ml <Df[(v)> dBdv
( 3> Vol (U)ol (Bp-a (0, (1- =) o))

In the inequalities above, we have used the fact that there is a ball of radius (1 — %) o inside
of E,, for each v and each v. Aggregating all of the sums and letting ¢ — 0 yields the
lower bound in part .

We now prove part . Note that

v

Vol(M, N B(y, 7)) < Vol(P~Y (M N B(y,r + o))

since || Proj m(z) — y|| < ||z — y|| + || Proj m(x) — z|| < r + 0. Part éi. now follows from
part 7. and the fact that

Vol (M N B(y,r+0)) < / Vol <Dj{(v)> dv

P(MNB(y,r+0))

2r+ o) \2\
< (1 + <7)> ) Vol(B4(0,r + 0)).

T—2(r+o
[ |
5.2.3 ABSOLUTE CONTINUITY OF THE PUSHFORWARD OF Uj, AND LOCAL MOMENTS
Recall that Upy, is the uniform distribution over M,, and let Uy := % be the

uniform distribution over M. In this section, we exploit the volume bounds of the previous
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subsection to obtain control over probabilities and local moments of Upy, . Our first result
allows us to get the lower bounds for the “small ball” probabilities associated to Uxy, that
are independent of the ambient dimension D.

Lemma 17 Suppose o < 7, and let ﬁMa denote the pushforward of Upq, under Proj aq.
Then Upn, and Upnq are mutually absolutely continuous with respect to each other, and

d r7 d
T—0 <dUMa< T+o ‘
T4+0) T dUpy T \7—0

Proof This is a straightforward consequence of part i. of Lemma 16. |

Lemma 18 Suppose I1 is a distribution supported on M, and let v < 7/2. Further assume
that Z is the random variable drawn from 11 conditioned on the event Z € QQ where M,NQ C
B(y,r) for some y € M. If ¥ is the covariance matriz of Z, then

D
8rt
Z )\Z(E) < 20’2 + ?,
i=d+1

where A\;(X) are the eigenvalues of X arranged in the decreasing order.

Proof By the variational characterization of eigenvalues, we have that

D
Z A\i(X) = argmin tr (Proj L% Projy)

imdt1 dim(V)=D—d
= argmin E| Projy(Z —EZ)|?
dim(V)=D—d
= argmin E||Z — EZ — Projv(Z — EZ)|>.
dim(V)=d
D
Thus, we have that Y X\(¥) < E[|Z —EZ — Projr,m(Z —EZ)|?. Observe that
i=d+1

E|Z —EZ = Projr,m(Z —EZ)|* =E||Z — y + (y — EZ) — Projn,m((Z — y) + (y — EZ))|?
=E||Z —y — Proj,m(Z — y)|?
—[I(y = EZ) — Projz,m(y — EZ)|?
<E|Z -y - Projr,m(Z - y)|*.
Now for any z € M, N B(y,r), we have that z = 8 4+ 2 where x € M, and 3 € T;* M

satisfies || B|| < 0. Moreover, there is a unique decomposition z = n+v+y where n € T, yl/\/l
and v € TyM. Thus,

. . . 22
Iz =y = Projr, m(z = y)| = 16 + 1 = Proj, mBIl < |5 = Projz, m(B)ll + lInll < o+ —,

(24)
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by Lemma 13, and we obtain the bound

8 4
E|Z — EZ — Projr,m(Z — EZ)|? < 20% + —. (25)
T

This establishes the required estimate. [ ]

Finally, we derive a lower bound on the upper eigenvalues of the local covariance for the
uniform distribution (needed to satisfy assumption (A3)). This is done in the following
lemma.

Lemma 19 Suppose that Q C RP is such that
B(y,m1) € Q and M,NQ C B(y,r2)

for somey e M and o <1 <1y <T7/8—0. Let Z be drawn from Uy, conditioned on the
event Z € Q, and suppose Y is the covariance matriz of Z. Then
/2
d ri—o\2 2
_ 1 — (r=¢ _
M(E) > ——— <” ”> (( 2 2 | d“) .
4 (1 g 2(ro+o

Proof For any unit vector u € Ty, M we have

2 o 1
= Vol(Q N M)
S 1
~ Vol(B(y,r2) N M)

E(u,Z —EZ) / (u, Z —EZ)?dVol(Z)
QNM

/ (u.(Z —y) — E(Z — ))2dVol(2)
B(y,r1)NMq

using the inclusion assumptions, and by adding and subtracting the constant vector y.

We now seek to reduce the domain of integration and perform a change of variables.
Since ry < 7/8, the inverse of the affine projection onto y + T, M is injective. Without loss
of generality, we assume y = 0 and T, M is the span of the first d standard orthonormal
vectors. Letting f denote the inverse of the affine projection onto y + T, M, we see that the

map
(Z) 7 <f(v)v+ 6)

is well-defined and injective on Proj 7, m(MNB(y, 71 —0)) X (TyL./\/(ﬁB(O7 0)). Let g denote
this map, note that

e+ Bl <zl + Bl < (r—0)+0=r,
for x € M N B(y,r1 — o), and hence the image of ¢ is contained in M, N B(y,r1). Since
the absolute value of the determinant of the Jacobian of ¢ is always 1 (it is lower triangular
with ones on the diagonal), employing the change of coordinates in the reduced domain of
integration yields

5.7 52" 2 ggraw L (6) - (e s) 57 y)>2d5 .
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where

A = Projr,m(B(y,r1 —0) N M), B= TyL./\/l N B(0,0).
Note that B(y,cos(f)(r1 — o)) N (y +TyM) C A. Setting Q = Proj r, m, this immediately
reduces to

1
Z Vol By ra) M) // u,v —EQ(Z — y))2dBdv

 VolBoal00) [ o
R A G

Vol(Bp_q(0, )) e otr o
)/«”<, EQ(Z - y))%dv,

E(u,Z — EZ)% >

~ Vol(B(y,r2) N

where ¢ = cos(d)(r1 — o) and § = arcsin((r; — 0)/27). Noting that de(o 2 {(u,v)dv = 0 by
symmetry, we now use linearity of the inner product to further reduce the integrand:

Vol(Bp_4(0,0))

2 2
E(u, Z —EZ)? > Vol(B(y.ra) N M,) /Bd(o ) ((u,v)* = 2(u,v)(u,EQ(Z — y)) + (u,EQ(Z — y))?) dv

~ Vol(Bp_q4(0,0)) w4 ) d

~ Vol(B(y,r2) N M,) /Bd(O,q) ({w0)" + (. EQ(Z —y))) d
Vol(Bp_4(0,0)) 9

= Vol(B(y, ) N M,) /Bd(oﬁq) {u, v)"dv

- VOI(BD_d(O, O’))VOI(Bd(O,q)) q_2

n Vol(B(y,r2) N M) d’

By Lemma 16, we then obtain

—d
o 2(ry + o) 2 Vol(By(0,q))  ¢?
E{u, Z - EZ>2 = ((1 + ;> \/1 " <m> ) Vol(By(0,7r92 + o)) d

d/2
1 <7’1 = U)d - (55%)° (r1 —0)? (26)
- V¢ \ro+o 2(rato) \? d

Let V;_1(X) be a subspace corresponding to the first d — 1 principal components of Z:

Vi1 = argmin E|Z —-EZ - Projy(Z —EZ)|,
dim(V)=d—1

and note that A\g(X) = MaXgsyey L E < Tl 2 — EZ> Since dim(V;- ) = D —d + 1 and

dim(T,M) = d, it is easy to see that Vd_1 NTyM # (. For any u, € VdL_1 N T, M such that
|lux|| = 1 it follows from Courant-Fischer characterization of \;(X) that

A(2) > E(u,, Z —EZ)?,

and (26) implies the desired bound. [ |
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The following statement is key to establishing the error bounds for GMRA measured in
sup-norm.

Lemma 20 Assume that conditions of Lemma 19 hold, and let Vy := Vy(X) be the subspace
corresponding to the first d principal components of Z. Then

4r3 / 1675
sup [|[x —EZ — Projy,(z —EZ)|| §20+2+ 2 402+#’y(0,7’,d,7‘1,7‘2)7
20 T r-—o T

d/2 d/2 1+< 2(rg+0) )2 d/4
where (o) = v (14.9)" () (L)
- 27

The proof is given in Appendix 6.2; notice that the term containing (o, 7,d, 1, r32) is often
of smaller order, so that the approximation is essentially controlled by the maximum of o

2

T
and 2.

T

5.2.4 PUTTING ALL THE BOUNDS TOGETHER

In this final subsection, we prove Theorem 6. We begin by translating Proposition 3.2 in
(Niyogi et al., 2008) into our setting. As before, let X, = {X1,...,X,} be an i.i.d. sample
from II, and the ¢; be the constant defined by (10).

Proposition 21 (Niyogi et al., 2008, Proposition 3.2) Suppose 0 < ¢ < 5, and also that n
and t satisfy

1 /(740 d
N —d
n>e ™ <T — a) 51 <log(a B2) + t) , (27)
where 1 = Vol p (M) By = Vol p(M) 01 = arcsin(e/87), and 02 =

cos?(81)Vol(B4(0,1/4))’ " cosd(82)Vol(Bg4(0,1/8)) 7
arcsin(e/167). Let &9, be the event that

Y = {Yj = Proj m(X;)}}_,

is €/2-dense in M (that is, M C |J B(Yi,e/2)). Then, I"(E.,) > 1 — e, where II" is
i=1

the n-fold product measure of I1.

Proof The proof closely follows the one given in (Niyogi et al., 2008). The only additional
observation to make is that, if II is the pushforward measure of Il under Proj o : M, — M,
then

T (M N B(y,e/8)) = II(Proj /(M N B(y,</8)))
> p1Um, (Proj (M N B(y,e/8)))
= ¢1Um, (M N B(y,</8))

r—o\?
> 01 (552) UM Blne/s)
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by Lemma 16. |

If ¢ < 7, previous proposition implies that we roughly need n > Const(M, d) (%)d log %
points to get an e-net for M. For the remainder of this section, we identify ¢ := e(n,t) with
the smallest £ > 0 satisfying (27) in the statement of Proposition 21, and we also assume
that € < 0. Take j € Z, such that

c<2972 <1, (28)

Let Cjj be the partition of RP into Voronoi cells defined by (11). Recall that T; =
{aj7k}ivz(jl) C X, is the set of nodes of the cover tree at level j, and set z;, = Proj(a; ).

Lemma 22 With probability > 1 — e, for all j satisfying (28) and k = 1,...,N(j),

B (2j5,2777%) CCjk and Cj N My C Blajp,3-27772+ 2791 C B(2j4,3-277). (29)

Proof Assume the event & /5, = {{Y1,...,Y,} is an €/2 - net in M} occurs. By Propo-
sition 21, Pr(&/2,) > 1 — et

Since the elements o_f T; are 2~ J-separated, for any 1 < k < N(j), B(ajk, 27771 C Cj k-
Moreover, since o < 27772 and ||a;;, — zjx| < o,

B(Zj,kv 2_j_1 - 2_j_2) - B(Zj,kv 2_j_1 - 0) c B(aj,kv 2_j_1)7

hence the inclusion B (zj7k, 277 _2) C Cj j follows.

To show that Cjr N My C B(aji,3 - 27772 4 277+1) pick an arbitrary z € M,. Note
that on the event & 9 ,,, there exists y € {Y1,...,Y,} satisfying ||z — y|| < ¢/2 + 0. Let
z(y) € A, be such that y = Proj p((z(y)). By properties of the cover trees (see Remark 4),
there exists . € T} such that ||z(y) — z.| < 279*1. Then

llz — z.|| <|lz =yl + ly — 2| + [|2(y) — 2:|| < /2420 + 27771 < 3.27772 4 277+

Since z was arbitrary, the result follows. Finally, B(a; g, 327772+ 279t C B(zj,3-277)
holds since ||la;x — 2l < 27772 =

We now use Lemma 22 to obtain bounds on the constants 6; for i = 1,...,4 and a. We
prove a lemma for each of the assumptions (A1), (A2), and (A3) and then collect them
as the proof of Theorem 6.
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Proof [Proof of Theorem 6] Since the hypotheses of Lemma 22 are satisfied with high
probability, we first obtain

(Cjp) = TI(B(zx,2777%))

> o1Um, (B(zj1,2777%))

Vol(M, N B(zj 5, 2797%))

=9 Vol(M,)
> Vol(Proj i (M N B(zj,27972 = 0)))
=1 Vol(M,)
> <T - 0>d cos(6)4Vol(B4(0,27772 — o))
="\ 7+0 Vol p(M)

L 1Vol(By(0,1) (T -0 d2_jd‘
= 24Vol py(M) \ 740

where 0 = arcsin((27772 — ¢)/27)). Thus,

5 91Vol(By(0,1)) <T—a>d
1= "24d Vol (M) \7+0

Since the support is contained in a ball of radius 3 - 277, we easily obtain that 6y < 12.
Finally, it is not difficult to deduce from Lemmas 18 and 19 that

234
3_%,H4§ 2\/—3 , and oo = 1.
94d+8 (1+g)d 72

Lemma 20 together with Lemma 22 imply that

.32 a2 {14 (28)2\ Y
95§<2v4 3) 1+3-25\/2d<1+5>/ <7+(7§) )
T T

L= gom

6. Numerical experiments

In this section, we present some numerical experiments consistent with the results above.

6.1 d-dimensional sphere S% in R”.

We consider n points X7, ..., X, sampled i.i.d. from the uniform distribution on the unit
sphere in R*!
St = {z e R : ||| = 1}.

We then embed S¢ into RP for D = 100, 1000 by applying a random orthogonal transfor-
mation R — RP. Of course, the actual realization of this projection is irrelevant since
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our construction is invariant under orthogonal transformations. After performing this em-
. . . . 2
bedding, we add two types of noise. In the first case, we add Gaussian noise N (0, % 1p)

with mean 0 and covariance matrix U—DQI D, where the scaling factor % is chosen so that
E||n||> = 02, and in fact ||5||? is highly concentrated around its mean o2. In this way (up
to a small number of samples for which ||n;[|*> > ¢2), this data set almost satisfies the

(1, (1 + %)U)—model assumption. We consider the behavior of the L*(II) error squared
(MSE) in these case in Figure 1, and the rate of approximation at the optimal scale, as
the number of samples varies in Figure 3, where it is compared to the rates obtained in
Corollary 7. From Figure 1, we see that the approximations obtained satisfy our bound,
and are typically better even for a modest number of samples in dimensions non-trivially
low (e.g. 8000 samples on S®). In fact, the robustness with respect to sampling is such that
the plots barely change from row to row.

-sphere: 8000 points, 5=0.0000, -sphere: 8000 points, 6=0.1000,

o T T T - T T
i - —de5D-100 - 1198853 % 02376 -

0=8,D=100:y= -16.9226x-0.18 || =8, D=100;y=_-15.6408 x - 0.26545

log,, MSE
7
l0g,, MSE

01 0z 03 04 07 08 09 1 o 01 02 03

[ 04 05
log,,, 1ir log,,, 1ir

d-sphere: 128000 points, 9=0.0000.

d-sphere: 128000 points, 0=

y= ~192.5088 x - 063292
= -157x-12562
-3.6286 - 0.88496
iy= -4.2278 - 0.91316
y= -4.4833 %~ 09136

og,, MSE
4
/

log,, MSE

1 12 14 16 o 01 02z 03 04 05 06 07 08 09 1
log,, Ut

Figure 1: Experiment with S, in the noiseless case (left column) and Gaussian noise case (right
column). The rows correspond to different values of n € {8000, 128000}. In the plots the
dots represent the L?(II) error squared (or MSE) of GMRA approximations (as in (5))
as a function of scale j; more precisely the abscissa is in terms of logy(1/r;), where r; is
the mean radius of Cj, for a fixed j, and the ordinate is log;, MSE;, where MSE; is the
mean squared error of the GMRA approximation at scale j. Different colors correspond
to different intrinsic dimensions d. The two cases D = 100, 1000 use the same colors for
both the dots and the lines, all of which are essentially superimposed since our results are
independent of the ambient dimension D. For each dimension we fit a line to measure
the decay, which should be O(r~*) independently of d. On the right we have the noiseless
case. The horizontal dashed gray line represents the noise level o2; the approximation
error flattens out at that level.
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The second type of noise is uniform in the radial direction, i.e. we let n ~ Unif[1—o, 14 0]
and each noisy point is generated by X; = X; + mﬁ This is an example where the noise
is not independent of X, but yet our (1,0)-model assumptions are satisfied. The results
are summarized in Figure 2, with the rate of approximation at the optimal scale again in
Figure 3.

We considered various settings of the parameters, namely all combinations of: d €
{1,2,4,6,8}, n € {8000, 16000, 32000, 64000, 128000}, D € {100,1000}, o € {0,0.05,0.1}.

We only display some of the results for reasons of space?.

d-sphere Unif Noise: 8000 points, =0.0000. d-sphere Unif Noise: 8000 points, 6=0.1000.
T T T T T T § T T T T T T
-96.473 x - 0.6518 — = -d=1,D=100; y= -97.3715 x - 0.6524
—05. -3.1437x-1.1033 || Ds 2.5985 x - 1.1002
’ -4.7686 x - 0.78129 05 4.2125 x - 0.8397
}, —6.2339 x - 0.73102 — — - d=6, D=100; y: 5.4279 x - 0.75076
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T T T T T T T . et
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L 43994 x - 088668 - - -d=2,D=100;y= -2.3626 x - 1.2005
- 3994 x - 0. H -0.5 - - -d=4,D=100;y= -4.3298 x - 0.84879
& 0; y= -4.8457 x - 0.90835 d=4, 00;y: 3298 084879
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Figure 2: MSE as a function of scale r for S¢, for different values of n =, d and o, the width
of uniform noise in the radial direction. Note that the variance of the noise is
02 /3, which accounts for the fact that the MSE, in the noisy case (see insets in

the right column), approaches a level slightly lower than o2.

2. The code provided at www.math.duke.edu/~mauro/code.html can generate all the figures, re-create the
data sets, and is easily modified to do more experiments.
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I ——d=2y= 0013825 x - 026141
——d=ay= 0026487 x - 0021587

Figure 3: For the three examples considered in this section (left: S% center: S%; right:
Meyer’s staircase), in the noiseless case, we consider the MSE error, i.e. L%(II)
squared error (as defined in (5)) at the optimal scale j, (as in the proof of Corol-
lary 7) as a function of the number of points n for S with Gaussian noise (let)
and “uniform radial” noise as described in the text. This is compared with the
rates predicted by Corollary 7. We attribute the slightly better performance of
GMRA in dimension d > 2, as compared to the predicted rate, to concentration
phenomena on the sphere, as discussed in Little (2012). In the case of the Meyer
staircase, the predicted rates are far from the ones measured experimentally: we
believe this is due to small reach of the manifold that affects the constants in
front of the decay rate. Only a very large number of samples (even larger than
the 128,000 used here) would be fine enough to reveal the optimal rate of decay.

6.2 Meyer staircase

We consider the (d-dimensional generalization of) Y. Meyer’s staircase. Consider the unit
cube Q = [—%, %]d and a Gaussian N (zg,6%Ip) restricted to Q. As g varies in @ this
describes a smooth D-dimensional manifold in L?(Q). This example may be discretized,
in particular a grid I'p of D points (obtained by subdividing in D parts along each
dimension) in ) may be generated. n points may be sampled from this manifold by sampling
Z1,..., T, uniformly at random in @), obtaining a set {N (z;, 52ID)|FD }i=1,...n of n points in
RP. This is what we call a sample from the Meyer staircase. This example is not artificial:
for example a set of 2 — D images obtained by taking a white shape on a black background
and translating the shape around has many similarities with the Meyer staircase.

The manifold associated with the Meyer staircase is poorly approximated by sub-
spaces of dimension smaller than O(D A 1/6”), and besides spanning many dimensions
in RP, it has a small reach, depending on d,D,6. In our examples we considered n =

8000, 16000, 32000, 640000, 128000, d = 1,2,4, D = 29 and 6 = %, We consider the
8000d

noiseless case, as well as the case where Gaussian noise N (0, %I p) is added to the data.
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Meyer staircase: 8000 points, 0=0.0000.
T

Meyer staircase: 8000 points, 0=1.0000.
T

T T T T T T 035 T T T \— T T
\
-0.1f - - - ~ ‘.
i 03f )‘ 4
-0.2t T~ 4 *
T~ 0.25] 4
-03F T~ 4 |
-~ |
~~_ 021 _ 1
-0.4f ~ B e T T -———_
w - w -
%] S %} 1 o
= I = r
] | S 015[, 4
g oor 18 |
' I
" le
-0.6}+ 4 o1f) 4
I
o 1
i 1
-7t 4 0.05f ! 1
!
! I
L
08I ="="—4=1, D=512;y=_ -78.4036 x + 2.3693 ] 0 ~64.9773 x - 85147
| - = —d=2,D=512;y= -0.21384 x - 0.12751 -0.38460 x +0.16847
| = = -d=4,D=512;y= -0.12807 x + 0.018391 -17.067 x - 0.45033
—09 T : ; . . . . ; . . . .
02 0.4 06 08 1 12 14 -0.12 0.1 -0.08 ~0.06 ~0.04 -0.02 [
tog, i log, ) 1Ir
Meyer staircase: 128000 points, 6=0.0000, Meyer staircase: 128000 points, 0=1.0000,
T T T T T T T T T T T T N T T T
- N %
-0.1f — . | 03f N i 4
-~ N
~— N
e 0
-0.2} 7 025 N v
Sl 251 AN
—oal EE . 4 ‘ N
_____ N
-——— I o
-0.4& 4 0.2ft N -
N
U A
) N
w OSf 1w i ..
2 : 2 oasp A
S S |
o 06| 1 & AN
8 g 1
8 | 8 b
-07¢ R 01h p
1
I I
-0.8} 4 I
! 0.05f1e B
—o9f 4 !
I |
i
-1} - - -d=1,D=512;y= -104.9537 x + 32453 4 Of[ = - -d=1,D=512;y= -104.6803 x - 13.8952
- - -d=2,D=512;y= -0.071763 x - 0.23667 - = -d=2,D=512;y= -3.0076 x +0.12056
1 1l= = -d=4.D=512:y= -0.13556 x + 0.025895 — - -d=4,D=512;y= -8.6886 x - 0.094008
-1 T T T T T . . . . 4 T T T T . . . .
02 04 06 08 1 1. 14 16 18 2 -0.12 -0.1 ~0.08 -0.06 ~0.04 ~0.02 o
log, 1 log ) 1t

Figure 4:

MSE as a function of scale r for the d-dimensional Meyer staircase, for different

values of n =, d and o, standard deviation of Gaussian noise N (0, "—D2) The small
reach of Meyer’s staircase make it harder to approximate, and make it much more

susceptible to noise.

Acknowledgments

The authors gratefully acknowledge support from NSF DMS-0847388, NSF DMS-1045153,
ATD-1222567, CCF-0808847, AFOSR FA9550-14-1-0033, DARPA N66001-11-1-4002. We
would also like to thank Mark Iwen for his insightful comments.

36



MULTISCALE DICTIONARY LEARNING

Appendix A: proof of Proposition 8

Ao (L) i (),

and for every T C [d], we let Vp denote the volume of {a;}iere U {b;}icr, where a; and b;
denote the ith columns of A and B respectively. By submultilinearity of the volume we
have

For the first inequality, let

Vol(A+B) < Y Vi,

where 219 = {§: S c {1,...,d}}. We now show that Vy < ¢/TIVol(A) for every T € 2.
The bound ||Y]| < ¢ implies ||y;|| < ¢ for all i = 1,...,d, and so the fact that the volume is
a submultiplicative function implies that

Vr < ¢ TVol(Are).

On the other hand, letting a;- be the orthogonal projection of a; onto spanl{ai}fﬁ, we
note that ||a7 || > 1, and thus

Vol(Aye) < |lai || Vol(Agpye) = Vol(A).

By induction and invariance of the volume under permutations, we see that Vol(Ape) <
Vol(A) for all T € 2l4. Thus,

Vol(A+B) < Y q"Vol(A) = (1+ q)Vol(A).
Te2ld

For the second inequality, since Y is symmetric, we can represent it as ¥ = F — G
where F' and G are symmetric positive semidefinite, FG = GF = 0, and [|[F|, |G| <
|Y]. Indeed, if Y = QAQT is the eigenvalue decomposition of Y with A = diag()\),
set Ay = (max(0,\1),...,max(0,\s))7, A\_ := Ay — A, and define F := Qdiag(A1)Q7,
G = Qdiag(A_)QT.

Recall the matriz determinant lemma: let T € R¥*F be invertible, and let U,V € R¥*¢,
Then

Vol(T + UVT) = Vol(I + VIT=1U)Vol(T).
T
Applying it in our case with U = <ﬁ6 m), V= <\/F?)- m), and T = (;;, )EI>’
we have that

vol<l}y )_f):\/ol(u(ﬁg\/éf@ )_i)_l <\/F8\/§>>Vol<)1( f;)

By orthogonality of the columns in
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with the columns in

we have that

and hence

X I 0 sval-va=q

(75 () ()

Therefore, we conclude that

Vol <1+ (ﬁg\/@f <)I( ‘)_(;)_1 (ﬁgm» > (1-q),

and combining this with the expression from the matrix determinant lemma completes the
proof.

Appendix B: angle between the tangent and principal component
subspaces

Let Q@ c RP be such that B(y,r;) € Q and M, N Q C B(y,rs) for some y € M and
o<1 <71y <7/8—0. Assume that Z is drawn from Upq,n, let 3 be the covariance
matrix of Z and Vj; := V() - the subspace corresponding to the first d principal components
of Z.

Let a € [0, 1] be such that cos(¢) := min ey, ju||=1 MAXyeT, M, |v]=1 | (4, V)] = V1 — a? is
the cosine of the angle between 7,M and V;. Then there exists a unit vector u, € (V)*
such that
| (uy,v) | > .

max
veT, M, ]lvl|=1

Indeed, let v’ € Vg, v € T, M be unit vectors such that cos(¢) = (v/,v’), Note that v/'1 — o?
is equal to the smallest absolute value among the nonzero singular values of the operator
Proj , A Projy,. Since the spectra of the operators Proj 1, o4 Projy, and Projy, Projr, m
coincide by the well-known fact from linear algebra, we have that

[(u, 0)| =

= min max
VETYy M, ||v||=1 u€Vq,||ul|=1

[(u, v)] -

min max
uEVy,[lul|=1veTy M, |lv]|=1

In other words, Projr,pm(u') = (v/,v")v" and Projy,(v') = (u/,v) . This implies that
there exists a unit vector u, € (Vy)® such that o' = (v/,u/)w’ + (v', u,) s, hence (u,,v')* =
1 — (W, u/)* = a2, so u, satisfies the requirement.

To simplify the expressions, let

1

¢= Vol(Q N M)
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We shall now construct upper and lower bounds for

¢ (ty, — EZ — Projy,(z — EZ))? dVol(z) = ¢ (uy, x —EZ)* dVol(z)
QM QNM,

which together yield an estimate for a. Write u, = u|*| + ug, where u|*| € TyM and

uz € T;-M. By our choice of u,, we clearly have that Hul*lH = MaXye, M, ofj=1 (Us, V) = .
Using the elementary inequality (a + b)? > % — b2, we further deduce that

1 2
¢ (Ug, x — EZ>2 dVol(z) > ¢ — <u!,az — IEZ> dVol(x) (30)
QNM, QM, 2
2
—C <u*l, xr — IEZ> dvol(z).
QMM

It follows from the proof of Lemma 19 that

/2
1 2 2 o\ [ 1 (=o)? — )2
¢ §<“|*|’x_EZ> dVol(z) 2 " <:1+0> g( . 2 ) © da) '
Mo 8(1+ % 2t o _2rzto)
n ( + T) I+ (T—2(T2+O’)>
For the last term in (30), Lemma 18 (see equation (25)) gives
2
¢ <u*i, - IEZ> dVol(z) < ¢ Iz — EZ — Proj g, m(z — EZ)|2dVol(x)
QNM QNMo
4
< 202 + 8L22,
-
hence (30) yields
/2
2 B d 1 _ (r=¢ 2 N2
C/ (e, ~ BZ) dVol(r) >——=— <:1 + U) g( : 2 = d 2
MU 1 g 2 g ro+o
QN 8( + 7') 1+ (T—2(27‘2+0')>
8r3
—20% — 7—22 (31)
On the other hand, invoking (25) once again, we have
2 2, 813
¢ (us, 2 — EZ)" dVol(x) < 207 + —5.
QMM T
Combined with (31), this gives
/2
2 _ d _ (r1i—o\?2 2 4
() [ ) el e O
8(1+¢ 2+0 rato T
( + T) 1+ <7—2(2r2+0))

and the upper bound for « follows. We are ready to prove Lemma 20.
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Proof of Lemma 20

Notice that for any x € Q N M.,

r—EZ —Projy,(x —EZ) =2 —y — Projr,m(z —y) +y — EZ — Projr,m(y — EZ)

Proj (Ty M) (y—EZ)
(33)
+ (Projr,pm — Projv,)(z —EZ).

It follows from (24) that

. 2r3
PI‘OJT?JLM(x — y)” S o+ T

o~y = Proj (e — y)| = |

Next,

|/ Proj 1 p(y — 2)dVol(2)
QNMo Y

1
Proj _EZ)| = —————
|| rOJ (TyM)J‘ (y )H VOI(QQMU)

1
< - - . B
~ Vol(Q N M) /QOMU Projpip(z =) H dVol(z)

27’%
<o+ —.
T

Finally, it is easy to see that

|(Proj r,pm — Projv,)(z — EZ)|| <[|Projr,m(x — EZ) — Projy, Projr,m(z — EZ)||
+ | Proj s pm(z — y)|| + | Proj pp pm(EZ — y)]].

_ Projmym(z—EZ)
= [Profr. m(@EZ)]

Let uy :

hence

r and note that for any 2 € QN Mo, | Projr,m(z —EZ)|| < 279,

| Proj 7, m(z — EZ) — Proj v, Proj r,m(z —EZ)||* < (2r2)* (1 — || Proj v, us||?)

<4r3(1-— min max  (u,v)?>
u€Ty M, ||ul|=1 vV, |[v]|=1
= 4r3a’.

Combining the previous bounds with (32) and (33), we obtain the result.
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Iog10 MSE

Meyer staircase: 16000 points, =0.0000.
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Meyer staircase: 64000 points, =0.0000.
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d-sphere: 16000 points, 0=0.0000.

Iog10 MSE
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d-sphere: 32000 points, 6=0.0000.
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Iog10 MSE

d-sphere: 64000 points, 6=0.0000.
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Iog10 MSE

d-sphere Unif Noise:

16000 points, 6=0.0000.
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d-sphere Unif Noise: 32000 points, 6=0.0000.
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d-sphere Unif Noise: 64000 points, 6=0.0000.

! — — —d=1, D=100; y= -155.9017 x — 0.30393
— — —d=2,D=100; y= -4.009 x — 0.81714

E’V — — —d=4,D=100; y= -4.4805 x — 0.85925
1 RS — — —d=6, D=100; y= -5.0363 x — 0.92747

S d=8, D=100; y= -5.3182 x - 0.88473

t e
-2 T \\.,;\o.\

l "\'x."\\' ~

NN

N ° \ N, ~

! ° )'\' ,\. ™~ .
-3 RN W

1 N '~

: “N ~

@~ '\'
o LN
N
-4 \(\'
° A Y
\.
\ B
N,
~
_5 - \ «\(
N,
. »
N,
~
.
-6 N.e
<,
\‘ .
N,
<,
N,
)
_7 i | | | | | | |
0.2 0.4 0.6 0.8 1 1.2 1.4
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d-sphere: 128000 points, 0=0.0500.
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Iog10 MSE

d-sphere: 16000 points, 0=0.0500.
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d-sphere: 32000 points, 6=0.0500.
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d-sphere: 64000 points, 6=0.0500.
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-0.5

d-sphere: 8000 points, 6=0.0500.
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-0.5

d-sphere Unif Noise: 128000 points, 0=0.0500.
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Iog10 MSE

d-sphere Unif Noise: 16000 points, 6=0.0500.
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d-sphere Unif Noise: 32000 points, 0=0.0500.
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d-sphere Unif Noise: 64000 points, 0=0.0500.
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Iog10 MSE

d-sphere Unif Noise: 8000 points, 6=0.0500.
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d-sphere: 16000 points, 6=0.1000.
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d-sphere: 32000 points, 0=0.1000.
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0.1000.

d-sphere: 64000 points, ¢
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Iog10 MSE

d-sphere Unif Noise: 16000 points, 6=0.1000.
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Iog10 MSE

d-sphere Unif Noise: 32000 points, 0=0.1000.
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Iog10 MSE
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Meyer staircase: 16000 points, =1.0000.
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Iog10 MSE

Meyer staircase: 32000 points, =1.0000.
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