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Problem Formulation
The phase retrieval problem

o Let H=C" and V C H a real subspace. The quotient space
H = C"/T!, with classes induced by x ~ y if there is real ¢ with
x=e%y. Set V={%, xe V}.
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Problem Formulation

The phase retrieval problem

o Let H=C" and V C H a real subspace. The quotient space
H= C"/T?, with classes induced by x ~ y if there is real ¢ with
x=ey Set V={&, xe V}.

e Frame F ={fi,---,fm} C C" and

a:H-—>R" ;o ax) = (|(x, fk>|)1§k§m'

B:H—-R™ | B(x)= (|<X’ fk>|2)1gk§m‘

The frame is said phase retrievable with respect to V (or that it gives
phase retrieval for V) if a (or 3) restricted to V is injective.
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The phase retrieval problem

o Let H=C" and V C H a real subspace. The quotient space
H= C"/T?, with classes induced by x ~ y if there is real ¢ with
x=ey Set V={&, xe V}.

e Frame F ={fi,---,fm} C C" and

a:H-—>R" ;o ax) = (|(x, fk>|)1§k§m'

B:H—-R™ | B(x)= (|<X’ fk>|2)1gk§m‘

The frame is said phase retrievable with respect to V (or that it gives
phase retrieval for V) if a (or 3) restricted to V is injective.

@ The general phase retrieval problem a.k.a. phaseless reconstruction:
Decide when a given frame is phase retrievable, and, if so, find an
algorithm to recover x from y = a(x) (or from y = 3(x)) up to a
global phase factor. Additionally find universal bounds on
performance of any inversion algorithm.
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Injectivity Results

@ Our Problems Today: When is F phase retrievable.

@ Want a general framework that covers both the real and complex
case.

@ Obtain conditions when V = R" (real case);

@ Obtain conditions when V = C" (complex case)
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Problem Formulation

Injectivity Results

@ Our Problems Today: When is F phase retrievable.

@ Want a general framework that covers both the real and complex
case.

@ Obtain conditions when V = R" (real case);
@ Obtain conditions when V = C" (complex case)

© Finda minimal cardinals of phase retrievable frames.
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Topological Structures

Let H=C" and V C H a real subspace. The quotient space H = cn/T?,
with classes induced by x ~ y if there is real ¢ with x = e¥y.
Set V={%, xe V}.
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Topology of %

Topological Structures

Let H=C" and V C H a real subspace. The quotient space H = cn/T?,
with classes induced by x ~ y if there is real ¢ with x = e¥y.
Set V={%, xe V}.
Topologically: X
V = {0} U((0,00)] x P(V))

where P(V) denotes the projective space associated to V.
The interior subset

V = U\ {0} = ((0,00)] x B(V))

is a real analytic manifold of real dimension 1 + dimgP(V).
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Topology of %

Topological Structures

o Complex case V = C".
Cn = {0} U ((0,00) x CP" 1)

with

°
A

C"=Cr\ {0} = (0,00) x CP"*

a real analytic manifold of real dimension 2n — 1.
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Topology of %

Topological Structures

o Complex case V = C".
Cn = {0} U ((0,00) x CP" 1)
with .
C"=Cn\ {0} = (0,00) x CP"?
a real analytic manifold of real dimension 2n — 1.
@ Real case V =R".
K" = {0} U ((0,00) x RP"?)
with .
R" =R"\ {0} = (0, 0) x RP""?
a real analytic manifold of real dimension n.
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Topology of %

Topological Structures

Another embedding is into the real vector space of symmetric
(self-adjoint) matrices Sym(V).
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Topology of %

Topological Structures

Another embedding is into the real vector space of symmetric
(self-adjoint) matrices Sym(V).
Specifically let

SPIV)={T € Sym(V) , T has at most p pos.eigs. and g neg.eigs}

Then:
kg:V — S0 | %= xx* , is an embedding.
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Topology of %

Topological Structures

Another embedding is into the real vector space of symmetric
(self-adjoint) matrices Sym(V).
Specifically let

SPIV)={T € Sym(V) , T has at most p pos.eigs. and g neg.eigs}

Then:
kg:V — S0 | %= xx* , is an embedding.

Sym(H) is a real Hilbert space with scalar product (T, S) s = trace{ TS}.
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Topology of %

Topological Structures

Another embedding is into the real vector space of symmetric
(self-adjoint) matrices Sym(V).
Specifically let

SPIV)={T € Sym(V) , T has at most p pos.eigs. and g neg.eigs}

Then:

kg:V — S0 | %= xx* , is an embedding.

Sym(H) is a real Hilbert space with scalar product (T, S) s = trace{ TS}.
V is isomorphic (one-to-one and onto) to SLO(V).
Key Identity:

Bk = [(x, fi)|? = (rp(R), Fi) s

where Fy = fi f;.
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Metric Space Structures

The matrix-norm induced metric and the natural metric structures

Fix 1 < p < 0co. The matrix-norm induced distance
dp: Hx A =R, dp(%,9) = I3 — yy*||,

with the p-norm of the singular values. In the case p = 2 we obtain

da(x,y) = I + lly[[* = 2/(x, )2
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Topology of v
0000

Metric Space Structures

The matrix-norm induced metric and the natural metric structures

Fix 1 < p < 0co. The matrix-norm induced distance
dp: HxH—=R, dp(%,9) = [xx" — yy*[l,

with the p-norm of the singular values. In the case p = 2 we obtain

da(x,y) = I + lly[[* = 2/(x, )2

Fix 1 < p < oco. The natural metric
Dp:HxH—=R, Dy(%,9) = mSDin lIx — e’“"y||p

with the usual p-norm on C”. In the case p = 2 we obtain

Da(%,9) = \/IxI2 + Iy 17 = 21(x, )|
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Metric Space Structures

Distinct Structures

Two different structures: topologically equivalent, BUT the metrics are
NOT equivalent:

Lemma (BZ15)

The identity map i : (H, Dp) — (H, dy), i(x) = x is continuous but it is
not Lipschitz continuous. Likewise, the identity map

i:(H,dy) — (H,D,), i(x) = x is continuous but it is not Lipschitz
continuous. Hence the induced topologies on (H, D,) and (H,d,) are the
same, but the corresponding metrics are not Lipschitz equivalent.
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Classes SP4

General properties; Witt's decomposition

The following lemma summarizes basic properties of SP9.

Lemma (Ball3)
© For any p1 < pp and g1 < g, SPL9 C SP29%2;
@ For any nonnegative integers p, q the following disjoint decomposition
holds true
S =17 g UL, 87 (3.1)
where by convention SP9 = () for p+ q > n.
© For any p,q >0,
_ 8P4 — §9P (3.2)

Q For any linear operator T : H — H (symmetric or not, invertible or
not) and nonnegative integers p, q,

ISP € S 3.3
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Classes SP4

General properties; Witt's decomposition

Lemma (cont'd)

@ (Witt’s decomposition) For any nonnegative integers p, q,r,s,

szq -+ Srvs — Sp7q _ Ssar — 8P+f,q+5 (34)

SP9 = {T € SP9 have exactly p positive eigs and g negative eigs}
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Classes SP4
Class S*°

Lemma (Space S'°)
The following hold true:
Q S0 ={xx*, x € H,x #0};
Q S0 ={xx*, xe H} = {0} U {xx*, x € H,x # 0};
© The set S'0 is a real analytic manifold in Sym(n) of real dimension
2n — 1. As a real manifold, its tangent space at X = xx* is given by

TxS0 = {[[x y] = ;(xy* +yx*), y€ (C"}. (3.5)

The R-linear embedding C" — TxS' given by y — [x, y] has null
space {iax , a € R}.
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Classes SP4
Class St

Lemma (Space S™')

The following hold true:
(1) Sl’l — 31,0 —81’0 — 81,0 +SO’1 — {[[x,y]] , X,y € H},‘
@ For any vectors x,y,u,v € H,

x*—yyt = [x+y,x—y]l=[x—-y,x+y] (3.6)
[uv] = %(u V) (Ut V) — %(u W= v) (37)

Additionally, for any T € SVl jet T = 5 ere] — axepe; be its
spectral factorization with a1, a> > 0 and (e;, ¢j) = d;j. Then

T =[vaie1 + Varer, Jarer — V/areo].
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Classes SP4
Class S*!

Lemma (Space S*-cont'd)

© The set SV is a real analytic manifold in Sym(n) of real dimension
4n — 4. lts tangent space at X = [x,y] is given by

. 1
TxSH = {[x,u] + [y, v] = E(XU* +ux*+yw +w*), uveC}.
The R-linear embedding C" x C" — TxSY! given by

(u,v) = [x,u] + [y, v] has null space
{a(ix, 0) + (0, iy) + cly, —x) + d(iy, ix) , ab,c,d € R}.

July 28-30, 2015
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Class St

Lemma (Space S*'-cont'd)

Q Let T = [u,v] € SY1. Then its eigenvalues and p-norms are:

2 — ;(rea/(<u,v>>+wruuznvuz—(fmag(<u,v>)>2)zo
o = 5 (reat((u,v)) = IulPIVI? - (imag((u. v)))?) <0
1Tl = V0ulPIvIP ~ (imag({u. v)))?
ITl, = \/ 2 (1lPIVIR + (real((u, v)))2 — (imag({u, )))?)
1Tl = 5 (1reat(a, )1+ /el VI = (imag((u, 1))
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Classes SP4
Class St

Lemma (Space S*'-cont'd)
Q Let T = xx* — yy* € SU1. Then its eigenvalues and p-norms are:
1 2
a4 = 5 Ix|I* = 1ly1I? +\/(HX|| +lylI*)2 — 4, »)[? ) >0
1
o = 5 (I = I = VP + 172 = 4l < 0
2 2
1Tl = \/(HXH + Iy [I7)? = 4l(x, y)I?
1Tl = Ixl® + Iyl = 2l6x, )2
I 2 2 5 2
1Tl = 5 (12 = 121+ VORI + Iy )2 = 4l )P
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Realification
Realification of H

First we describe the realification of H and V. Consider the R-linear map

j: C" — R?" defined by
v | real(x)
ib) = [ imag(x) ]
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Realification
Realification of H

First we describe the realification of H and V. Consider the R-linear map
j: C" — R?" defined by

v | real(x)

i) = [ imag(x) ]

Let V = j(V) be the embedding of V into R?", and let I denote the

orthogonal projection (with respect to the real scalar product on R?") onto
V.
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Realification
Realification of H

First we describe the realification of H and V. Consider the R-linear map
j: C" — R?" defined by

.y | real(x)
ib) = [ imag(x) ]

Let V = j(V) be the embedding of V into R?", and let T denote the
orthogonal projection (with respect to the real scalar product on R?") onto
V.

Let J denote the folowing orthogonal antisymmetric 2n x 2n matrix

0 -1/
/= [ 0 ] (48)
where [, denotes the identity matrix of order n x n. Note the transpose
JT = —J, the square J?2 = — I, and the inverse J~1 = —J.
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Realification
Realification of H

First we describe the realification of H and V. Consider the R-linear map

j: C" — R?" defined by
.y | real(x)
ib) = [ imag(x) ]

Let V = j(V) be the embedding of V into R?", and let T denote the
orthogonal projection (with respect to the real scalar product on R?") onto
V.

Let J denote the folowing orthogonal antisymmetric 2n x 2n matrix

0 -1/
[0 ] oo
where [, denotes the identity matrix of order n x n. Note the transpose
JT = —J, the square J?2 = — I, and the inverse J~1 = —J.

Note: j(ix) = Jj(x) for every x € H.
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Realification

Realification of frame vectors

Each vector f of the frame set F = {fi, -, f,} gets mapped into a
vector in R2" denoted by ¢, and a symmetric operator in S%9(R?")
denoted by ®:

real(fy)

_ T T T
imag(f) |+ Ok = Prek T o) (4.9)

ok =J(fk) =

Note that when f; # O:
@ The symmetric form @, has rank 2 and belongs to S§20.

o lts spectrum has two distinct eigenvalues: [k |* = ||fi||* with
multiplicity 2, and 0 with multiplicity 2n — 2.

_1

@ Furthermore, B H2¢'k is a rank 2 projection.
k
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Realification

Relationships

Let £ = j(x) and n = j(y) denote the realifications of vectors x,y € C".
Then a bit of algebra shows that

<X7 fk> = <§7§0k>+’<£a~j¢k>
(Fio ") s = trace (Fioo™) = (6, fi) 2 = (®4&,€) = trace (dgeT)

= (4,67 s
(Fi: [%, ¥D) s = trace (Filx,y]) = real((x, fi){fi,¥)) = (®x&,n)
= (trace(q’k[[fﬂl]]) = <¢k7 van]pl

where F = [[fk, fk]] = fkfk* S Sl’O(H).
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Injectivity Results

Notations

The following objects play an important role in subsequent theory:

m
R:C"— Sym(C") , R(x)=Y_[(x,f) )2 ffe , x€C" (5.10)
k=1

R R — Sym(R*") |, R(&) = dp&&Tdp, £ € R (5.11)

SR S SymEN) L SO = Y e 0utETO,, § € [12)

k¢6#0<¢§§>
ZiRM SR 2@ =] 06 | o | Opt | € BT
Note R = ZZT.
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Injectivity Results

Induced Linear operator

Recall the key identity:
|(x, fi)|? = trace (FiX) = (Fi, X) s

where X = xx*.
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Injectivity Results

Induced Linear operator

Recall the key identity:

[(x, fi)|? = trace (FiX) = (Fk, X) s
where X = xx*.

Thus the nonlinear map 3 induces a linear map on the real vector space
Sym(C") of symmetric forms over C":

A:Sym(C") = R™ . A(T) = (T, Fi)ys)ri<k<m = ({Thx, k) )1<k<m
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Injectivity Results

Induced Linear operator

Recall the key identity:
|(x, fi)|? = trace (FiX) = (Fi, X) s

where X = xx*.

Thus the nonlinear map 3 induces a linear map on the real vector space
Sym(C") of symmetric forms over C":

A:Sym(C") = R™ . A(T) = (T, Fi)ys)ri<k<m = ({Thx, k) )1<k<m

Similarly it induces a linear map on Sym(R?") the space of symmetric
forms over R2™ = j(C") that is denoted by A:

Az Sym(R*™) - R™ . A(T) = (T, ) ps)1<k<m
= (Tek, ei) + (TIok, Joi))1<k<m
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Injectivity Results

General Form

Necessary and sufficient condition for injectivity that works in both the
real and the complex case:

Theorem (HMW11,BCMN13a,Bal13a)

Let H= C" and let V' be a real vector space that is also a subset of H,
V C H. Denote V = j(V) the realification of V. Assume F is a frame for
V. The following are equivalent:

© The frame F is phase retrievable with respect to V/;

Q ker AN (SYO(V) - SO(V)) = {0},

© ker ANSHY(V) = {0};

Q ker AN (S?O(V)uUSH(V)uS%?) = {0},

@ There do not exist vectors u,v € V with [u, v] # 0 so that

real ((u, f){fk,v)) =0 , V1< k<m
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Injectivity Results

General Form - cont’d

Theorem (cont'd)
Q ker AN (SYO(V) — SYO(V)) = {0};
Q ker ANSH(V) = {0};
@ There do not exist vectors £,m € V, with [£,m] # 0 so that

(P&,m) =0 , Vi<k<m
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Injectivity Results

Real Case

Theorem (BCE06,Bal12a)

(The real case) Assume F C R". The following are equivalent:
@ F is phase retrievable for V = R";
Q R(x) =711 {x, f)[*ff,] is invertible for every x € R”, x # 0;
© There do not exist vectors u,v € R" with u# 0 and v # 0 so that

(u, i) {f,v) =0 , V1< k<m

@ For any disjoint partition of the frame set F = F1 U JF», either F1
spans R" or F, spans R".
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Injectivity Results
Real Case-cont'd

Recall a set F C C" is called full spark if any subset of n vectors is linearly
independent.

Corollary (BCEO06)

Assume F C R". Then
© If F is phase retrievable for R" then m > 2n — 1;
@ Ifm=2n—1, then F is phase retrievable if and only if F is full spark;
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Injectivity Results

Complex Case

Theorem (BCMN13a,Bal13a)

(The complex case) The following are equivalent:
© F is phase retrievable for H = C",;
Q rank(Z(€)) =2n—1 for all ¢ € R?", £ #0;
© dimkerR(£) =1 for all £ € R?", £ #0;

© There do not exist £, € R?", £ # 0 and 1 # 0 so that (J¢,n) =0
and

(Pp€&,m) =0 , V1<k<m
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Injectivity Results
Cardinality

In terms of cardinality, here is what we know:

Theorem (Mil67,HMW11,BH13,Bal13b,MV13,CEHV13 ,KE14,Viz15)
W11 If F is a phase retrievable frame for C" then

2 ifnodd and b =3 mod 4
m>4n—2—-2b+ < 1 ifnodd and b =2 mod4
0 otherwise

where b = b(n) denotes the number of 1's in the binary expansion of
n—1.

BH13 For any positive integer n there is a frame with m = 4n — 4 vectors so
that F is phase retrievable for C";

v
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Injectivity Results

Cardinality-cont'd

Theorem
HV13 If m > 4n — 4 then a (Zariski) generic frame is phase retrievable on
Cn .
3al13b The set of phase retrievable frames is open in C" x --- x C". In
particular phase retrievable property is stable under small

perturbations.
HV13 If n=2%+1 and m < 4m —5 then F cannot be phase retrievable for
C".

Viz15 For n = 4 there is a frame with m = 11 < 4n — 4 = 12 vectors that is
phase retrievable.

v
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