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Abstract

In this paper we prove two results regarding reconstruction from magnitudes of frame coefficients (the
so called ”phase retrieval problem”). First we show that phase retrievability as an algebraic property
implies that nonlinear maps are bi-Lipschitz with respect to appropriate metrics on the quotient space.
Second we prove that reconstruction can be performed using Lipschitz continuous maps. Specifically we
show that when nonlinear analysis maps «,3 : H — R™ are injective, with a(z) = (|(z, fr)|)i, and
B(z) = (|(z, fr)[2)7,, where {fi,..., fm} is a frame for a Hilbert space H and H = H/T", then « is
bi-Lipschitz with respect to the class of "natural metrics” Dp(x,y) = min, Hx — e“"pr, whereas (3 is bi-
Lipschitz with respect to the class of matrix-norm induced metrics d,(z,y) = [|zz" — yy~||,. Furthermore,

there exist left inverse maps w, : R™ — H of a and B respectively, that are Lipschitz continuous with
respect to the appropriate metric. Additionally we obtain the Lipschitz constants of these inverse maps
in terms of the lower Lipschitz constants of o and 5. Surprisingly the increase in Lipschitz constant is a
relatively small factor, independent of the space dimension or the frame redundancy.

Introduction

constants have the same form.

On H we consider the equivalency relation x ~ y iff there is a scalar a of magnitude one, |a| = 1, so that
y = ax. Let H = H/ ~ denote the set of equivalence classes. Note H \ {0} is equivalent to the cross-product

between a real or complex projective space P"~! of dimension n — 1 and the positive semiaxis RT.

In this paper we use & to denote the equivalency class of x in H. Nevertheless, for simplicity, = is used

in place of £ when there is no ambiguity.

Let a and 8 denote the nonlinear maps

a:H=R™ , a(e) = (@ fi))ichem

B:H=R™ ., B@)= (e o)) coem -

, fm} is a frame (that is a spanning set) for the n-dimensional Hilbert space H. In
this paper H can be a real or complex Hilbert space. The results in Section Bl apply to both cases, and the
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The phase retrieval problem, or the phaseless reconstruction problem, refers to analyzing when a (or )
is an injective map, and in this case to finding ”good” left inverses.

The frame F is said to be phase retrievable if the nonlinear map a (or ) is injective. In this paper
we assume « and f are injective maps (hence F is phase retrievable). The problem is to analyze Lipschitz
properties of these nonlinear maps, and then to extend the unique left inverse from the image of H through
the nonlinear maps «, 3, to the entire space R™ so that they remains Lipschitz continuous.

A continuous map f : (X,dx) — (Y, dy), defined between metric spaces X and Y with distances dx and
dy respectively, is Lipschitz continuous with Lipschitz constant Lip(f) if

dy (f(21), f(22))

Li = su < 00.
p(/) Il,IQIZX dx(z1,2)

The map f is called bi-Lipschitz with lower Lipschitz constant a and upper Lipschitz constant b if for every
T1,20 € X,

adx (w1, 22) < dy(f(z1), f(22)) < bdx(21,22).
Obviously the smallest upper Lischitz constant is b = Lip(f). If f is bi-Lipschitz then f is injective.

The space H admits two classes of inequivalent metrics. We introduce and study them in detail in section
In particular consider the following two distances:

Dae,y) = minla = eyll, = /ol + gl - 2l(w.y) ®)

di(z,y) = |zz® —yy'll, = \/(IIJ?H2 +llyl*)? = 4z, )2 (4)

When the frame is phase retrievable the nonlinear maps a : (H,Dy) — (R™, [I-l,) and 8 : (H,dy) —
(R™, ||-||5) are shown to be bi-Lipschitz. This statement was previously know for the map 3 in the real and
complex case (see [0} [7, 11]), and for the map « in the real case only (see [24, [T} [13]). In this paper we
prove this statement for a in the complex case. Denote by a, and ag the lower Lipschitz constants of « and
[ respectively. In this paper we prove also that there exist two Lipschitz continuous maps w : (R™, [|-]|,) —
(H,Ds) and 1) : (R™, I-1l5) — (H,dy) so that w(a(z)) = = and ¥(B(x)) = = for every & € H. Furthermore
the upper Lipschitz constants of these maps obey Lip(w) < %—if’ and Lip(¢) < %. Surprisingly this shows

the Lipschitz constant of these left inverses are just a small factor larger than the minimal Lipschitz constants.
Furthermore this factor is independent of dimension n or number of frame vectors m.

The organization of the paper is as follows. Section [2] introduces notations and presents the results for
bi-Lipschitz properties. Section Bl presents the results for the extension of the left inverse. Section [ contains
the proof of these results.

2 Notations and Bi-Lipschitz Properties

On the space H we consider two classes of metrics (distances) induced by corresponding distances on H and
SLO(H) respectively:
1. The class of natural metrics. For every 1 < p < oo and x,y € H define

Dp(#,§) = min |}z - ay]], (5)
When no subscript is used, ||-|| denotes the Euclidian norm, [|-|| = ||-||,.



2. The class of matriz norm induced metrics. For every 1 < p < oo and z,y € H define

n 1/p
> 4) = * * _1(or)P or 1<p<o
dp(.’l/',y) - ||£L'(E — Yy Hp = { (Ekg;((l<];)<’r)1 o ;OT ) Y 2 (6)

where (0y)1<k<n are the singular values of the operator xz* — yy*, which is of rank at most 2.

Our choice in (@) corresponds to the class of Schatten norms that extend to ideals of compact operators.
In particular p = oo corresponds to the operator norm |[|-[|,,, in Sym(H) ={T": H - H , T =T"}; p=2
corresponds to the Frobenius norm ||-|| s, in Sym(H); p = 1 corresponds to the nuclear norm ||-||, in Sym(H):

doo(z,y) = 22" —yy™[l,, » do(z,y) = 22" —yy"||p, , di(z,y) = |l —yy*,

Note the Frobenius norm |||, = y/trace(T'T*) induces an Euclidian metric on Sym(H). In [7] Lemma
3.7 we computed explicitly the eigenvalues of [x,y]. Based on these values, we can easily derive explicit
expressions for these distances:

. 1 2 2 1 2 2
doo (2, 9) = §|||17H = lyll |+§\/(||117H + [lylI7)? — 4[(z, y)|?

da(@,y) = Il + Iyl = 21, y)

di(z,y) = \/(IIfEH2 +llyl*)? = 4z, )2

Since za* — yy* = [u,v] for z = F(u+v) and y = 1 (u —v).
To analyze the bi-Lipschitz properties, we define the following three types of Lipschitz bounds for a.
Note that the Lipschitz constants are square-roots of those constants.

(i) The global lower and upper Lipschitz bounds, respectively:
2
. o) — a3

2
L lat@) — ol o

Ay = — :
m,yeﬁ D2(x7y)2 x,yEI:I Dz(iC,y)2

(ii) The type I local lower and upper Lipschitz bounds at z € ﬁ, respectively:

A(z) =lim  inf M B(z) =sup inf lla(@) = o)l a(y)Hg :

N ) N )
=0 g oych Ds(z,y)? r—0 a,yeH Ds(z,y)?
Dy (z,2)<r Dy (z,z)<r
Do (y,z)<r Do (y,z)<r

(iii) The type II local lower and upper Lipschitz bounds at z € ﬁ, respectively:

. o a@) - a)l; - o at@) —a)l;
AZ :hm mf — 5 BZ = Su 1nf _— .
()=l Wt 5 o) G)=swp Wl )
Do (z,z)<r Ds(z,z)<r

Similarly, we define the three types of Lipschitz constants for 5.



(i) The global lower and upper Lipschitz bounds, respectively:

. 1B - B3
agp = inf ————22= bo = sup
0 z,y€H dl(xvy)2 0 zyeH dl(Iay)Q

18(z) = Bw)lla

)

(ii) The type I local lower and upper Lipschitz bounds at z € H , respectively:

18(z) = Bw)ll5 18(z) = Bw)ll3

a(z) =lim inf , b(z) = lim sup

r—0 zyeH d1 ($,y)2 r—0 m,yefl dl ($,y)2
di(z,z)<r di(z,z)<r
di(y,z)<r di(y,z)<r

(iii) The type II local lower and upper Lipschitz bounds at z € ﬁ, respectively:

2 2
i(z) = lim g VPP B(z) = lim  sup 12D =BG,
r—0 yGI:I dl (I, Z) r—0 yGI:I dl (ZZ?, Z)
d(z,2)<r di(z,2z)<r

Note that due to homogeneity we have Ay = A(0), By = B(0), ap = a(0), by = b(0). Also, for z # 0, we
have A(z) = A(z/ [|z)), B(z) = B(z/||z]]), a(z) = a(z/ |[z])), b(z) = b(z/ [|z]]).

We analyze the bi-Lipschitz properties of a and 8 by studying these constants.
2.1 Bi-Lipschitz Properties of «

The real case H = R" is studied in [IT]. We summarize the results as a theorem.
Recall that F = {f1,---, fm} is a frame in H if there exist positive constants A and B for which

Allzl® <3 e, fi)* < Ble|l*. (7)
k=1

We say A [resp., B] is the optimal lower [resp., upper| frame bound if A [resp., B] is the largest [resp.,
smallest] positive number for which the inequality (@) is satisfied.

For any index set I C {1,2,---,m}, let F[I] = {fx,k € I} denote the frame subset indexed by I. Also,
let o3[I] and o2[I] denote the upper and lower frame bound of set F[I], respectively. That is,

o7 [I] = Amax (Z fkfl:> and o[l = Amin <kaf;> :
kel kel

Theorem 2.1 ([11]) Let F C R™ be a phase retrievable frame for R™. Let A and B denote its optimal
lower and upper frame bound, respetively. Then

(i) For every 0 # z € R™, A(x) = o2 (supp(a(z)) where supp(a(x)) = {k, (z, fr) # 0};
(ii) For every z € R", A= A;
(111) AO = A(O) = minlc{1)27,,,7m} (0'721[[] + 0'721[]6]) > O,’



(iv) For every x € R", B(x) = B(x) = B;
(v) By = B(0) = B(0) = B.

Now we consider the complex case H = C™. We analyze the complex case by doing a realification first.
Consider the R-linear map j : C* — R?" defined by

o= [ real(2) ] |

imag(z)
This realification is studied in detail in [7]. We call j(z) the realification of z. For simplicity, in this paper
we will denote & = j(x), 1= j(y), ¢ = i(2). ¢ = (), 6 = j(d), respectively.
For a frame set F = {f1, fo, -, fm}, define the symmetric operator

O = orpr +Jorpr JT, k=1,2,--- ,m.

where

is a matrix in R27*2n,

Also, define S : R*" — Sym(R?*") by

We have the following result:

Theorem 2.2 Let F C C™ be a phase retrievable frame for C". Let A and B denote its optimal lower and
upper frame bound, respetively. For any z € C™, let ¢ = j(2) be its realification. Then

(i) For every 0 # z € C", A(z) = Aan—1(S(Q)) ;
(ii) Ag = A(0) >0 ;

(iii) For every z € C", A(z) = Agn_1 (S(O + Zk:(z,fw:o (I)k) ’
(iv) A(0)=A ;
(v) For every z € C", B(z) = B(Z) =\ (S(C) + Zk:(z,fw:o (I)k) ’

(vi) By = B(0) = B(0) =B .



2.2 Bi-Lipschitz Properties of

The nonlinear map S naturally induces a linear map between the space Sym(H) of symmetric operators on
H and R™:
Az Sym(H) = R™ . A(T) = ((T'fx, fr))1<k<m (9)

This linear map has first been observed in [10] and it has been exploited successfully in various paprs e.g.

[5} 18, 6]

Let SP9(H) denote the set of symmetric operators that have at most p strictly positive eigenvalues and

q strictly negative eigenvalues. In particular S1°(H) denotes the set of non-negative symmetric operators
of rank at most one:

SYO(H) = {xx*, z€ H} (10)

where z* : H — C, 2*(y) = (y,x) is the dual map associated to vector z. In [7] we studied in more depth
geometric and analytic properties of this set. In particular note S(x) = A([x, z]) where

[z, y] = (wy +ya*) (11)

denotes the symmetric outer product between vectors x and y. The map f is injective if and only if A
restricted to ST0(H) is injective.

In previous papers [7}, [[T] we showed the following necessary and sufficient conditions for a frame to give
phase retrieval.

Theorem 2.3 ([, I1]) The following are equivalent:
(i) The frame F is phase retrievable;
(i) ker(A)nSY1(H) ={0};

(iii) There is a constant ag > 0 so that for every u,v € H
1 & :
52 w, ) (Frsv) + (v, fi)(fes ) > ao [[[ull® o]|* - (lmag(<uav>))2} (12)
=1

(iv) There is a constant ag > 0 so that for every x,y € H,
18(z) = Bw)II* > ao(dr (z,y)) (13)

In [7] we also showed a theorem that can be restated as follows:

Theorem 2.4 If F is phase retrievable, then there is a constant by > 0 such that for every x,y € H,
18(z) = BW)I* < bo(da(,y))? (14)

where by is given by

b= a3 (real (. ) { i )” = oo 1Z| M= TN e ey - (15)
k=1

lzl=llyll=1 =

In the last expression T : H — C™ is the analysis operator defined by x — ((z, fi)) ey



Remark 2.5 An upper bound of by is given by

2
< <B?
<5 (max 1A1) <5 (16)
where B is the upper frame bound of F.

We give an expression of the local Lipshitz bounds as well. Define R : R?" — Sym(R?") by
R(E) = @t Py, . (17)
k=1

Theorem 2.6 Let F be a phase retrievable frame for H = C™. For every 0 # z € H, let ( = j(z) denote
the realification of z. Then

(i) a(z) = a(2) = Aan—1(R($))/ ICII*;
(ii) b(2) = b(2) = M(R(0))/ <%

(iii) ([7]) a(0) = ap = miny¢j=1 A2n—1 (R(C)):
(iv) @(0) = minyey=1 330, e, fi)l";

(v) b(0) = b(0) = bo;

3 Extension of the Inverse Map
All metrics D, and d,, induce the same topology as shown in the following result.
Proposition 3.1 (i) For each 1 < p < 0o, D, and d,, are metrics (distances) on H.
(i) (Dp)1<p<oo are equivalent metrics, that is each D, induces the same topology on H as Dy. Additionally,

for every 1 < p,q < oo the embedding i : (ﬁ,Dp) — (ﬁ,Dq), i(z) = x, is Lipschitz with Lipschitz
constant

s =

1
qu n, = max(1l,nd

)- (18)

(ili) For 1 <p,q < oo, (dy)1<p<oco are equivalent metrics, that is each d, induces the same topology on H
as dy. Additionally, for every 1 < p,q < oo the embedding i : (ﬁ, d,) — (ﬁ, dq), i(x) =z, is Lipschitz
with Lipschitz constant

11
Ly qn =max(1,2777). (19)

(iv) The identity map i : (H, D,) — (H,d,), i(x) = x, is continuous with continuous inverse. However it
is not Lipschitz, nor is its inverse.



(v) The metric space (H,D,) is Lipschitz isomorphic to SY°(H) endowed with Schatten norm [[[[,- The
isomorphism is given by the map

Yzt if x#0

a9y ey { T 2D o

The embedding ko s bi-Lipschitz with the lower Lipschitz constant min(2%7%,n%7%) and the upper

Lipschitz constant \/Qmax(n%_% , 2%_%). In particular for p = 2 the lower Lipschitz constant is 1 and
the upper Lipschitz constant is \/2.

(vi) The metric space (H,d,) is isometrically isomorphic to SYO(H) endowed with Schatten norm [[[1,,-
The isomorphism is given by the map

kg H— SYO(H) | rp(z) = aa*. (21)

In particular the metric space (H,d,) is isometrically isomorphic to SYO(H) endowed with the nuclear
norm. ||-[|;-

(vii) The nonlinear map v : (H, D,) — (H,d,) defined by

L({E)—{ \/IF Z:; zfg (22)

is bi-Lipschitz with the lower Lipschitz constant min(2%_%,n% %) and the upper Lipschitz constant
ﬁmax(néf%J%*%).

Remark 3.2 (i) Note the Lipschitz bound qu)n 1s equal to the operator norm of the identity between

(cn, ||||p) and (C", ||||q) Lf,q,n = HIHzp(cn)ﬂlq(cn)-
(i) Note the equality L, , = LD, 5.

The results in Section 2 together with the previous proposition, show that frame F is phase retrievable
then the nonlinear map () [resp., ([2])] is bi-Lipschitz between metric spaces (H,D,) [resp., (H,d,)] and
(R™, ||[|,)- Recall that the Lipschitz constants between (H,Ds) [resp. (H,dy)] and (R™, ||| = ||-||,) are

given by /A [resp., y/ao] and /By [resp., V/bol:
VAoDs(x,y) < la(z) — a(y)|| < v/BoDa(,y) (23)
Vaods (z,y) < [|8(z) — BW)| < Vbodi (2, y) (24)

Clearly the inverse map defined on the range of a [resp., 3] from metric space (a(H), |||) [resp., (B(H), |I])]
to (H, D3) [resp., (H,dy)):

aH)CR™ - H | &(c)==x if alz) =c (25)

Y:BH)CR™ - H , )=z if Blz) =c (26)

is Lipschitz with Lipschitz constant \/% [resp., \/La_o] In this paper we prove that both @ and 4 can be

)
)

extended to the entire R™ as a Lipschitz map with Lipschitz constant that increases by a small factor.
The precise statement is given in the following Theorem which is the main result of this paper.



Theorem 3.3 Let F = {f1,-.-, fm} be a phase retrievable frame for the n dimensional Hilbert space H

and let o, B : H — R™ denote the injective nonlinear analysis map as defined in () and (@). Let Ay and ag
denote the positive constant as in (23) and (Z4)). Then

(i) there exists a Lipschitz continuous function w : R™ — H so that w(o(z)) = x for all z € H. For any

1 < p,q <00, w has an upper Lipschitz constant Lip(w)p,q between (R™,[-||,) and (H,D,) bounded by
3v/2+4 . 1_1 . 1_1
Lip(w)p,q < vag 2 max(l,m"7)
PA&p.a = 3v242%7a n
VAo
Explicitly this means: for ¢ <2 and for all ¢,d € R™:

forq<2 .
2
_%) for g >2 27

1_1
2 q

(S

-max(1,m

3v2+4
Dy(w(c),w(d)) < VA

1

Y

[N

~max(1,m>"») [lc — d|

(28)

whereas for ¢ > 2 and for all c,d € R™:

3v2 25t
Dy(w(c),w(d)) < Nz n

1_1
2 q

-max(1,m? %) ||c — dll, (29)

In particular, for p =2 and g = 2 its Lipschitz constant Lip(w)a,2 bounded by 4J\r/3if.
4432
D (w(c),w(d)) < ~Jao lle —d] (30)
(i) there exists a Lipschitz continuous function 1 : R™ — H so that ¥(8(x)) = z for all x € H. For any
1 <p,q < oo, has an upper Lipschitz constant Lip(v)),. 4 between (R™, HHp) and (H,d,;) bounded by
342V2 9573 .y ax(1, %7l) forq<2
. a ! i 7=
Lip(¢)p,q < \/Tf),+2 el 11 (31)
N = max(1l,m2"7) forq>2
Explicitly this means: for ¢ <2 and for all ¢,d € R™:

=

4y (0(0), 6(d)) < % 25 max(L, m ) e — d

(S

whereas for ¢ > 2 and for all ¢,d € R™:

dyb(e) w(d)) < 2"

Jao

) (33)

In particular, for p =2 and g =1 its Lipschitz constant Lip(¢)21 bounded by 44:/?{'

4y (6(e), 6(d)) < > *f’f le—d|



The proof of Theorem [3.3] presented in Section B requires construction of a special Lipschitz map. We
believe this particular result is interesting in itself and may be used in other constructions. This construction
is given in [I2] for the case p = 2. Here we consider a general p and give a better bound for the Lipschitz
constant. We state it as a lemma.

Lemma 3.4 Consider the spectral decomposition of any self-adjoint operator A in Sym(H), say A =
Ezzl /\m(k)Pk; where Ay > Ao > -+ > X\, are the n eigenvalues including multiplicities, and P,...,P; are
the orthogonal projections associated to the d distinct eigenvalues. Additionally, m(1) =1 and m(k + 1) =
m(k) +r(k), where r(k) = rank(Py) is the multiplicity of eigenvalue Ay, k). Then the map

m:Sym(H) = SYO(H) , w(A)=(\ = X) P (35)
satisfies the following two properties:

(i) for1 <p < oo, it is Lipschitz continuous from (Sym(H), ||-||,) to (S1O(H), [|I,,) with Lipschitz constant

less than or equal to 3 + 21+%;
(i) 7(A) = A for all A € SMO(H).

Remark 3.5 Numerical experiments suggest the Lipschitz constant of m is smaller than 5 for p = co. On
the other hand it cannot be smaller than 2 as the following example shows.

1 0 2 0 0 0 20
0 1) B = 0 O)’ then w(A) = (O O) and m(B) = (O O)' Here we have
=2 and ||A - B| . = 1. Thus for this example ||7(A) — 7(B)||,, = 2[|A — B -

Example 3.6 If A =
|m(A) — m(B)

It is unlikely to obtain an isometric extension in Theorem B3l Kirszbraun theorem [36] gives a sufficient
condition for isometric extensions of Lipschitz maps. The theorem states that isometric extensions are
possible when the pair of metric spaces satisfy the Kirszbraun property, or the K property:

Definition 3.7 The Kirszbraun Property (K): Let X and Y be two metric spaces with metric d, and d,
respectively. (X,Y) is said to have Property (K) if for any pair of families of closed balls {B(x;,7;) 14 € I},
{B(yi,ri) : i € I}, such that dy(ys,y;) < du(xi,xj) for each i,j € I, it holds that (\B(z;, 1) # 0 =
N B(yi,ri) # 0.

If (X,Y) has Property (K), then by Kirszbraun’s Theorem we can extend a Lipschitz mapping defined on a
subspace of X to a Lipschitz mapping defined on X while maintaining the Lipschitz constant. Unfortunately,
if we consider (X,dx) = (R™,|-||) and Y = H, Property (K) does not hold for either D,, or d,,.

Property (K) does not hold for H with norm D,. Specifically, (R™,R"/ ~) does not have Property K.

Example 3.8 We give a counterexample for m =n = 2,p = 2: Let 71 = (3,1), 92 = (—1,1), g3 = (0,1)
be the representatives of three points yi, ya, ys in R?/ ~. Then Da(y1,vy2) = 2v/2, Dao(y2,y3) = 1 and
Ds(y1,y3) = 3. Consider 21 = (0,0), 2o = (0, =2v/2), 23 = (=1, —2v/2) in R? with the Buclidean distance,
then we have ||x1 — 22| = 2v/2, ||v2 — 23]| = 1 and ||x1 — 23] = 3. Forri =6, 1o = 2—/2, r3 = /6 —/3,
we see that (1 —v/2,14+v/2) € N°_, B(xi,r:) but (Y, B(yi,r:) = 0. To see (o, B(yi, i) = 0, it suffices to
look at the upper half plane in R%. If we look at the upper half plane H, then B(y1,71) becomes the union
of two parts, namely B(g1,m1) U H and B(—y1,m1) U H, and B(y;,r;) becomes B(y;,r;) for i = 2, 3. But
(B(g1,71) UH)N B(g2,72) =0 and (B(—=j1,m1) U H) N B(gs,r3) = 0. So we obtain that ﬂle B(yi,ri) = 0.
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Property (K) does not hold for H with norm d,. Specifically, (R™,C"/ ~) does not have Property K.
The following example is given in [12].

Example 3.9 ([12]) Let m be any positive integer and n = 2, p = 2. We want to show that (X,Y) =
(R™,C™/ ~) does not have Property (K). Let §j; = (1,0) and 2 = (0,V/3) be representitives of y1, y2 € Y,
respectively. Then dy(y1,y2) = 4. Pick any two points x1, x2 in X with ||x1 — x2|| = 4. Then B(z1,2) and
B(xo,2) intersect at x3 = (x1 + x2)/2 € X. It suffices to show that the closed balls B(y1,2) and B(ya,2)
have no intersection in H. Assume on the contrary that the two balls intersect at ys, then pick a representive
of y3, say s = (a,b) where a, b € C. It can be computed that

di(y1,ys) = lal* + o] = 2[al* + 2 [p* + 21al* b + 1 (36)

and
dy(y2,ys) = lal* + [b|* + 6 ]al* — 6 [b” + 2]al? |b]* + 9 (37)

Set di(y1,y3) = di(ye,y3) = 2. Take the difference of the right hand side of (38) and (37), we have
1b°—|a® = 1 and thus b > 1. However, the right hand side of [38) can be rewritten as (|a|”+|b]*—1)2+4 |b]?,
so dy(y1,ys) = 2 would imply that |b|> < 1/2. This is a contradiction.

Remark 3.10 Using nonlinear functional analysis language ([I4)]) Lemma[34] can be restated by saying that
SLO(H) is a 5-Lipschitz retract in Sym(H).

Remark 3.11 The Lipschitz inversion results of Theorem[3.3 can easily be extended to systems of quadratic

equations, not necessarily of rank-1 matrices from the phase retrieval model considered in this paper.

4 Proofs of results

4.1 Proof of results in Section

We start by proving Theorem
Proof of Theorem

(i) First we prove the following lemma.

Lemma 4.1 Fiz 2 € C" and z € C". Let £ = j(z) and ¢ = j(z) be their realifications, respectively.
Let & € € :={j(Z) € R*" : & € &} be a point in the equivalency class that satisfies Da(z,2) = [|&o — C||.
Then it is necessary that

(§0.JC) =0 (38)
and
where J is defined as in (&).
Proof: For 6 € [0,2m) define
U(0) := cos(0)] + sin(0)J . (40)
Then it is easy to compute that
i(e?z) = U(0)¢ (41)



Therefore,

Da(w,2) = min[[U(O)E = ¢[I* = 1+ [Ic]* =2 max (U0, ¢) -

If (U(0)¢,C) is constantly zero, then we are done. Otherwise, note that

1
2

_ 2 2
Jmax (UO)E.0) = (6,07 + (6.0 (42)
and the maximum is achieved at 8 = 0 if and only if
cos(fp) = (6,¢) T (43)
((6,€)* +(J&,()?)?
and
sin(6y) = (J&: Q) - . (44)
(&0 +(J&0)?)?
Now we can compute
(S0, JC) = (U(6o)¢, JC)
= cos(6o)(€, JC) + sin(0o) (JE, JC)
((&:0)? +(J€¢)?)? (& Q) + (J&,0)?)®
(319) (J€,Q)
= (=JE, Q)+ (&, )
((&:0)* +(J&€,¢)?)? ({6, 0 + (J&,0)?)®
=0.
So we get B8). ([B9) is obvious.
Q.E.D.
Now we come back to the proof of the theorem. Denote
B 2
p(x,y) = %, z,y €C", T#4. (45)
We can represent this quotient in terms of £ and 7. It is easy to compute that

HE1* + lImll* = 23/€, ) + (€, Tn)?

Fix 7 > 0. Take &, n € R?" that satisfy Da(z,2) = ||€ — (|| < r and Da(y,z) = ||n—¢|| < r. Let
w=(§+n)/2and v = (£ —n)/2. Then |v|| < r. Note that for » small enough we have that ||| > ||v|

12



and that ®,¢ # 0 = ®pu # 0. Thus

Pe,y) = Do (o + 1), p A1) + (B = v), = v) = 2¢/(@p(p + 1), p + V) {(@p(p —v), p — v)
’ i+ vl + = vl = 24/ T+ v, = )2 + (u+ v, T (i — v))?

S @kt ) + (@i, v) — /(@i 1) + (B, ) — WD, )
il + 1lo]1* = \/IIMH4 + v = 2l I + 4, Tv)?

o Znaycro(@umty ) + (Buvyv) — V(@rpt, ) + (Bar 1))? — 4{Bgps, 1)

B liall® + Jlv* = \/||MH4 + ) = 21l (1]

- Zk@kg#o@ku,u) + (Prv,v) — \/(@k/b ) + (v, v))? — 4 Pppu,v)?

2w
v,V 2 V)2
ko @et )+ (Bxrv) — <<I>ku,u>¢ (1+Eg) - 4l
= 2
2|v
Prv,v Dpv,v)2 Dpp,v)?
_ 2ol Prbt ) + (Puvv) — (Pps, 1) \/1 + 2<<<1>:u7u>> T (<<I>:u-,u>>2 B 4<<<I>:Z-,u§2
2|v|?
v,V N2 2 4
B Zk;<pk<¢0<q)klufaﬂ> + <(I)kV7 V) - <¢k;ll'l’7/'[/> (1 + ég:u#é - 22?:‘57#52) + O(HVH )
2w
<(I)]€,U,,1/>2
L L oY M
k: Py, C£0 (Propt, 1) |IV]]
1
= ”V”2<5(u)v, v) + O(|[v]|) -
Note that
(T, ) = [(Jp,v) = (JC )| < [T = vl = lle =<V (47)

since (J(,v) = 0 by Lemma [l Also, || — (|| < r. Therefore,

[T )| [T, v)| _ vl
[Py = Ll <
([ pell [l [l
and thus
2 7”2 2
[Pyl 2<1— 5 | vl
[l

13



As a consequence, we have

<S(IUJ)PJLHV’ P}uy> + O(||7/H2)

P(gun) = ||V||2
S Phv A (0
SR G P R
|2

T2
gl

Take r — 0, by the continuity of eigenvalues with respect to matrix entries we have that

> (1 " ) Aon—1 (S(u)) +O(r?) .

A(z) = A2n-1(S(Q)) - (48)

On the other hand, take Es,_1 to be the unit-norm eigenvector correspondent to Ag,—1(S(¢)). For
each r > 0, take £ = ( + %Ezn,l and n = — %Egn,l. Then

Hence

A(2) < dan1(S(0) - (19)
Together with ([Ag]) we have

A(z) = X2n—1(S(Q)) - (50)

(ii) Assume on the contrary that Ay = 0, then for any N € N, there exist zy, yny € H for which

Ja(zn) — alyn)|” 1
= < .
p(TN,YN) Daomign) =N

(51)

Without loss of generality we assume that ||zx|| > |lyn]| for each N, for otherwise we can just swap the
role of xy and yy. Also due to homogeneity we assume ||z = 1. By compactness of the closed ball
B1(0) ={x € H: ||z|| <1} in H = C", there exist convergent subsequences of {zx}nen and {yn}nen,
which to avoid overuse of notations we still denote as {xn}neny — 2o € H and {yn}nen — yo € H.

Since ||zg|| = 1 we have from (i) that A(xzg) > 0. Note that Da(xn,yn) < |lzn|| + |lun|| < 2, so by
(EID we have [|a(zn) — alyn)|| — 0. That is, ||a(xo) — a(yo)|| = 0. By injectivity we have z¢ = yo in
H. By Proposition Z2(i),

p(zn,yn) = A(zo) —1/N > 1/N

for N large enough. This is a contradiction with (B&I).

(iii) The case z = 0 is an easy computation. We now present the proof for z # 0. First we consider
p(x,2) = P(£,¢) as defined in {@6). Fix r > 0. Take £ € R?" that satisfy Do(z,2) = ||€ — || < 7. Let
d=12—zand 6 =j(d) =& — (. Note that

ple.¢) - Dh (@68 + (@660 2/ BEH@C
’ I+ 1CI% = 23/E, Q) + (&, IO

14



The numerator is equal to

D {@kC,C) + 2(BiC, 8) + (D5, 8) + (D1, €) — 2/ ((BhC, ) + 2(24C, ) + (Bk6,0)) - (@4, C)
k=1
(@rC, O(PrC, ) + 3(PrC, O)(Pr,8)

= 2(D1C, C) + 2(PkC, ) + (DPr0, 0) + 2(PrC, O)[1 +

k:®,¢#0 <(I)kc7<>2
1 4(®i(, €)% (@16, 6)° ,
8 (@3¢, 0)F + O([|6]1")] +k.q§20<¢k6, 5)
{®4¢,0)*
5,8) +O(||6
S L g T 2 (ol

the denominator is equal to

2 1 1 2 4
21CIP + 181 + 2(¢.8) — 2P <1+|<|| (G0 + 546,0) + (76,00 4[¢]*(¢.8)* 0(||5|3)>

eI 8¢|®
=I5[1* + OllsI*)

in which we used Lemma 1] to get (J¢,d) = 0.
Take r — 0, we see that

A(z) > Ao <S(g)+ > @k). (52)
ki (2, /) =0

Let Es,_1 be the unit-norm eigenvector correspondent to Agy_1 (S(C) + Zk:(afk):o @k). Note that

<JC,E~~2n,1> = 0 since §(¢)J¢ = 0 and P J( = JPr( = 0 for each k with (z, fx) = 0. Take £ =
¢+ %Ezn,l for each r, we again also have

A(z) < dona (s<o+ ) m). (53)

k:(z,fr)=0
Therefore
A(2) = Aan (3(0 + Z (I’k) - (54)
ki (2, f1) =0
(iv) Take z =0 in (iii).

(v) B(z) can be computed in a similar way as in (iii) (in particular, the expansion for P(¢,¢) is exactly
the same). We compute B(z). B(0) is computed in [13], Lemma 16. Now we consider z # 0. Use the
same notations as in ([@@). Fix r > 0. Again, take &, n € R?" that satisfy Da(z, 2) = ||€ — (|| < r and
Dy(y,z) = |In—=C|l <7 Let p=(E+n)/2and v = (§ —n)/2. Alsolet 61 =& — ¢ and d2 = 1 — C.

15



Recall that
D e 1<‘1’k§ §) +(Prn,m) — 2/(Px&, E)(Prn, )

IEI7 + Inl* = 2¢/T6 m)% + (&, Tn)?
i D& &) + (Prm,m) — 2 <(I)k§ E){(Prn, ) .
=P+ Il =2/ &) + (€ Tn)?

Now we compute it as Z?:l = Zk:q)kg;éo + Zk:%g:o Again

Z (Pr&, &) + (Prn,m) — 24/(Pr&, §)(Prn, m)
watso €N+ Inl? 2¢5n (€, Tn)?

P(¢,n) =

55
o @em) + (@) — g ] T B, ) — L, )
4 4
kb0 [|ull® + vl - \/lIMH v = 2Nl I + 4, Tv)?
The computation for its numerator is the same as in (i). We get that the numerator is equal to
4
2(S(wv,v) + O([|lv]]") -
Since p # 0, the denominator is equal to
1 2
v 2||v 4, Jv)?2
R \/ e
(722 m—d [l
ol® | 2(p, Jv)? 1
= [lgall* + 11211* = flpal® <1— + +O(v[")
Il lial* (56)
o 2(Ju,v)? 4
=2|vl” = ——=— + Ov[")
el
4
=2 vl + O(|vlI") by @D
Also we can compute using the denominator as above [note that v = (§; — d2)/2] that
3 (PxE, &) + (Prm, 1) — 2 <‘I’k€ §){(Prn, n)
k@, C=0 ||§|| =+ ”77” - 2\/5 77 5 J77>
(57)
s (o] o))
pidre—o 101 — 52l +o(v|*)
Now put together (B5), (56) and (BT, we get
1/2 1/2 2
Sw) + O’ e el )
Py — Swr) + Ol .

Ilvl* + O(lv11") winteo 1161 = 8l* +O(IvII)

Note that
(o8| - o1 H) (@3 (81 — 85), 61 — 85)

16



since it is equivalent to
(@101, 61)(Drda, 62) > ((®k61,02))” (59)

which is the Cauchy-Schwarz inequality. Therefore we have that

((S(1) + Cwc—0 Pr)v.v) + O(lIv||") Mls d o(r? 60
R = (“Hk:g;:o H) o

P(&n) <

Take r — 0 we have that

Bz) <M [SQO+ D ¥

k:®), =0

Again we get the other direction of the above inequality by taking £ = ¢ + §F; and n = ¢ — 5E; for
each 7 > 0 where F; is the unit-norm eigenvector correspondent to A (S(C) + 2 ki (z, f)=0 @k). Note
that for each r, the equality in (B9) holds for this pair of £ and 7.

(vi) Take z =0 1in (v).

Now we prove Theorem 2.6
Proof of Theorem

Only the first two parts are nontrivial. We prove them as follows.

Fix z € C". Take z = z + dy and y = z + dp with ||di|| < r and ||d2|| < r for r small. Let u =z +y =
224+di+dyandv =2 —y =d; —ds. Let p = 2¢ + 01 + 62 € R?™ and v = §; — §3 € R?" be the realification
of u and v, respectively. Define

By the same computation as in [7], Section 4.1, we get

(R(2C 4 01 + 62)(01 — 62),01 — O2)

P(:v,y) = Q(C;él,ég) = ' (62)
H2< + 61 + 62”2 <P)j_(2<+61+52)(51 - 52), 61 — 52>
Since J(2¢ + 61 + 62) € ker R@C + 61 + (52), we have
Q(¢;61,62) = (R(2C+ 01+ 52)PJL(2<+51+52)(51 = 02), Piiac 8, 159 (01 — 82)) o)

12¢ + 81 + 0a[1* (Pa 5, 45, (01 = 02), 61 = 62)
Now let § = §1 + J9 and v = §; — d2. Note the set inclusion relation
{02 eR™: ol <%, Wl <5, v LI2C+0))

C{51,52 S R2nl ||51H <r, H(SQH <r, v L J(2<+5)}
c{61,60 eR*™: ||8]| < 2r, |[v]| <2r, v L J@2(+0)} .

Thus we have

inf ;01,0 < inf ;01,0 < inf :01,02) .
o, Qi0n0) < Inf QG 0,0) oy, @0102)
[lv][<2r 162 <r vl <r/2
v 1 J(2¢+6) v1J(2¢+9) v1J(2¢+9)

17



That is,

Nan 1 (R +9))

A2n—1(R(2¢ +6)) inf  Q(¢;01,02)

in ) < < n 2
loll<zr — [|2¢ + 4| o] <r lsll<r/2 ||2¢ + 4|
[|d2]|<r
v LJ(2C+6)

Take r» — 0, by the continuity of eigenvalues with respect to the matrix entries, we have

Aza—1(R(O)/ ICI1* < a(2) < Aza—1(R(O)/ CI17

That is,
a(2) = Aan—1(R(C))/ I¢II°

Now consider

18(z) - B(=)|”
ple,2) = dq(z, 2)? '
For simplicity write § = §;. We can compute that
s 5H (Ploc1s.0) ||2< T 5H | J@Ma )
Note that
inf  Q(¢;9) > inf inf  Q(¢;9) = inf Apo1(R(2¢H+0)) .
llo]|<r llefl<r Jl8]l<r llofl<r
5LJ(2¢+96) 5 LJ(2¢+95)

Take r — 0 we have that

a(2) > Aan—1(R(20))/ 12¢]° = A2n—1(R(O))/ lI€II°

On the other hand, take é2,-1 to be a unit-norm eigenvector correspondent to A2,—1(R(2()).

Then by

the continuity of eigenvalues with respect to the matrix entries, for any € > 0, there exists ¢ > 0 so that

6 = téap_1 satisfy
(R (2C +0)4,0)

5 S M (REO) + 2

Piiacts)

and from there we have

a(2) < Aan—1(R(20))/ 12¢1% = Azn—1(R(C))/ lIC]I?

Therefore,
a(z) = Aan—1(R())/ <12

(67)

(68)

(69)

In a similar way (replacing infimum by supremum) we also get b(z) and b(z) as stated in the theorem.

Q.E.D.
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4.2

Proof of results in Section

We start by proving Proposition [3.1]
Proof of Proposition [3.1]

(1)

For D,, obviously we have D,(z,g) > 0 for any &, § € H and D,(%,9) = 0 if and only if & = 5. We
also have Dy(2,9) = Dp(§,2) since ||z —ay|, = ly — a*1x||p for any x, y € H, |a] = 1. Moreoever,

for any @, y, 2 € H, if Dy(2,9) = ||z — ay||,,, Dp(9,2) = ||z — by, then
Dy(#.) < [lo = ab%2]], = lbw — az, < lbw — abyll, + laby — azll, = Dy(2,5) + Dy(:2).

Therefore D, is a metric.

dp is also a metric since [-[|,, in the definition of d, is the standard Schatten p-norm of a matrix.

For p < ¢, by Holder’s inequality we have for any = = (21,22, ...,2,) € H = C" that > ., [P <

1

nls =D (0 fai) . Thus ||z, < nF %) ||z]. Alsosince ||, is homogeneous, if we assume |||, = 1
we have Y0 | |27 < 37 |2iP = 1. Thus 2], < [lz[l,,- Therefore, we have Dy(#,9) = ||z — aryll, >
n3=) |z — awyll, > nG VD, (#,5) and Dy(@,9) = |lz — azyll, > |l& — asyll, > Dq(2,§) for some ar,
as with magnitude 1. Hence

Dy(2,9) < Dyl(,§) < n'5~ 3D, (@, 9)
We see that (Dp)1<p<oo are equivalent. The second part follows then immediately.

The proof is similar to (ii). Note that there are at most 2 o;’s that are nonzero, so we have 26549
instead of n(v ).

To prove that D, and d, are equivalent, we need only to show that each open ball with respect to D,
contains an open ball with respect to dp,, and vise versa. By (ii) and (iii), it is sufficient to consider
the case when p = ¢ = 2.

First, we fix xt € H = C", r > 0. Let R = min(1, W) Then for any ¢ such that Ds(Z, 4
we take y such that ||z —y| < R, then V1 < 4,5 < n, |2,7; — y:y;| = |v:(T5 —75) + (i — v:)y;
|zi| R+ R(|z;| + R) = R(2|z;| + R) < R(2|z| +1) < L. Hence da(2,9) = ||ea* — yy*||, <n®- & =

On the other hand, we fix z € H = C", R > 0. Let r = R?/y/2. Then for any § such that da(,9) < r,
we have

o R*
(da(, ) = el + Iyll* = 2l )l <2 = = (70)
But we also have
W AN\ 2 . 2 <$ay> : 2 2
(D2(2,9))” = min ||z — ay[|” = ||z — yl| = llzlI® + llyll” = 2[(z, )| (71)
la|=1 [(z,y)|
So 4 4 2 2 2 2
(Da(&,9)" = Iz ™+ lyll” + 2 l2l* 1y ll® = 4(lll” + lyl*)(z, v)| + 4l(2, 9)[? (72)
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Since [(z,5)| < 2|yl < (l=l|* + [lyl*)/2, we can easily check that (Da(i,))* < 2(da(&,§))? < R*.
Hence Dy (Z,79) < R.

Thus D, and ds are indeed equivalent metrics. Therefore D, and d, are equivalent. Also, the imbedding
i is not Lipschitz: if we take x = (21,0,...,0) € C", then Dy(%,0) = |z1]|, d2(Z,0) = |=1 |2

(v) First, for p =2, for & # ¢ in H — {0}, we compute the quotient

_ ra(@) = ra ()]

x,y) =
p( y) DQ(xvy)2
2
—1 —1
112l ™" =y~ gy
- 2 2
=]+ llyll” = 2 |(z, y)]|
_ =z Pyl + el llyy*l1* = 2 )l Iyl trace(za*yy*)
= T 2 2 1A 20 12
1™ lgll™ + Nl [yl = 2=y 1™ |2 y]
2 o]yl ] [y ~ trace(zz"yy)
= T, 2 Z— 202
[l [lyll™ + Nl [yl = 2zl [y lI™ [=*y]
2 (o]l |="]  tracefaa*yy”))
= 3 3 N
1™ Myl =+l lyl1™ = 2 [|I] lyll |l=*y]
where we used |Jzz*| = ||z||*. For simplicity write a = ||z||, b = ||y|| and ¢ = |(z, )| - (||| |y])~*. We

havea >0,b>0and 0 <t <1.

Now we have
2(abt — abt?)

a? + b2 — 2abt
Obviously, we have p(z,y) > 1. Now we prove that p(z,y) < 2. Note that

plz,y) =1+

9
20abt —abl”) o 242 gt 4 2abt® > 0

I S
+a2+b2—2abt_

But
a® +b* — dabt + 2abt* > 2ab — 4abt + 2abt* = 2ab(t — 1)* > 0,

so we are done. Note that take any z, y with (z,y) = 0 we would have p(z,y) = 1. On the other hand,
taking ||z|| = ||y|| and let ¢ — 1 we see that p(z,y) = 2 — € is achievable for any small ¢ > 0. Therefore
the constants are optimal. The case where one of z and y is zero would not break the constraint of
these two constants. Therefore after taking the square root we get lower Lipschitz constant 1 and
upper Lipschitz constant v/2.

For other p, we use the results in (ii) and (iii) to get that the lower Lipschitz constant for r, is
1

min(2%_% , n%_%) and the upper Lipschitz constant is ﬁmax(n%_% , 2572 ).
(vi) This follows directly from the construction of the map.

(vii) This follows directly from (v) and (vi).
Q.E.D.
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Next we prove Lemma [3.4
Proof of Lemma [3.4]
(ii) follows directly from the expression of . We prove (i) below.

Let A, B € Sym(H) where A = 22:1 Am(r)Pr and B = Zgzl P (k) @rr- We now show that
1
|m(4) —=(B)], < 3+2'*%)[A- B, (73)

Assume Ay — Ay < pg — pg. Otherwise switch the notations for A and B. If u; — g = 0 then 7(4) =
m(B) = 0 and the inequality (73) is satisfied. Assume now g3 — pz > 0. Thus @ is of rank 1 and therefore
[@1]l, = 1 for all p. First note that

T(A) —7m(B) = (M — A2)P1 — (1 — p2)Q1 = (A1 — Xo)(P1 — Q1) + (A1 — i1 — (A2 — p2)) Q1 (74)

Here ||Pi||, = ||Q1]|, = 1. Therefore we have ||P; — Q1| ., < 1 since P;, Q1 > 0. From that we have
1
1P~ @, < 2b.

Also, by Weyl’s inequality we have |A\; — p;| < [|[A — B||, for each i. Apply this to i = 1, 2 we get
A= — (A2 = p2)| < (A — | + A2 — po| < 2([A = B. Thus [\ — pa| + [Ad2 — po| <2[|A- B <
2||A- B,

Let g := A1 — A2, § := [[A — B|[,, then apply the above inequality to (74) we get

lw(A) = (B)|l, < g|[P1 — Qull, +20 < 2bg+20 (75)

If0<g<(2+277)3, then |[r(A) — n(B)], < (27 + 3)§ and we are done.
Now we consider the case where g > (2 4 27%)5. Note that in this case we have § < g/2. Thus we have
A1 — 1] < g/2 and |A2 — p2| < g/2. That means p1 > (A1 + A2)/2 and po < (A1 + A2)/2. Therefore, we

can use holomorphic functional calculus and put

1
and .
27i J,

where Ry = (A —2I)7', Rg = (B — zI)7!, and v = 7(t) is the contour given in the picture below (note
that v encloses p1 but not ps) and used also by [37].
Therefore we have

1P = Qull, < 5= [ 14 = R) ()1, 1 0 (78)

Now we have
(Ra — Rp)(2) = Ra(z) = (I + Ra(2)(B — A))'Ra(z) = Y _(—1)"(Ra(2)(B — A))"Ra(z)  (79)

2

<0 <20
P TstpA) = 9 S o,

since for large L we have ||[Ra(2)(B — A)|| < [|[Ra(2)| . [|1B — 4] < 1, where

<1

p(A) denotes the spectrum of A.
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Therefore we have
[(Ra = Re)(yO), < D [Ra(O)IZ 1A = Bl
_ _IRaG@DIZIA-BI, _ _l4-B],
L= [RAG ) 1A = Bll, ~ dist*(7(t), p(A))

(80)

S +1)

since dist((t), p(A)) > g/2 for each t for large L. Here we used the fact that if we order the singular values
of any matrix X such that o1(X) > 02(X) > -+, then for any ¢ we have 0;(XY) < 01(X)o;(Y), and thus
for two operators X, Y € Sym(H), we have || XY||, < [|X[[ Y],

Hence by (Z8]) and (80) we have

1P = Qull, < (25 +27Y) 122, / 1 1Y/ (¢)]dt (81)
P ™ 1 dist*(y(t), p(A))
By evaluating the integral and letting L approach infinity for the contour, we have as in [37]
1 , o 1 4 2t\1  2nm
ol =2 [ 7dt_[_arctan<_>} _ 82
|t o =2 [ g | i)l = )
Hence 14— B|
- 2 0
1P - @ill, < 28 +27)——2- = = 2" +1)° (83)
™ ) )

Thus by the first inequality in (75]) and B3] we have ||7(A) — 7(B)
We have proved that [7(A4) —w(B)|,

(SLO(H), [[/,,) is Lipschitz continuous with Lipschitz constant less than or equal to 3 +
Q.E.D.

I, < (3+2"F%)s.

< (3+2%) A~ B|,. That is to say, = : (Sym(H),||-],) —
ol+s

Now we are ready to prove Theorem [3.3]
Proof of Theorem
The proof for @ and ( are the same in essence. For simplicity we do it for [ first.
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We construct a map ¢ : (R™,[|-]| ) — — (H,d,) so that ¢(B(z)) = z for all z € H, and ¢ is Lipschitz
continuous. We prove the Lipschitz bound (27) which implies (26) for p =2 and ¢ = 1.

Set M = B(H) C R™. By hypothesis, there is a map ¢, : M — H that is Lipschitz continuous and
satisfies 11 (8(z)) = z for all # € H. Additionally, the Lipschitz bound between (M, l|-l5) (that is, M with

Euclidian distance) and (H,d;) is given by \/111_0

First we change the metric on H from d; to dy and embed isometrically H into Sym(H ) with Frobenius
norm (i.e. Euclidian metric):

Z12

(M) 25 (1, dy) 23 (7, dy) 25 (Sym(E), || ,) (84)

where i1 2(z) = x is the identity of H and kg is the isometry (2I) . We obtain a map Uy (M, |I-l) —
(Sym(H), ||-|| ,.) of Lipschitz constant

7 L Sy . 1
Lip(¢2) < Lip(¢1)Lip(i1,2)Lip(rs) = N
where we used Lip(iy2) = L{ ,,, = 1 by ([J).
Kirszbraun Theorem [36] extends isometrically ¥, from M to the entire R™ with Euclidian metric ||-|.
Thus we obtain a Lipschitz map ¥ : (R™, ||-||) = (Sym(H), ||-|| z,.) of Lipschitz constant Lip(¢2) = Lip(¢2) <
\/% so that 1y (B(z)) = [z, ] for all z € H.

The third step is to piece together 1o with norm changing identities.
For ¢ < 2 we consider the following maps:

R, [1,) 223 (R, |[15) 2 (Sym(H), ||| p) < (SO CHD, |1 ) " () () (85)

where j, 2 and 75 4, are identity maps on the respective spaces that change the metric. The map 9 claimed
by Theorem is obtained by composing:

U (R™ () = (Hodg) ¥ =iag-rg" 7ty o

Its Lipschitz constant is bounded by

) I>—‘
IOI»—‘

Lip(1))p.q < Lip(jp,2)Lip(¢2)Lip(m)Lip(r; ' )Lip(iz,q) < max(1,m®~ %> = (3+2v2) 1

Hence we obtained ([32). The other equation (26) follows for p = 2 and ¢ = 1.
For g > 2 we use:

R, [1],) 23 (R, |)-5) 2 (Sym(H), [-|lg,) =3 (Sym(H), ||],) = (SO(H), |-],) ~= (H dg)  (86)

where j, 2 and I3 4 are identity maps on the respective spaces that change the metric. The map 1 claimed
by Theorem is obtained by composing;:

YR ) = (Hodg) o Y=gt mDog 2 p
Its Lipschitz constant is bounded by
1

N[

») 1342101

Lip(¢)p.q < Lip(Jp,2)Lip(¢2)Lip(I2 4)Lip (7w )Lip(ﬁgl) < max(1,m

5
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Hence we obtained (33).
Replace 8 by a, ¢ by w, and kg by kq in the proof above, using the Lipschitz constants for k. in

Proposition B} we obtain (28) and (23]).
Q.ED.
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