PRECONDITIONING TECHNIQUES IN FRAME THEORY AND

PROBABILISTIC FRAMES

KASSO A. OKOUDJOU

ABSTRACT. In this chapter we survey two topics that have recently been investi-
gated in frame theory. First, we give an overview of the class of scalable frames.
These are (finite) frames with the property that each frame vector can be rescaled
in such a way that the resulting frames are tight. This process can be thought of
as a preconditioning method for finite frames. In particular, we: (1) describe the
class of scalable frames; (2) formulate various equivalent characterizations of scal-
able frames, and relate the scalability problem to the Fritz John ellipsoid theorem.
Next, we discuss some results on a probabilistic interpretation of frames. In this
setting, we: (4) define probabilistic frames as a generalization of frames and as a
subclass of continuous frames; (5) review the properties of certain potential func-
tions whose minimizers are frames with certain optimality properties. The chapter
is based on a lecture given by the author at the AMS 2015 Short Course on Finite
Frame Theory: A Complete Introduction to Overcompleteness.
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1. INTRODUCTION

This chapter is devoted to two topics that have been recently investigated within
frame theory: (a) frame preconditioning methods investigated under the vocable
scalable frames, and (b) probabilistic methods in frame theory referred to as probabilistic
frames. Before getting to the details on each of these topics we briefly review some
essential facts on frame theory and refer to [15, 42, 50, 51] for more on frames and
their applications. In all that follows we restrict ourselves to frames in R”.

1.1. Review on finite frame theory.

Definition 1.1. A set ® = {p;}L, CRY is a frame for RY if 3A, B > 0 such that
Vo € RY,

M
Allz|® < Y Kz, on)* < Bllz|®.
k=1

If, in addition, each ¢y is unit-norm, we say that ® is a unit-norm frame. The set
of frames for RY with M elements will be denoted by F(M,N), and simply F if
M and N are fixed. In addition, we shall denote the subset of unit-norm frames by
Fu(M,N), ie.,

FuM,N) = {{oe}its € F(M,N) : |lgplla =1 for k=1,...,M}.

We shall investigate frames via the analysis operator, L, defined by

L:RY - RY 2 Lo = {{z, o) 2L,
The synthesis operator is the adjoint L* of L and is defined by
M
L' :RM 5 RY .= ()i, — L'c = chgok.
k=1
It is easily seen that the canonical matrix associated to L* is the N x M matrix whose
k™ column is the frame vector ¢;. As such we shall abuse notation and denote this
matrix by ¢ again. Consequently, the canonical matrix associated with L is simply

®T . the transpose of ®.
The frame operator S = L*L is given by

M
S:RY RN .z Sz = Z(x,<pk><pk,
k=1

and its matrix will be denoted (again) by S with
S =o9".
The Gramian (operator) of the frame is defined by

G=LL"=d"d.

In fact, the Gramian in an M x M matrix whose (i, j)™ entry is (¢}, ;).
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® = {pp M, C RM is a frame if and only if S is a positive definite matrix on RM.
In this case,

{SEk}lzcwzl = {SilSDk}iW:l
is also a frame, called the canonical dual frame, and, for each x € RV, we have

(1.1) =) (T, 00k =Y (T, Br)pk.

A frame ® is a tight frame if we can choose A = B. In this case the frame operator
is simply a multiple of the identity operator. To any frame ® = {¢;}2, C RM is
associated a canonical tight frame given by

{el 3ty = {87 * a1l C RY
such that for every x € R,
M
(1.2) v=Y (x,0})el
k=1
If ® is a tight frame of unit-norm vectors, we say that ® is a finite unit-norm tight
frame (FUNTEF). In this case, the reconstruction formula (1.1) reduces to

M
(1.3) Ve eRY, z=28"(z,01)0n
k=1

FUNTFSs are one of the most fundamental objects in frame theory with several ap-
plications. Other chapters in this volume will delve more into FUNTFs. The recon-
struction formulas (1.3) and (1.2) are very reminiscent of the expansion of a vector
in an orthonormal basis for R?. However, due to the redundancy of frames, the co-
efficients in these reconstruction formulas are not unique. But the “simplicity” of
these reconstruction formulas makes the use of tight frames very attractive in many
applications. This in turn, spurs the need for methods to characterize and construct
tight frames.

A major development in this direction is due to Benedetto and Fickus [7] who
proved that for each ® = {¢;}L, C R, such that ||¢x|| = 1 for each k, we have

(1.4) FP(®) =) > ey eml* = § max(M, N),

j=1 k=1

where FP(®) is the frame potential. The bound given in (1.4) is the global minimum of
FP and is achieved by orthonormal systems if M < N, and by tight frames if M > N.
Casazza, Fickus, Kovacevié¢, Leon and Tremain [16] extended this result by removing
the condition that the frames are unit norm. In essence, these results suggest that one
may effectively search for FUNTFs by minimizing the frame potential. In practice,
techniques such as the steepest-descent method can be used to find the minimizers of
the frame potential [17, 59]. For other related results on the frame potential we refer
to [33, 46], and [15, Chapter 10]. The frame potential and some of its generalization
will be considered in Section 3.
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Construction of FUNTFs has seen a lot of research activities in recent years and
as a result a number of construction methods have been offered. Casazza, Fickus,
Mixon, Yang and Zhou [18] introduced the spectral tetriz method for constructing
FUNTFs. This method has been extended to construct all tight frames, [19, 34, 55].
There have also been other new insights in the construction of tight frames, leading
to methods rooted in differential and algebraic geometry, see [12, 13, 69, 68]. Some
of these methods will be introduced in some of the other chapters on this volume.

1.2. Scalable frames. While these powerful algebro-geometric methods can con-
struct all tight frames with given vector lengths and frame constant, they have
not been able to incorporate any extra requirement. To put it simply, constructing
application-specific FUNTF's involves extra construction constraints, which usually
makes the problem very difficult. However, one could ask if a (non) tight frame
can be (algorithmically) transformed into a tight one. An analogous problem has
been investigated for decades in numerical linear algebra. Indeed, preconditioning
methods are routinely used to convert large and poorly-conditioned systems of linear
equations Ax = b, into better conditioned one [9, 36, 43]. For example, a ma-
trix A is (row/column) scalable if there exit diagonal matrices Dy, Dy with positive
diagonal entries such that D;A, ADy, or D;ADy have constant row/column sum,
[6, 36, 47, 48, 66]. Matrix scaling is part of general preconditioning schemes in nu-
merical linear algebra [9, 43].

One of the goals of these notes is to survey recent developments in preconditioning
methods in finite frame theory. In particular, we describe recent developments in
answering the following question:

Question 1.2. Is it possible to (algorithmically) transform a (non-tight) frame into
a tight frame?

In Section 2, we outline a convex geometric approach that has been proposed to
answer this question. For example, we consider the case of solving Question 1.2 using
some classes of scaling matrices to transform a non-tight frame into a tight one. More
specifically, we give an overview of recent results addressing the following problem.

Question 1.3. Is it possible to rescale the norms of the vectors in a (non-tight) frame
to obtain a tight frame?

Frames that answer positively Question 1.3 are termed scalable frames, and were
characterized in [52], see also [54]. This characterization is operator-theoretical and
solved the problem in both the finite and the infinite dimensional settings. More
precisely, in the finite dimensional setting, the main result of [52| characterizes the
set of non scalable frames and gives a simple geometric condition for a frame to
be non scalable in dimensions 2 and 3, see Section 2.2. Other characterizations of
scalable frames using the properties of the so-called diagram vector ([41]) appeared
in [25]. We refer to [14] for some other results about scalable frames.

1.3. Probabilistic frames. While frames are intrinsically defined through their
spanning properties, in real euclidean spaces, they can also be viewed as distributions
of point masses. In this context, the notion of probabilistic frames was introduced as
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a class of probability measures with finite second moment and whose support spans
the entire space [29, 30, 32]. Probabilistic frames are special cases of continuous
frames as introduced by S. T. Ali, J.-P. Antoine, and P.-P. Gazeau [1], see also [35].

In Section 3, we consider frames from this probabilistic point of view. To begin
we note that probabilistic frames are extensions of the notion of frames previously
defined. Indeed, consider a frame, ® = {p;}L, for RY and define the probability

measure
M
_ 1
He = 37 E O
k=1

where §, is the Dirac mass at € RY. It is easly seen that the second moment of g
is finite, i.e.,

M
[ NelPdnota) = 3 ol < .
k=1

and the span of the support of g is RY. Thus, each (finite) frame can be associated
to a probabilistic frame. We shall present other examples of probabilistic frames
associated to ® in Section 3. By analogy to the theory of finite frame, we shall say
that a probability measure on R with finite second moment is a probabilistic frame
if the linear span of its support is RV.

It is known that the space Py(RY) of probability measures with finite second mo-
ments can be equipped with the (2-)Wasserstein metric. In this setting, many ques-
tions in frame theory can be seen as analysis problems on a subset of the Wasserstein
metric space Po(RY). In Section 3 we introduce this metric space and derive some
immediate properties of frames in this setting. Moreover, this probabilistic setting
allows one to use non-algebraic tools to investigate questions from frame theory.
For instance, tools like convolution of measures has been used in [32] to build new
(probabilistic) frames from old ones.

One of the main advantages in analyzing frames in the context of the Wasserstein
metric lies in the powerful tools available to solve some optimization problems involv-
ing frames using the framework of optimal transport. While we will not delve into any
details in this chapter, we point out that optimization of functionals like the frame
potential can be studied in this setting. For example, C. Wickman recently showed
that a potential function that generalizes Benedetto and Fickus’s frame potential can
be minimized in the Wasserstein space using some optimal transport notions [81]. In
the last part of the lecture, we shall focus on a family of potentials that generalize
the frame potential and present a survey of recent results involving their minimiza-
tion. In particular, this family includes the coherence of a set of vectors, which is
important quantity in compressed sensing [70, 78, 80|, as well as a functional whose
minimizers are, in some cases, solutions to the Zauner’s conjecture [62, 83].

Though we shall not elaborate on these here, it is worth mentioning that probabilis-
tic frames are related to many other areas including: (a) the covariance of matrices
multivariate random vectors [57, 63, 64, 76, 75]; (b) directional statistics where there
are used to test whether certain data are uniformly distributed; see, [31, 58]; (c)
isotropic measures [37, 61], which, as we shall show, are related to the class of tight
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probabilistic frames. We refer to [32] for an overview of other relationships between
probabilistic frames and other areas.

The rest of this chapter is organized as follows. In Section 2 we give an overview of
the recent developments on scalable frames or preconditioning of frames. In Section 3
we deal with probabilistic frames and outline the recently introduced Wasserstein
metric tools to deal with frame theory.

2. PRECONDITIONING TECHNIQUES IN FRAME THEORY

Scalable frames are frames ® = {p;}21, for RY for which there exist nonnegative
scalars {c L, C [0, 00) such that

& = {crpr i,

is a tight frame. Scalable frames were first introduced and characterized in [52]. Both
infinite and finite dimensional settings were considered. In this section, we only focus
on the latter giving an overview of recent methods developed to understand scalable
frames. The results that we shall describe give an exact characterization of the set of
scalable frames from various perspectives. However, the important and very practical
question of developing algorithms to find the weights {c;} that make the frame tight
will not be considered here, and we refer to [23] for a sample of results on this topic.
Similarly, when a frame fails to be scalable, one could seek to relax the tightness
condition and seek an “almost scalable frame”. These considerations are sources of
ongoing research and will not be taken upon here. Finally, it is worth pointing out a
very interesting application of the theory of scalable frames to wavelets constructed
from the Laplacian Pyramid scheme [44].

The rest of this section is organized as follows. In Section 2.1 we define scalable
frames and derive some of their elementary properties. We then outline a characteri-
zation of the set of scalable frames in terms of certain convex polytopes in Section 2.2.
This characterization is preceded by motivating examples of scalable frames in di-
mension 2. In Sections 2.3 and 2.4 we give two other equivalent characterizations
of scalable frames. The first of these characterizations has geometric interpretation,
while the second one is based on Fritz John’s ellipsoid theorem.

2.1. Scalable frames: Definition and Properties. The following definitions of
scalable frames first appeared in [52, 53]:

Definition 2.1. Let M, N be integers such that N < M. A frame ® = {o;}L,
in RY is called scalable, respectively, strictly scalable, if there exist nonnegative, re-
spectively, positive, scalars {c; }, such that {cypr L, is a tight frame for RY. The
set of scalable frames, respectively, strictly scalable frames, is denoted by SC(M, N),
respectively, SC, (M, N).

Moreover, given an integer m with N < m < M, ® = {p;}} is said to be m-
scalable, respectively, strictly m—scalable, if there exist a subset ®; = {¢y}rer with
I C{1,2,..., M}, #I = m, such that ®; = {¢x }rer is scalable, respectively, strictly
scalable.

We denote the set of m-scalable frames, respectively, strictly m-scalable frames in
F(M,N) by SC(M, N, m), respectively, SC (M, N, m).



PRECONDITIONING TECHNIQUES IN FRAME THEORY AND PROBABILISTIC FRAMES 7

When the integer m is fixed in a given context, we will simply refer to an m—scalable
frame as a scalable frame. The role of the parameter m is especially relevant when
dealing with frames of very large redundancy, i.e., when M /N > 1. In such a case,
choosing a “reasonable” m such that the frame is m—scalable could potentially lead
to sparse representations for signals in R". In addition, the problems of finding the
weights that make a frame scalable as well as determining the smallest m such that
a given frame is m— scalable have been considered in [21, 14]. We shall give more
details about this question in Section 2.2.

We now point out some special and trivial examples of scalable frames. When
M = N, a frame & is scalable if and only if ® is an orthogonal set. Moreover, when
M > N, if ® contains an orthogonal basis, then it is clearly N —scalable. Thus, given
M > N, the set SC(M, N, N) consists exactly of frames that contains an orthogonal
basis for RV.

So from now on we shall assume without loss of generality that M > N + 1, that
® contains no orthogonal basis, and that o, # £, for £ # k.

Given a frame ® C RY, assume that ® = ®; U &, where

b1 = {p) € D: o (V) > 0}
and

By = {p)” € ©: o7 (N) < 0}.
In other words, ®; consists of all frame vectors from ® whose N** coordinates are
nonnegative. Then the frame &’ = ¢, U(—dy) = {go,gl)}u{—cp,(f)} has the same frame
operator as ®. In particular, ® is a tight frame if and only if " is a tight frame.
In addition, ® is scalable if and only if ®’ is scalable with exactly the same set of
weights. Note that the frame vectors in @' are all in the upper-half space. Thus,
when convenient we shall assume without loss of generality that all the frame vectors
are in the upper-half space, that is ® C R¥~! x R, where R, = [0, 00).

We note that a frame ® = {¢,}2, C RY with ¢, # 0 for each k = 1,..., M is

scalable if and only if &' = {H:Z_:H}’]fwzl is scalable. Consequently, we might assume in
the sequel that we work with frames consisting of unit norm vectors.

We now collect a number of elementary properties of the set of scalable frames in
RY. We refer to [52, 53] for details.

Proposition 2.2. Let M > N, and m > 1 be integers.
(i) If & € F is m-scalable then m > N.
(ii) For any integers m,m’ such that N < m < m' < M we have that
SC(M,N,m) Cc SC(M,N,m’),

and

M
SC(M,N) =S8C(M,N,M) = | J SC(M,N,m).
m=N
(iii) ® € SC(M,N) if and only if T(®) € SC(M, N) for one (and hence for all)
orthogonal transformation(s) 7' on R,
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(iv) Let @ = {@p}0 )t € F(N +1,N)\ {0} with o # £ for k # £. If & €
SC.(N 4 1,N,N), then ® ¢ SC,(N + 1, N).

Remark 2.3. We point out that part (iii) of Proposition 2.2 is equivalent to saying
that ® is not scalable if one can find an orthogonal transformation 7' on R" such
that T'(®) is not scalable.

Besides these elementary properties, a study of the topological properties of the
set of scalable frames was considered in [52, 53]. In particular,

Proposition 2.4. Let M > N > 2.
(i) SC(M,N) is closed in F(M,N). Furthermore, for each N < m < M,
SC(M, N, m) is closed in F(M,N).
(ii) If M < N(N + 1)/2, then the interior of SC(M, N) is empty.
Part (i) of Proposition 2.4 was proved in [52, Corolarry 3.3] and [53, Proposition
4.1], while part (ii) first appeared in [53, Theorem 4.2].

2.2. Convex polytopes associated to scalable frames. We now proceed to write
an explicit formulation of the scalability problem. From this formulation a convex
geometric characterization of SC(M, N') will follow. To start, we recall that ® denote
the synthesis operator associated to the frame ® = {@,}M,. ® is (m-) scalable if

and only if there are positive numbers {xy }xe; with #I = m > N such that ® = dX
satisfies

S&T 25T _ A Drer villenl?
(2.1) PP’ = OXP" = Aly = =1y

where X is the diagonal matrix with the weights x; on its main diagonal if k£ € I and
0 for k ¢ I, and Iy is the N x N identity matrix. Moreover,

| Xlo=#{k:2r >0} =m > N.
By rescaling the diagonal matrix X, we can assume that A = 1. Thus, (2.1) is
equivalent to solving
(2.2) Y OT = Iy
for Y = 4 X2,
To gain some intuition let us consider the two dimensional case with M > 3. In

particular, let us describe when ® = {¢ 1M, C S' is a scalable frame. Without loss
of generality, we may assume that ® = {¢ox}2, C R x Ry, [Jpx]| = 1, and ¢y # Lo

for ¢ # k. Thus
~ [cos by 1
Yk = <sm9k) €S

0=0,<0y<bs5<...<Oy<m.
Let Y = (yx)iL, C [0,00), then (2.2) becomes

with

(2.3) ( >kt i cos” O Ziilyksinﬁkcosek) _ (1 o>.

Zkle Y. Sin Oy, cos O, 212/1:1 s, sin? 0y, 0 1
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This is equivalent to

224:1 ypcos?l, = 1
Z,Ale ypsin® @, =
224:1 ypsinf,cosf, = 0,
and using some row operations we arrive at
Z,iw:l ypsin?f, = 1
22/[:1 ypcos20, = 0
S yesin26, = 0.
For ® to be scalable we must find a nonnegative vector Y = (y;)4L, in the kernel of

cos 20,

sin 2 0k) . Notice that the first equation is just a

the matrix whose k' column is <

normalization condition.
We now describe the the subset of the kernel of this matrix that consists of non-
trivial nonnegative vectors. Observe that the matrix can be reduced to

(2.4) (1 cos205 ... cos 29M> .

0 sin26, ... sin20;,

Example 2.5. We first consider the case M = 3. In this case, we have 0 = 6, <
0y < 03 < m, and the (2.4) becomes

(2.5) (1 cos 205 cos 293) .

0 sin 292 sin 293

If there exists an index ky € {2,3} with sin26,, = 0, then 6y, = 7/2 and the
corresponding frame contains an ONB and, hence is scalable.
(i) Moreover, if kg = 2, then 0 = 6y < 0, = /2 < 035 < 7. In this case, the fame
is 2— scalable but not 3— scalable, i.e., the frame is in SC (3, 2,2)\SC(3,2, 3).
This is illustrated by Figure 1.
(ii) If ko = 3, then 0 = 6, < 0y < 03 = 7/2. By symmetry (with respect to the y
axis) we conclude again that the fame is 2— scalable but not 3— scalable.
Assume now that 6, # 7/2 for k = 2,3. If 3 < 7/2, then the frame cannot be
scalable. Indeed, u = (z1, 29, 23) belongs to the kernel of (2.5) if and only if

_ sin2(03—02)
(2.6) 1= sin20; <3
. > _ __ sin263
2 = sin 20, ©3»

where z3 € R. The choice of the angles implies that z523 < 0 and z123 < 0 with
equality if and only if z3 = 0. This is illustrated by Figure 2. Similarly, if 0 = 6 <
/2 < By < 03 <, then the frame cannot be scalable.

On the other hand if 0 = 6, < 0y < 7/2 < 65 < =, then it follows from (2.6)
z1 > 0 and z5 > 0 for all z3 > 0 if and only if 5 — 0y < /2. Consequently,
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FIGURE 1. A scalable frame (contains an orthonormal basis) with 3
vectors in R?. The original frame vectors are in blue, the frame vec-
tors obtained by scaling are in red, and for comparison the associated
canonical tight frame vectors are in green.

FIGURE 2. A non scalable frame with 3 vectors in R%. The original
frame vectors are in blue, for comparison the associated canonical tight

frame vectors are in green.

when 0 = 6; < 0y < 7/2 < 63 < w the frame ® € SC,(3,2,3) if and only if
0 < 03 — 0y < w/2. This is illustrated by Figure 3.

Example 2.6. Assume now that M = 4. Then we are lead to seek nonnegative
non-trivial vectors in the null space of

1 cos260, cos20; cos20,
0 sin20, sin20; sin264/)°

If there exists an index ky € {2,3,4} with sin26,, = 0, then 6, = 7/2 and
the corresponding frame contains an ONB. Consequently, the frame is scalable. In
particular,

(1) When ky = 2, the null space of the matrix is described by

o sin2(04—03)
= T sin 203 245
> _ sin204

3 = sin 203 <4
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FIGURE 3. A scalable frame with 3 vectors in R2. The original frame
vectors are in blue, the frame vectors obtained by scaling are in red,
and for comparison the associated canonical tight frame vectors are in
green.

where 25,24 € R. Note that z3 < 0, with equality only when 2z, = 0, in
which case z3 = 0 and the frame will be 2—scalable, but not m—scalable for
m = 3,4. This is illustrated by the left figure in Figure 4.

FIGURE 4. A scalable frame (contains an orthonormal basis) with with
4 vectors in R2. The original frame vectors are in blue, the frame vec-
tors obtained by scaling are in red, and for comparison the associated
canonical tight frame vectors are in green.

(2) If instead, ko = 3, then a similar argument shows that

o sin 2(64—62)
21= Tt g0, A4
_ _ sin264
22 = sin 20, <41

where z3,24 € R. Any choice of z4 > 0 will result in 2z, > 0. If we choose
0, — 6y < w/2, then z3 > 0 will lead to a 3— scalable frame or a 4—scalable
frame. If instead, 0, — 0y > 7/2 we can always choose z3 > 0 and large enough
to guarantee that z; > 0, hence ® will be 4—scalable.

(3) When ko =4, then ® € SC,(4,2,2) \ SC(4,2,m) for m = 3,4.

(4) When sin 26, # 0 for k € {2, 3,4} then

{ s = sin521519;239;92)23+ sin2(04702)z4’

sin 202
sin 2603 sin 2604
22 - -

sin 209 3 sin 209

24,
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where 23, z4 € R. A choice of z3, z4 > 0 will lead to a scalable frame if at least
z1 > 0 or zo > 0. For example, Figure 5 shows a scalable frame.

FIGURE 5. A scalable frame with with 4 vectors in R?. The original
frame vectors are in blue, the frame vectors obtained by scaling are in
red, and for comparison the associated canonical tight frame vectors
are in green.

But in this case we could also get non scalable frame, see Figure 6 . The
implication here is that the scalability of the frames depends on the relative
position of the frame vectors (hence) the angles ;. This will be made rigorous
in Section 2.3.

FIGURE 6. A non scalable frame with 4 vectors in R?. The original
frame vectors are in blue, for comparison the associated canonical tight
frame vectors are in green.

More generally in this two dimensional case, we can continue this analysis of the
transformation given by the matrix (2.4) to characterize when ® = {p;} | is scal-
able. From the figures shown in Examples 2.5 and 2.6, it is clear that some geometric
considerations are involved. Before elaborating more on these geometric considera-
tions in Section 2.3, we now consider the general case M > N > 2. In particular, we
follow the algebraic approach given in the two-dimensional case, by writing out the
equations in (2.2) and collecting all the diagonal terms one the one hand, and the non-
diagonal terms on the other, we see that for a frame to be m-scalable it is necessary
and sufficient that there exists u = (¢?,¢3, ..., ;)T with [Jullo := #{uy : ux > 0} <m
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which is a solution of the following linear system of w

knowns (y;)

equations in the M un-

j=1-
M
Soik)’y; = 1 fork=1,...,N,
.7) w
Yooil)pik)y; = 0 fork>¢=1,...,N.
j=1

We can further reduce this linear system in the following manner. We keep all
the equations with homogeneous right-hand sides, i.e., those coming from the non
diagonal terms of (2.2). There are N(N — 1)/2 such equations. The remaining N
equations come from the diagonal terms of (2.2), and their right hand-sides are all

1. We can use row operations to reduce these to a new set of N linear equations the
first of which will be

M
> (1) = 1.
j=1

For k = 2,..., N, the k" equation is obtained by subtracting row 1 from row k
leading to

M

> (i (k) = ;(1)%)y; = 0.

j=1

The condition
M
> i)y =1
j=1

is a normalization condition, indicating that if ® can be scaled with y = (y;)}L, C
[0,00), then it can also be scaled by Ay for any A > 0. Thus, ignoring this condition
and collecting all the remaining equations, we see that ® is m-scalable if and only if
there exists a nonnegative vector u € RM with |lullo < m such that

F(®)u =0,
where the (N — 1)(N +2)/2 x M matrix F(®) is given by
F(®)= (F(¢1) Flp2) ... Fleum)),
where F': RY — R, d:= (N — 1)(N + 2)/2, is defined by
Fy(x) xz — x% TpThat

(2.8) F(z)= Flfx) o R@= T B@-=| T

FN,.l (7) x? _ T3 :L‘k'l‘N
and Fy(z) e RV-L F(z) e RV % k=1,2,...,N — 1.

To summarize, we arrive at the following result that was proved in [53, Proposition
3.7]
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Proposition 2.7. [53, Proposition 3.7] A frame ® for RY is m-scalable, respectively,
strictly m-scalable, if and only if there exists a nonnegative u € ker F'(®) \ {0} with
lu|lo < m, respectively, ||ullo = m, where ||ul|o = #{k : ux > 0}.

In the two dimensional case the map F' reduces to

f(5)=("0"):

However, in all the previous examples we considered instead the more geometric map

~ [ 22— 12

F(y) :< nyy)‘
It is readily seen that F(®) and F(®) have exactly the same kernel. In fact the map
F carries the following geometric interpretation. Let Ly be a line through the origin
in R? which makes an angle § with the positive x—axis with § € [0,7]. Then the
image of Ly by F is the line Loy that makes an angle 20 with the positive z— axis.
That is, F just rotates counterclockwise the line Ly by an angle equal to 6.

In the two dimensional case we exploited the geometric meaning of the map F

or F to describe the subset of nonnegative vectors of the nullspace of F(®). More

generally, to find nonnegative vectors in the nullspace of the matrix F(®) we can
appeal to one of the formulation of Farkas lemma:

Lemma 2.8. [60, Lemma 1.2.5] For every real N x M-matrix A exactly one of the
following cases occurs:

(i) The system of linear equations Az = 0 has a nontrivial nonnegative solution
x € RM ie., all components of x are nonnegative and at least one of them is
strictly positive.

(ii) There exists y € RY such that y” A is a vector with all entries strictly positive.

Applying this in the two dimensional case, we see that for the frame to be scalable,
the second alternative in Farkas’s lemma should not hold. That is there must exist
no vector in R? that lies on “one side” of all the vectors F(¢y) for k = 1,2,..., M.
We illustrate this by the following figures:

We make the following observation about the first alternative of Lemma 2.8. If
{Ag}L, C RY represents the column vectors of A, then there exists of a vector
0 # x = (z3)1L, with 2 > 0 such that Az = 0 is equivalent to saying that

M
Z ZBkAk = 0.
k=1

Without loss of generality we may assume that Z,]y:l xr = 1, in which case the
condition is equivalent to 0 being a convex combination of the column vectors of A.
Thus, having a nontrivial nonnegative vector in the null space of A is a statement
about the convex hull of the columns of A.

Motivated by the geometric intuition we gained from the two-dimensional setting
and to to effectively use Farkas’s lemma, we introduce a few notions from convex
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FIGURE 7. Frames with 4 vectors in R? (in blue, top and bottom left)
and their images by the map F' (in green, top and bottom right). Both
of these examples result in non scalable frames.

i ~
e
I \\
!
I
T
| !
N i
A Ve
e -
"‘-\-\._\_\______/
- - - T
- . // .
, N,
/ y
! ! i
T
\ ! \ !
Y ! Y !
A / AN s
P -~ P -~

FIGURE 8. Frames with 4 vectors in R? (in blue, top and bottom left)
and their images by the map F' (in green, top and bottom right). Both
of these examples result in scalable frames.

geometry, especially the theory of convex polytopes, and we refer to [67, 79] for more
details on these concepts. For a finite set X = {z;}L, C R", the polytope generated
by X is the convex hull of X, which is a compact convex subset of RY. In particular,
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we denote this set by Py (or co(X)), and we have

M M
Px =co(X) := {Zakxk:ak >0, Zak = 1}.
k=1 k=1

The affine hull generated by X is defined by

aff(X) := {Zakxk : Zak = 1}.

We have co(X) C aff(X). The relative interior of the polytope co(X) denoted by
rico(X), is the interior of co(X) in the topology induced by aff(X). We have that
rico(X) # () as long as #X > 2, and

M M
rico(X) = {Zakxk Doy > O,Zak = 1} )
k=1 k=1

The polyhedral cone generated by X is the closed convex cone C(X) defined by

C(X) = {Zakxk sy, > O}.

The polar cone of C(X) is the closed convex cone C°(X) defined by
Co(X) :={z eRY : (x,y) <0 forall y € C(X)}.

The cone C(X) is said to be pointed if C(X) N (—=C(X)) = {0}, and blunt if the
linear space generated by C'(X) is RY, i.e., span C(X) = R¥.
Using Proposition 2.7, we see that ® is (m—)scalable if there exists {\g}rer C

[0,00) , #I = m such that

> MF(gr) = 0.

kel
This is equivalent to saying that 0 belongs to the polyhedral cone generated by
F(®;) = {F(¢r)}rer- Without loss of generality we can assume that ), Ay =1
which implies that 0 belongs to the polytope generated by F(®;) = {F (k) }rer-
Putting these observations together with Lemma 2.8 the following results were es-
tablished in [53, Theorem 3.9]. In the sequel, we shall denote by [K] the set of integers
{1,2,..., K} where K € N.

Theorem 2.9. [53, Theorem 3.9] Let M > N > 2, and let m be such that N < m <
M. Assume that ® = {@p}2L, € F*(M, N) is such that ¢ # @, when k # ¢. Then
the following statements are equivalent:

(i) ® is m—scalable, respectively, strictly m—scalable,
(ii) There exists a subset I C [M] with #I = m such that 0 € co(F(®;)),
respectively, 0 € rico(F(®y)).
(iii) There exists a subset I C [M] with #1 = m for which there is no h € R? with
(F(pr),h) > 0 for all k € I, respectively, with (F(¢x),h) > 0 for all k € I,
with at least one of the inequalities being strict.
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The details of the proof of this result can be found in [53, Theorem 3.9]. We point
out however, that the equivalence of (i) and (ii) follows from considering co(F(®;))
which is the polytope in RY generated by the vectors {F (o) }rer-

By removing the normalization condition that the ¢! norm of the weights making
a frame scalable is unity, Theorem 2.9 can be stated in terms of the polyhedral cone
C(F(®)) generated by F(®). This is the content of the following result which was
proved in [53, Corollary 3.14]:

Corollary 2.10. [53, Corollary 3.14] Let ® = {¢,}M, € F*, and let N <m < M
be fixed. Then the following conditions are equivalent:

(i) @ is strictly m-scalable .
(ii) There exists I C [M] with #I = m such that C'(F(®;)) is not pointed.

(iii) There exists I C [M] with #I = m such that C'(F(®;))° is not blunt.

(iv) There exists I C [M]| with #I = m such that the interior of C'(F(®;))° is

empty.

The map F given in (2.8) is related to the diagram vector of [41], and was used
in [25] to give a different and equivalent characterization of scalable frames which we
now present. We start by presenting an interesting necessary condition for scalability
in both RY and C" proved in [25, Theorem 3.1]:

Theorem 2.11. [25, Theorem 3.1] Let ® = {¢x}1L, € F.(M,N). If ® € SC(M, N),

then there is no unit vector u € RY such that |[(u, px)| > \/LN forall k =1,2,..., M

and |(u, pg)| > \/Lﬁ for at least one k.

As pointed out in [25] the condition in Theorem 2.11 is also sufficient only when
N = 2. We wish to compare this result to the following theorem that give a necessary
and a (different) sufficient condition for scalability in RY, and these two conditions
are necessary and sufficient only for N = 2.

Theorem 2.12. [22, Theorem 4.1] Let ® € F,(M, N). Then the following hold:
(a) (A necessary condition for scalability ) If ® is scalable, then

1
2.9 min max |(d, > —.
( ) Idla=1 & ’< (pk’H \/N
(b) (A sufficient condition for scalability ) If
N -1
: VAt
(2.10) min max [(d, pu)| 2 | =

then @ is scalable.

Clearly when N = 2 the right hand sides of both (2.9) and (2.10) coincide leading
to a necessary and sufficient condition.

Observe that (2.9) is equivalent to the fact that for each unit vector d € RY, there
exists k =1,2,..., M such that

(d, )| > %ﬁ
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which is different from the condition in Theorem 2.11.

We can now present the characterization of scalable obtained in [25, Theorem 3.2]
and which is based on the Gramian of the diagram vectors. More precisely, for each
v € RN, we define the diagram vector to be the vector & € RNV=1 given by

[ v(1)?—0(2)? ]

eV =12 — o)
V2Nv(1)v(2) '

[ VZNu(N = 1)o(N)]

where the difference of the squares v?(i) —v?(j) and the product v(i)v(j) occur exactly
once for 1 < j,i =1,2,..., N — 1. Using this notion, the following result was proved:

(31
I

(2.11)

r

Theorem 2.13. [25, Theorem 3.2] Let & = {¢; }r=1 M € F, be a frame of unit-norm
vectors, and G = ((Px, @¢)) be the Gramian of the diagram vectors {(; }22,. Suppose
that G is not invertible. Let {vy, v, ..., v} be a basis of the nullspace of G’ and set

v1(4)
T, = ,
ve(i)
fori=1,2,..., M. Then ® is scalable if and only if 0 & co{ry,rs,...,ru}.

When a frame ® = {¢;}2, C RY is scalable, then there exist {cz}4L, C [0, 00)
such that {cxpr AL, is a tight frame. The nonnegative vector w = {cZ} is called
a scaling of ® [14]. The scaling w = {2}, C [0,00) is said to be a minimal scaling
if {¢x : ¢& > 0} has no proper subset which is scalable. The notion of minimal
scalings has recently found some very interesting applications on some structural
decomposition of frames; see, [21, Section 4] for more details. It turns out that finding
the scalings of a scalable frame can be reduced to finding its minimal scalings. More
specifically, the following result was proved in [14, Theorem 3.5]:

Theorem 2.14. [14, Theorem 3.5] Suppose ® = {¢,}2L, € F, is a scalable frame,
and let w = {w,}M, C [0,00) be one of its minimal scalings. Then {prp? : wp > 0}
is linearly independent. Furthermore, every scaling of ® is a convex combination of
minimal scalings.

2.3. A geometric condition for scalability. The two dimensional case we exam-
ined earlier (Example 2.5 and Example 2.6) indicates that a frame is not scalable
when the frame vectors “cluster” in certain “small” plane regions. In fact, broadly
speaking, the frame is not scalable if its vectors lies in a double cone C'N (—C') with
a “small” aperture. This was formalized in Theorem 2.9 and Corollary 2.10. We
can further exploit these results to give a more formal geometric characterization of
scalable frames.
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To begin, we rewrite (iii) of Theorem 2.9 in the following form. For z = (x;,)Y_, €
RN and h = (ht)¢_, € RY, we have that

N-1

N N
(2.12) <F(ZE), h> = Z hg_l(l’% - I?) + Z hk(N 1—(k—1)/2)+£— 1XETy.
= k=1 {=k+1

Consequently, fixing h € RY, (F(x),h) is a homogeneous polynomial of degree 2 in
T1,Zs,...,xy. Denote the set of all polynomials of this form by PY. Then P} can

be identified with the subspace of real symmetric N x N matrices whose trace is 0.
Indeed, for each N > 2, and each p € Pév ,

E ap—1( —xg + E E k(N —(k+1)/2)+—1TkT 2,

k=1 (=k+1
we have p(x) = (Q,, x), where @, is the symmetric N x N-matrix with entries

N-1
ag, Qp(l,0) =—ap—y forl¢=23,...,N

k=1

and

1
Q (/C f) ——ak(N (k+1)/2)+6—1 fOI‘kZl,...,N—l, EZk—}—l,...,N.

Thus, (F(z),h) = (Qnz,z) = 0 defines a quadratic surface in R, and condition
(iii) in Theorem 2.9 stipulates that for ® to be scalable, one cannot find such a
quadratic surface such that the frame vectors (with index in 7) all lie on (only)
“one side” of this surface. By taking the contrapositive statement we arrived at the
following result that was proved differently in [52, Theorem 3.6]. In particular, it
provides a characterization of non-scalability of finite frames, and we shall use it
to give a very interesting geometric condition on the frame vectors for non-scalable
frames.

Theorem 2.15. [52, Theorem 3.6] Let ® = {px}iL, € F*. Then the following
statements are equivalent.

(i) @ is not scalable.
(i) There exists a symmetric matrix ¥ € RY*N with Tr(Y) < 0 such that
(Yor,op) >0forall k=1,..., M.
(iii) There exists a symmetric matrix ¥ € R¥*Y with Tr(Y) = 0 such that
(Yr,or) >0forall k=1,... M.

To derive the geometric condition for non-scalability we need some set up. It is
not difficult to see that each symmetric N x N matrix Y in (iii) of Theorem 2.15
corresponds to a quadratic surface. We call this surface a conical zero-trace quadric.
The exact definition of such quadratic surface is



20 K. A. OKOUDJOU

Definition 2.16. [52, Definition 3.4] Let the class of conical zero-trace quadrics Cy
be defined as the family of sets

(2.13) {x c RV : 2_: ap(r, ep)? = (x,eN>2} :

where {e,}2_, runs through all orthonormal bases of RN and (a;)n_;' runs through

all tuples of elements in R\ {0} with S0 " a; = 1.

We define the interior of the conical zero-trace quadric in (2.13), by

{x e RV : iak<x,€k>2 < <$,€N>2} )

k=1

and the exterior of the conical zero-trace quadric in (2.13) by

N-1
{x cRY: Zak(aj,ek>2 > <x,eN>2} .
k=1

It is then easy to see that Theorem 2.15 is equivalent to the following result estab-
lished in [52, Theorem 3.6]

Theorem 2.17. [52, Theorem 3.6] Let ® C RY \ {0} be a frame for RY. Then the
following conditions are equivalent.

(i) @ is not scalable.
(ii) All frame vectors of ® are contained in the interior of a conical zero-trace
quadric of Cy.
(iii) All frame vectors of ® are contained in the exterior of a conical zero-trace
quadric of Cy.

The geometric meaning of this result is best illustrated by considering frames in R?
and R?, in which case the sets Cy for N = 2,3, have very simple descriptions given
in [52]. For our purposes here it suffices to say that each set in Cy is the boundary
surface of a quadrant cone in R?, i.e., the union of two orthogonal one-dimensional
subspaces (lines through the origin) in R?. The sets in C3 are the boundary surfaces
of a particular class of elliptical cones in R3. We give examples of sets in Cy N = 2,3
in Figure 9 (a) and (b).

We can now state the following corollary that give a clear geometric insight into
the set of non-scalable frames. In particular, the frame vectors cannot lie in a “small
cone”.

Corollary 2.18. [52, Corollary 3.8]

(i) A frame ® C R?\ {0} for R? is not scalable if and only if there exists an open
quadrant cone which contains all frame vectors of ®.

(i) A frame ® C R?\ {0} for R? is not scalable if and only if all frame vectors
of ® are contained in the interior of an elliptical conical surface with vertex 0
and intersecting the corners of a rotated unit cube.
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(a) (b)

FIGURE 9. (a) shows a sample region of vectors of a non-scalable frame
in R?. (b) shows example of C; and C3 which determine sample regions
in R3.

2.4. Scalable frames and Fritz John theorem. The last characterization of
scalable frames we should discuss is based on Fritz John’s ellipsoid theorem. Be-
fore we state this theorem, we recall from Section 2.2 that given a set of points
Y = {yr}t_, C RY, Py is the polytope generated by Y.

Given an N x N positive definite matrix X and a point ¢ € RY, we define an
N-dimensional ellipsoid centered at ¢ as

E(X,¢)=c+ X VB)={v:(X(v—c),(v—rc)) <1},

where B is the unit ball in RY. We recall that the volume of the ellipsoid is given by
Volume(E(X, c)) = (det(X))~Y2wy, where wy is the volume of the unit ball in RY.

A convex body K C R¥ is a nonempty compact convex subset of RY. It is well-
known that for any convex body K with nonempty interior in RY there is a unique
ellipsoid of minimal volume containing K; e.g., see [71, Chapter 3]. We refer to
[4, 5, 40, 45, 71] for more on these extremal ellipsoids. Fritz John ellipsoid theorem
[45] gives a description of this ellipsoid. More specifically:

Theorem 2.19. [45, Section 4] Let K C B = BY(0,1) be a convex body with
nonempty interior. Then B is the ellipsoid of minimal volume containing K if and
only if there exist {\,}7, C (0,00) and {ug}7, C OK NS~ m > N +1 such that
(1) 2 %o Akux = 0
(i) @ = > 1, Mz, ug)uy, Vo € RY
where 0K is the boundary of K and S™~! is the unit sphere in RY. In particular,
the points uy, are contact points of K and SN

Observe that (ii) of Theorem 2.19 can be written as
T = Z(x, V) vV ur forall z e RY
k=1
which is equivalently to saying that the vectors {uy}7, form a scalable frame. The
difficulty in applying this theorem lies in the fact that determining the contact points
ug and the “multipliers” g is an extremely difficult problem. Nonetheless, we can
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apply this result to our question since we consider the convex body generated by the
frame vectors, in which case these contact points are subset of the frame vectors. In
particular, to apply the Fritz John theorem to the scalability problem, we consider a
frame ® € F, (M, N) of RY consisting of unit norm vectors. We define the associated
symmetrized frame as
Py = {pr iy U {—@rtits,

and we denote the ellipsoid of minimal volume circumscribing the convex hull of the
symmetrized frame ®gy,,, by Fg and refer to it as the minimal ellipsoid of ®. Its
‘normalized’ volume is defined by

Vol(E.

Vq> . —( (I)) .
WN

Clearly, Vo < 1, and it is shown in [22, Theorem 2.11] that equality holds if and only
if the frame is scalable. That is, we have

Theorem 2.20. [22, Theorem 2.11] A frame ® € F, (M, N) is scalable if and only if
its minimal ellipsoid is the N-dimensional unit ball, in which case Vg = 1.

Remark 2.21. Given a unit-norm frame &, the number Vg defined above is one of
a few measures of scalability introduced in [22]. These are numbers that measure
how close to being scalable a frame ® is. For example, if for a given ®, Vg < 1, then
the farther away from 1 it is, the less scalable is ®. Thus Vg along with these other
measure of scalability can be used to define “almost” scalable frames. We refer to
[22] for detalils.

Using the geometric characterization of scalable frames by Vg one can define the
following equivalence relation on F, (M, N): & ¥ € F, (M, N) are equivalent if and
only if Vo = V. We denote each equivalence class by the unique volume for all
its members. Specifically, for any 0 < a < 1, the class P[M, N,a] consists of all
¢ € F,(M,N) with Vo = a. Then, SC(M,N) = P[M,N,1]. This also allows a
parametrization of F, (M, N):

FuM,N)= |J PIM,N,d].

a€(0,1]

3. PROBABILISTIC FRAMES

Definition 1.1 introduces frames from a linear algebra perspective through their
spanning properties. However, frames can also be viewed as point masses distributed
in R?. In this section we survey a measure theoretical, or more precisely a probabilis-
tic, description of frames. In particular, in Section 3.1 we define probabilistic frames
and collect some of their elementary properties. In Section 3.2 We define the prob-
abilistic frame potential and investigate its minimizers. We generalize this notion
in Section 3.3 to the concept of p!* frame potentials and discuss their minimizers.
Probabilistic analogs of these potentials are considered in Section 3.4. This section
can be considered as a companion to [32] where many of the results we stated below
first appeared.
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3.1. Definition and elementary properties. Before defining probabilistic frames
we first collect some definitions needed in the sequel.

Let P := P(B,RY) denote the collection of probability measures on RY with
respect to the Borel g-algebra B. Let

Puim PuR) = {n e P00 = [ felPauto) < oo}

be the set of all probability measures with finite second moments. Given p,v € Py,
let T'(u, v) be the set of all Borel probability measures v on RY x RY whose marginals
are u and v, respectively, i.e., y(AxRY) = u(A) and v(RY x B) = v(B) for all Borel
subset A, B in RY. The space P, is equipped with the 2- Wasserstein metric given
by

e Wi [ ey € M |

It is known that the minimum defined by (3.1) is attained at a measure vy € I'(u, v),
that is:

Wi = [ le= sl
X

We refer to [2, Chapter 7], and [77, Chapter 6] for more details on the Wasserstein
spaces.

Definition 3.1. A Borel probability measure p € P is a probabilistic frame if there
exist 0 < A < B < oo such that for all x € RY we have

(32) Alalf < [ o) Pdnty) < Bl

The constants A and B are called lower and upper probabilistic frame bounds, respec-
tively. When A = B, u is called a tight probabilistic frame.

It follows from Definition 3.1 that the upper inequality in (3.2) holds if and only if
i € Py. With a little more work one shows that the lower inequality holds whenever
the linear span of the support of the probability measure p is RY.

Assume that p is a tight probabilistic frame, in which case equality holds in (3.2).
Hence, choosing z = e;, where {e;, }2_; is the standard orthonormal basis for R" leads
to

Aleal = 4= [ tenduty).

Therefore,

VA=Y Aol = [ St dno) = [ IolPduts) = M

Consequently, for a tight probabilistic frame p, A = Mz (u)?

N
These observations can are summarized in the following result whose proof can be
found in [32]
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Theorem 3.2. [32, Theorem 12.1] A Borel probability measure p € P is a proba-
bilistic frame if and only if y € Py and E, = RY, where E,, denotes the linear span
of supp(u) in RY. Moreover, if 4 is a tight probabilistic frame, then the frame bound
is given by

A= M) = [ lolPduto)
RN
We now consider some examples of probabilistic frames.

Example 3.3. (a) A set ® = {p 1M, C RY is a frame if and only if the prob-
ability measure pue = ﬁ Zkle 0, supported by the set ® is a probabilistic
frame, where 0, denotes the Dirac measure supported at ¢ € RY.

(b) More generally, let a = {az}}L, C (0,00) with S0 ap = 1. A set & =
{pp i, € RY is a frame if and only if the probability measure pg, =
224:1 aid,, supported by the set ® is a probabilistic frame.

(¢) By symmetry consideration one also shows that the uniform distribution on
the unit sphere SY~! in RY is a tight probabilistic frame [30, Proposition
3.13]. That is, denoting the probability measure on S¥~! by do we have that
for all z € RV,

N’:iéN@ﬂowaw)

In the framework of the Wasserstein metric, many properties of probabilistic can
be proved. For example, if we denote by P(A, B) the set of probabilistic frames with
frame bounds 0 << B < o0, then the following result was proved in [82, Proposition
1]:

Proposition 3.4. [82, Proposition 1] P(A, B) is a nonempty, convex, closed subset
of Pz (RN)

Other results including a probabilistic treatment of the frame scalability prob-
lem also appeared in [82]. Furthermore, in [81] an optimal transport approach to
minimizing a frame potential that generalizes the Benedetto and Fickus potential
was developed. In the process, the smoothness (in the Wasserstein metric) of this
potential was derived.

Probabilistic frames can be analyzed in terms of a corresponding analysis operator
and its adjoint the synthesis operator. Indeed, let ;1 € P be a probability measure.
The probabilistic analysis operator is given by

T, RY = L2 (RN, i), x> (x,).
Its adjoint operator is defined by

Ty L*(N? ) = RN, fs / f(z)xdu(x)
RN

and is called the probabilistic synthesis operator, where the above integral is vector-
valued. The probabilistic frame operator of u is

S, =TT,
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and one easily verifies that
S, RT— RY, Su(x) = /N(x,y>yd,u(y).
R

If {e;}}, is the canonical orthonormal basis for RY, then

N
Suei = Z mi;(p)ej,
j=1

where
mi; = / y Dy Ddp(y)
RN

is the (¢, j) entry of the matrix of second moments of u. Thus, the probabilistic frame
operator is the matrix of second moments of p. Consequently, the following results
proved in [32] follows.

Proposition 3.5. [32, Proposition 12.4] Let x4 € P, then S, is well-defined (and
hence bounded) if and only if

M (p) < 0.

Furthermore, 1 is a probabilistic frame if and only if .S, is positive definite.

If 1 is a probabilistic frame then S, is invertible. Let fi be the push-forward of p
through S L given by
fL=j0S,.
In particular, given any Borel set B C RY we have

A(B) = u((S;") ' B) = u(S,B).

Equivalently, i can be defined via integration. Indeed, if f is a continuous bounded
function on RY,

» F)dp(y) = " FS ) du(y).

In fact, f1 is also a probabilistic frame (with bounds 1/B < 1/A) called the proba-
bilistic canonical dual frame of p. Similarly, when p is a probabilistic frame, S, is

positive definite, and its square root exists. The push-forward of pu through S, 2 is
given by

il (B) = u(SY2B)
for each Borel set in RY. The properties of these probability measures are summarized

in the following result. We refer to [32, Proposition 12.4] and [32, Proposition 12.5]
for details.

Proposition 3.6. Let u € P be a probabilistic frame with bounds 0 < A < B < oc.
Then:

(a) [ is a probabilistic frame with frame bounds 1/B < 1/A.
(b) p' is a tight probabilistic frame.
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Consequently, for each € RY we have:

83 [ e Sedit) = [ (500 vdut) = 5,5, () =
and
B0 [ @aydid) = [ (8,00 S, Pyduty) = 5,175,5, @) =

It is worth noticing that (3.3) is the analog of the frame reconstruction formula (1.1)
while (3.4) is analog of (1.2).

In the context of probabilistic frames, the probabilistic Gram operator, or the prob-
abilistic Gramian of p, is the compact integral operator defined on L%(RY, 1) by

Guf(2) =TT (@) = [ K(z.y)f)duly) = / (e 9) F () d(y).

RN RN
It is immediately seen that G, is an integral operator with kernel given by K (z,y) =
(x,), which is continuous and in L*(RY x RY, y @ pu) € LY(RY x RY | u® ), where
f ® v is the product measure of p with itself. Consequently, G, is a trace class
and Hilbert-Schmidt operator. Moreover, for any f € L*(RY, u), G, f is a uniformly
continuous function on RY. As well-known, G, and S, have a common spectrum
except for the 0. In fact, in the next proposition we collect the properties of G/;:

Proposition 3.7. [32, Proposition 12.4] Let p € P then G, is a trace class and
Hilbert-Schmidt operator on L*(RY). The eigenspace corresponding to the eigenvalue
0 has infinite dimension and consists of all functions 0 # f € L?(RY, i) such that

[ vt =o.

While new finite frames can be generated from old ones via (linear) algebraic
operations, the setting of probabilistic frames allows one to use analytical tools to
construct new probability frames from old ones. For example, it was shown in [32]
when the convolution of a probabilistic frame and a probability measure yields a
probabilistic frames. The following is a summary of some of the results proved in
[32].

Proposition 3.8. [32, Theorem 2 & Proposition 2] The following statements hold:

(a) Let u € Py be a probabilistic frame and let v € Py. If supp(p) contains at
least NV + 1 distinct vectors, then u * v is a probabilistic frame.

(b) Let p and v be tight probabilistic frames. If [,y ydv(y) = 0, then p*v is also
a tight probabilistic frame.

3.2. Probabilistic frame potential. One of the motivations of probabilistic frames
lies in Benedetto and Fickus’s characterization of the FUNTFs as the minimizers
of the frame potential (1.4). In describing their results, they motivated it from a
physical point of view drawing a parallel to Coulomb’s law. It was then clear that
the notion of frame potential carries significant information about frames, and can
be viewed as describing the interaction of the frame vectors under some “physical
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force.” This in turn partially motivated the introduction of a probabilistic analog
to the frame potential in [29]. Furthermore, the probabilistic frame potential that
we introduce below, can be viewed in the framework of other potential functions,
e.g., those investigated by Bjorck in [10]. In this section we review the properties
of the probabilistic frame potential investigating in particular its minimizers. The
framework of the Wasserstein metric space (Pa, W3) also offers the ideal setting to
investigate this potential and certain of its generalizations. While we should not
report of this analysis here, we shall nevertheless introduce certain generalizations
of the probabilistic frame potential whose minimizers are better understood in the
context of the Wasserstein metric spaces.
But we first start with the definition of the probabilistic frame potential.

Definition 3.9. The probabilistic frame potential is the nonnegative function defined
on P and given by

3.5) PEPG) = [ Nl dute) dut),
for each p € P.

The following proposition is an immediate consequence of the above definition:

Proposition 3.10. Let p € P, then PFP(u) is the Hilbert-Schmidt norm of the
probabilistic Gramian operator G, that is

(Gullss = [[ | taduta)inty).

Furthermore, if © € Py, (which is the case when p is a probabilistic frame) then

we have
PFP () < M(1) < oc.

We recall from Definition 3.1 that p is a tight probabilistic frame if

2
[ oo aut) = 22

for all z € RY. Integrating this equation with respect to z leads to

//RN RN (2, y)2du(z) du(y) = PFP(u) = Y2,

It turns out that this value is the absolute lower bound to the probabilistic frame
potential.

Theorem 3.11. [32, Theorem 3] Let 4 € Py be such that Ms(p) = 1 and set
E,, = span(supp(u)), then the following estimate holds

(3.6) PFP(u) > 1/n
where n is the number of nonzero eigenvalues of S,,. Moreover, equality holds if and

only if 41 is a tight probabilistic frame for E|,.
In particular, given any probabilistic frame p € Py with Msy(p) = 1, we have

PFP(u) > 1/N
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and equality holds if and only if x4 is a tight probabilistic frame.

The proof of this result can be found in [32, Theorem 3|. Recently, a very simple
and elementary proof of the last part of the result was given in [?, Theorem 5].
Furthermore, in [81] an optimal transport approach to minimizing a modification of
the probabilistic frame potential was considered and showed great promise to analyze
other potential functions in frame theory. Moreover, this approach has a natural
numerical part that could be used as a gradient descent-type method to numerically
find the minimizers of the PFP and its generalization.

3.3. The p* frame potentials. The techniques used to prove Theorem 3.11 can
be used to investigate the minimizers of other related potential functions, especially
when there are defined for probability measures supported on compact sets, such as
on the unit sphere. In this section, we define a family of (deterministic) potentials
and describe their minimizers. The probabilistic analogs of these results will follow
in the next section.

To motivate our definition, we recall the following result due to Strohmer and
Heath [70], and we refer to [80] for historical perspectives on this result.

Theorem 3.12. [70, Theorem 2.3] For any frame ® = {¢; }4L, C RY with ||¢x] = 1,
we have

(3.7) max (s 00)| 2/ §(ron

and equality hold if and only if ® is a FUNTF such that

(3.8) {m, o)l = \/ HorD

when k # (. Furthermore, equality can hold only when M < w

A FUNTF that satisfies (3.8) is termed an equiangular tight frame (ETF). Note
that the left-hand side of (3.7) can be viewed as a potential function of ®. Indeed,
this is the so-called coherence of ® that we shall defined for reasons to be evident
later as

(3.9) FPo 1 (®) = max|{pr, o)

for ® = {¢p 1M, C SV~1. In fact, FP, n(®) as well as the frame potential F'P given
in (1.4) are members of the family of the p'* frame potentials defined by:

Definition 3.13. Let M be a positive integer, and 0 < p < co. Given a collection
of unit vectors ® = {px}2L, C SV~ the p-frame potential is the functional

(3.10) FPpm(®) = Z [{ox, ) P

k=1

When, p = oo, the definition reduces to

FPoc,ur(®) = max |{x, 0)].
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It is clear that FP,; and its minimizers are also functions of N, the dimension
of the underlying space. However, to keep the notations simple, we shall not make
explicit the dependence on N, unless it is necessary.

The case p = 2 corresponds to the frame potential F'P given in (1.4). As mentioned
above, FP /(®) is the coherence of ® and plays a key role in compressed sensing
[3, 27, 28, 38, 73]. Moreover, for fixed M, the minimizers of FP s are called
Grassmanian frames [8, 70]. By using continuity and compactness arguments one can
show that given M, N, FP ps always has a minimum [8, Appendix]. The challenge
is the construction of these Grassmanian. In [8] constructions of Grassmanians were
considered for N = 2 and M > 2, and for N = 3 when M € {3,4,5,6}. The ideas
used in these constructions are based on analytical interpretation of some geometric
results obtained in [72]. The general question of constructing the minimizers of
FPo a for N > 3 and M > 6 is still a mostly open question.

Even more, minimizing FP, ;s is an extremely difficult problem as one needs to
deal with both p, M, and the ambient dimension N. Some results on the minimizers
as well as the value of the minimum as a function of the involved parameters were
proved in [29]. Before summarizing some of these results we consider the special case
where M = 3, N = 2 and seek the minimizers of

3

FPy3(®) = Z [(&rs e} [P

k=1

when p € (0, 00) with the usual modification when p = oo, and ® = {¢;}3_, C S'.
When p = 2,

3
FPy3(®) = > [{w, @0)” > 9/2
k=1
with equality if and only if ® = {¢,};_; C S' is a FUNTF. A minimizer of FPy 3 is
the MB-frame which is pictured below:
When p = oo,

FP3(®) = TEQ}KS%,WH >1/v2

with equality if and only if ® = {¢x}3_, C S' is an ETF. But what happens for
other values of 2 # p € (0,00)? This was partially answered in [29] for 0 < p < 2
and recently the case p > 2 was settled [84]. Before giving more details on this
case, we first collect a number of generic results about the minimizers of FP,, ; when
M >N >2and p € (0,00].

Proposition 3.14. Let p € (0,00], M, N be positive integers. Let ® = {¢x}1L, C
SN=1 we have:

(a) If M > N and 2 < p < o0, then

_ /2
FPyar(®) > M(M — 1) (55725)"" + N,

and equality holds if and only if ¢ is an ETF.
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' 'q

\ e}

F1GURE 10. An example of Equiangular FUNTF: the MB-frame.

(b) Let 0 < p < 2 and assume that M = kN for some positive integer k. Then the
minimizers of the p-frame potential are exactly the k copies of any orthonormal
basis modulo multiplications by £1. The minimum of (3.10) over all sets of
M = kN unit norm vectors is k*N.

log(**) _ log(M5—1

(c) Assume that M = N + 1 and set py = 2 = TosGET) ). Assume that

FP,, n(®) > N + 3, with equality holding if and only if ® = {¢;}r' is an

orthonormal basis plus one repeated vector or an equiangular FUNTF. Then,
(1) for 0 < p < py, for any ® = {pp ! € SV we have FP, v 1(®) >
N + 3, and equality holds if and only if ® = {¢;}5 ;" is an orthonormal
basis plus one repeated vector,
(2) fog po < p <2 f;)r any ® = {@}0 € SN we have FP, vy (®) >
2% (N+1)N)' % +N+1, and equality holds if and only if & = {¢, }M*!
is an equiangular FUNTF.

In the special case when N = 2, part (c) of the proposition becomes:

Corollary 3.15. For N = 2, M = 3, and py = }Zgg;, the hypothesis of (c¢) above
holds. That is, for any ® = {¢x}3_, C S*,
FP,, 3(®) > 5,

and equality holds if and only if ® = {p.};_, is an orthonormal basis plus one
repeated vector or an equiangular FUNTEF.

However, when N > 3, it is still unknown if the hypothesis of Proposition 3.14 (c)
holds, and it was conjectured in in [29] that with py given in (c),

FPP07N+1(CI)) > N+3

with equality if and only if ® = {gpk}ff:ﬁl is an orthonormal basis plus one repeated
vector or an equiangular FUNTF.
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Using Corollary 3.15 one can compute
fpa2 = min{FP,5(®) : & = {p;};_, € S'}

for all p € (0, o0] leading to

NE for p € (0, (=]

The graph of p,32 when p € (0,00) is given in Figure 11.

Frame Patential (M= 3]
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FIGURE 11. Graph of y, 32 when p € (0,4).

One can ask about of 1, s 2 for other values of M. It follows from Proposition 3.14
(b) that p, o = 2k* for all p € (0,2] whenever M = 2k is an even integer. For
p > 2 or odd M some numerical simulations were considered in [84]. For example,
the following graphs (Figures 12 and 13) of p, a0 for M € {4,6} were obtained.

For M = 5 the numerical results suggest that the graph of 1,59 is as given in 14.
Finally, we plot the behavior of p, 2 as a sequence in M when p € (0,4) is shown
in Figure 15.

For integer values of p, the minimizers of FP, 5, have been investigated in connec-
tion with the theory of spherical designs [26, 74].

Definition 3.16. Let ¢t be a positive integer. A spherical t-design is a finite subset
{z;}M, of the unit sphere S¥~! in RY such that,

M

1
i Z h(z;) = /SN—I h(z)do(x),

=1
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FIGURE 12. Graph of y, 42 when p € (0,4).
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FIGURE 13. Graph of p,62 when p € (0,4).

for all homogeneous polynomials A of total degree equals or less than ¢ in N variables
and where o denotes the uniform surface measure on S™V~! normalized to have mass
one.

It is easy to see that any spherical t—design is also a spherical ¢'—design for all
positive integers t' < t. Spherical 2—designs are exactly FUNTFs whose center of
mass is at the origin. More precisely we have:
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Frame Patential (M =13
1361

FIGURE 14. Graph of j, 52 when p € (0,4).
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FIGURE 15. Graph of p, 0 when p € (0,4), M € {3,4,5,6}.

Proposition 3.17. ® = {¢;}2L, € SV~ is a spherical 2-design if and only if ® is a
FUNTF and S0, ¢r = 0.

We refer to [26], [74, Theorem 3.2] for details on the proof of the above proposi-
tion. Recalling that FUNTFs minimize the frame potential, it is not surprising that
spherical ¢t-designs also minimize a potential. In particular,
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Theorem 3.18. [74, Theorem 8.1] Let p = 2k be an even integer and {z;}, =
{—z;}M, < SN71, then

1-3-5---(p—1) )
N(N+2)---(N+p-2)
and equality holds if and only if {z;}}, is a spherical p-design.

FPyar({wiity) >

3.4. Probabilistic p frame potential. The p* frame potential can be viewed in
light of mass distributions on the unit sphere. It is therefore natural to look at it
from a probabilistic point of view. This motivates the the introduction of the larger
family of potential called probabilistic p-frame potential.

For p € (0, 00) set

Py ={we P M0 = [ llPduty) < oo},

Definition 3.19. For each p € (0,00), the probabilistic p—frame potential is given
by

(3.11) PPPGup) = [[[ | )P duto) duty).

When p is a purely atomic measure with atoms on the unit sphere, that is when
supp(p) = ® = {px 1L, € SN~ PFP(u, p) reduces to FP, s given in (3.10).

This class of potentials is related to the potentials considered by G. Bjfock [10].
More precisely, suppose F© C RY is compact and let A > 0. Bjorck considered the
question of maximizing the functional

10 = [[ = uPdut)dnty

where p ranges over all positive Borel measures with p(F) = 1. It turns out that
the techniques used in [10] to maximize [r(u) can be extended to understand the
minimizers of PFP (1) when p is restricted to a probability measure on the unit sphere
SN=1in RN, In particular, it was proved in [29, Theorem 4.9] that when restricted
to probability measures p supported on the unit sphere of R and when 0 < p < 2,
then the minimizers of PFP(u,p) are discrete probability measures. Furthermore,
the support of such minimizers contains an orthonormal basis B and is contained in
the set £B. More specifically we have:

Theorem 3.20. [29, Theorem 4.9] Let 0 < p < 2, then the minimizers of (3.11) over
all the probability measures supported on the unit sphere SV¥~! are exactly those
probability measures p that satisfy

(i) there is an orthonormal basis {e;,...,ex} for RY such that
{617 s 7€N} C Supp(lu) C {:l:eb ) :l:eN}
(i) there is f : SN~1 — R such that u(z) = f(x)vis,

Fle) + (=) = 5

12y (z) and

.....
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where the measure vy,, 1., () represent the counting measure of the set
{£z;:i=1,...,N}.

Theorem 3.18 shows that the minimizers of FP, ; when p = 2k is an even in-
teger, are exactly spherical p—designs. In view of this fact, one can ask whether
the minimizers of PFP have some special “approximation” properties. This partially
motivates that following definition in which we denote by M(SV~1 B) the space of
all Borel probability measures supported on SV

Definition 3.21. [29, Definition 4.1] For 0 < p < oo, we call u € M(SN"1 B) a
probabilistic p-frame for RY if and only if there are constants A, B > 0 such that

(3.12) Alylr < [ n)Pdute) < BlylP, vy e R
GN—
We call p a tight probabilistic p-frame if and only if we can choose A = B.

By symmetry considerations, it is not difficult to show that the uniform surface
measure o on SV7! is always a tight probabilistic p-frame, for each 0 < p < oo.
In addition, observe that we can always take B = 1 in (3.12). Thus to determine
if a probability measure p on SN~! is a probabilistic p—frame one must focus on
establishing the lower bound in the above definition. When p = 2 this definition
reduces to that of probabilistic frames introduced earlier. In fact, more is true:

Lemma 3.22. [29, Lemma 4.5] If p is probabilistic frame, then it is a probabilistic
p-frame for all 1 < p < oo. Conversely, if o is a probabilistic p-frame for some
1 < p < o0, then it is a probabilistic frame.

The analogy between tight probabilistic p-frames and spherical t—designs can now
be made explicitly as one can show the following result which is an analog of Theo-
rem 3.18. More specifically, the result below shows that tight probabilistic p-frames
are the minimizers of the probabilistic frame potential (3.11) when restricted to prob-
ability measures supported on SV~!, and when p is an even integer:

Theorem 3.23. [29, Theorem 4.10] Let p be an even integer. For any probability
measure g on SN7L
1-3-5---(p—1)

Prp(un) = [ [ Pt > e

and equality holds if and only if y is a tight probabilistic p-frame.

By combining Theorem 3.18 and Theorem 3.23 we can conclude that when p = 2k
there exists a one-to-one correspondence between the class of spherical p—designs and
the class of discrete tight probabilistic p—frames. More specifically, every spherical
p—design supports a discrete measure p which is a tight probabilistic p-frame. This
is summarized in the following proposition:

Proposition 3.24. Let p = 2k be an even positive integer. A set ® = {@p}2L, C
SN=1is a spherical p—design if and only if the probability measure pp = 17 S 0o
is a tight probabilistic p—frame.
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The question then becomes how to construct tight probabilistic p-frames. When
restricted to discrete measures and when p = 2k is an even integer, this problem
is equivalent to constructing spherical p—designs. This is a difficult problem with
known solutions only for certain values of p, M, and N. Of course, and as shown in
Section 2 the special case when p = 2 leads to the FUNTFs. The analytics methods
developed in [81] are new promising techniques that could be used to investigated in
general the minimizers of PFP(u) when p ranges over the probability measures on
SN=1and p > 0.
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