Appendix A

Real Analysis

L}*(R)and the L*-norm || ... || 1(r) were introduced in Definition 1.1.1,
and are a basic space and norm in real analysis, i.e., advanced calculus
and real variables. This appendix lists results from real analysis, e.g.,
[AB66], [Apo57], [BenT76], [Rud66]. There are many excellent texts.

A.1 Definition. CONVERGENCE OF SEQUENCES

a. N is the set positive integers, Z is the set of integers, R is the set
of real numbers, and C is the set of complex numbers.

b. A sequence of {c,} C C converges to ¢ € C as n — oo, written
lim, o0 ¢y = ¢ if

Ye> 0, 3IN = N(e), suchthat Vn2> N,
(A.1)
len — ¢ < e.

The “statement” (A.1) is read as follows: for every € > 0, thereis N € N
depending on ¢, such that for any n > N the inequality, [¢, — ¢| <, is
valid.

c. If {c,} € Cis a sequence and if a subsequence {c,, } C {c.}

converges to ¢ € C , then ¢ is a limit point of {c,}.
Let {c,} C R, and suppose there is s € R with the properties that

Ve> 0, IN = N(e), suchthat ¥n> N, c,<s+e

and
Ve>0and VN, dn>N such that ¢, >s—ec.
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Then s is the limit superior of {c,}, and we write

s = lim ¢,.
n—+o0

The definition of limit superior means that for each ¢ > 0, eventually
(depending on €) all terms of {c,} are less than s+ ¢ and infinitely many
terms of {c, } are greater than s —e¢. Intuitively, s is the “greatest” limit
point of {¢,}. The limit inferior of {c,} C R is defined as

lim ¢, = — Iim (~¢,).
n—3400 n—00

d. If {an},{bs} C R are sequences then it is not difficult to prove
that
Tim (s + by) < Tim an + T by,

A.2 Definition. CONVERGENCE OF FUNCTIONS
Let {f.} be a sequence of functions f, : X — C, where X C R.

a. {fu} converges pointwise to a function f: X -+ R as n — oo,
written

vte X, lim fa(t) = f(3),
if
Vte X and Ve >0, IN = N(t,e) € N such that
V2 N, |fu(t) = f)l<e

b. {fa} converges uniformly on X to a function f: X -+ R as
n — oo, written

Lim f,=f uniformlyon X,
if
Ve> 0, 3N = N(e), suchthat Vte X and VYn> N,
[f2(8) = () <
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In this case, NV is independent of the variable {. This allows us fo
switch operations legitimately. An example is the following result where
the operations are integration and taking limits, cf., Theorem A.5 and
[Ben76, Chapter 6] (where a characterization for the validity of such
switching is given).

A.3 Theorem. lim /b fa(t)dt = /b f(t)dt

Let {f,} be a sequence of continiicus functions f, : [a,b] = C, which
converges uniformly on [a,b] to a function f : [a,b] = C. Then f is
continuous on [a,b] end

T}L@ofabfn(t) dt:/ﬂb (nlirgc fn(t)) dt:/ab () dt.

A.4 Definition. LEBESGUE MEASURE ZERO

The Lebesgue measure of an interval with endpoints a and b, b > a,
is defined as its length b — a. If X = U32,(a;,b;), where bjy1 < aj,
then the Lebesgue measure of X, denoted by |X]|, is defined as [X| =

224(b; — @;). Unless there is possible confusion, we shall usually refer

to the measure of X instead of the Lebesgue measure of X. This notion
of measure extends naturally to many other sets X C R, and we write
| X | to denote their measure.

A set X C R is a set of measure 0 if for each ¢ > 0 there is a
countable set {(a;,b;) CR:j=1,...} of intervals such that

X C | J(a;,b;) and E(b;—a;) <e.

i=1

A property is valid almost everywhere, written a.e., if it is true for all
t € R\X, where X is a set of measure 0. (Technically, an element of
f € L'(R)isa set of functions g which are equal a.e., and for which
f1g(t)| dt < oo. In this book we shall think of elements in L*(R) as

functions, and no problems will arise.)

The next result gives insight into the structure of L*(R). Recall the
definition of C°(R) from Definition 2.2.1.
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A.5 Theorem. FUNDAMENTAL ProperTIES oF L!(R)

Let f € LMR) and let ¢ > 0.

a. There is a function g. = Tcjlp,p,y, by < @j41, a finite sum,
such that ‘
If ~ gellzrm) < €.

b. There is a function g. € C®(R), such that

W= gellmw)y <e.
c. There is § = 6(€) such that if ju] < & then

If = refllowy < e

(Recall that (1, f)(2) = f(t — u) as a function of t.)
d. If||flliwy = 0, then f is the O-element of L'(R), i.e., f =0 a.e.

A.6 Theorem. Fatou LEMMA

Let {f.} € L*R) and g € L'(R) be real-valued functions which
have the property that for each n, g < fn a.e. If f is a function for
which im, 4o fn = f a.c., then f € L}{(R) and

[y < lim [ fueye

n—oo

(Recall that [ f(t) dt indicates integration over R.)

A.7 Remark. PERSPECTIVE ON THE FATOU LEMMA

Fatou proved Theorem A.6 in 1906, and used it to prove the Par-
seval Theorem for F' € L*(Tyq), e.g., [Haw70, pages 168-172). Earlier,
Lebesgue had proved the Parseval Theorem for L®(Toq) C L*(Taq).
The Fatou Lemma can be used to prove the Beppo Levi Theorem,
which was originally proved in 1906, as well as the general form of the
Lebesgue Dominated Convergence Theorem (LDC), which Lebesgue
published in 1908. Statements of these latter two results now follow.
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A.8 Theorem. BepPo LEVI THEOREM

Let {f.} € LYR) and g € L'(R) have the property that for each n,
g< fun ae If fu < fayr ae for each n and lim, oo [ fo(t) dt is
finite, then lim, 400 fn = f € L*(R) and

[r@dt = tim f fult) dt

cf., [Ben76, Theorem 3.7] for a relaxation of the monotonicity of {f,}.

We shall use the notation LDC in referring to the following result.

A.9 Theorem. LEBEsGUE DoMINATED CONVERGENCE THEOREM
Let {f.} C LY(R), and let f be a function for which lim, o0 fn = f
a.e. If g € LY{R) has the property that

Vo, |fa®)] <g(t) ae on R,
then f € LY(R) and

Lim || fa = fllz1(zy = 0.

n=—:o00

A.10 Definition. MEASURABLE FUNCTIONS AND LP-SPACES

a. A complex-valued function f defined a.e. on R is (Lebesgue)
measurable if there is a sequence {f,} of continuous functions on R
for which lim, o, f, = f a.e. The elements of L'(R) are measurable;
whereas the function f, defined by f(t) = 1/t a.e. on R, is measurable
but is not only not in L*(R) but is not in L (R). All of our functions
in the statements of all of our theorems are assumed to be measurable.
However, we are not interested in measurable functions per se; and a
real knowledge of this concept is not required in this book even though
it is fundamental in any systematic treatment of real analysis.

b. Let p € [1,00). LP(R) is the space of functions f : R — C, for
which the LP-norm of f,

(A2) I = ([ 0P )
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is finite. There are subtleties in this definition related to the meaning
of Lebesgue integration and the parenthetical remark in Definition A.4.
We shall not deal with such issues, and, as with measurable functions,
they do not play a role in understanding the material in this book.

c. If p = oo and the aforementioned subtleties are once again ac-
knowledged and forgotten, then L*(R) is defined as the space of all
functions which are bounded except possibly on a subset of measure
zero. The L*®-norm ||f||pem) of f € L*(R) is intuitively the supre-
mum of |f| on R. Technically,

(A.3) [ fllzem) = inf{M : [{t € R: |f(t)| > M}| = 0}.
This complicated array of symbols reduces to

| fllzeoy = sup{[f(t)] : t € R}

in the case f € CF(R).

d. The LP-spaces can be defined on subintervals of R as well as other
sets X. In such cases, if p < oo then the integration over R in (A.2) is
replaced by integration over X, with a similar adjustment in (A.3).

A.11 Example. PerspEcTIVE ON LDC
a. In light of LDC, it is natural to ask if the hypothesis,

Iim || fallzi ) =0,

allows us to conclude that lim,_,., fn = 0 a.e., cf., [Ben76, Chapter 6].
The following example shows that the answer is “no”. For each n € N,

consider the unique representation n = 2/ + &, 0 < k < 2/; and for each
n consider the interval I, = [£, 2£L) C [0,1). We define

231 "3
f’ﬂ— = 1In;

and note that {I,} keeps “sweeping over” [0,1) with finer and finer
partitions, i.e., Iy = [0,1), L, = [0,}), r = [},1), I, = [0,}), Is =
[$, 1), etc. Clearly, then, lim, ;o fn(t) does not exist for any ¢ € [0, 1).
On the other hand, if p € (0, 00) then || fa||zs() = (1/27)'/?, and hence
limnyeo || follze(r) = O since § = j(n) — oo as n — co.
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b. Generally, if imy o0 || fu|lzee@®) = 0 then lim, o0 frn = 0 a.e.
c. There is a reasonable sort of converse to LDC which is due to F.
Riesz: if {f.} is a sequence of functions on R with the property that

(A4) Ve> 0, lim [{t € R: [f(0] 2 e}l =0,
then there is a subsequence {f.,} C {fn} for which
kl_l_}rglo fr =0 ae.

Note that (A.4) holds if limy_yee || fullLr@®) = 0. If “lim f, = 0" in the
sense of (A.4), we say that {f,} converges in measure to 0.

A.12 Theorem. Fusint THEOREM (1907)

If f(z,y) is integrable on the rectangle R defined bya <2 <b, e <
y < d, then the functions z — f(z,y) andy — f(x,y) are integrable for
almost all values of y and x, respectively. Furthermore, the functions

v [ fav)de and o [0y

are integrable and

fyi@mdsty= [ ([ e iz) = [ ([ 1) o) ae

where “dzdy” is so-called “product measure”, e.g., [Rud66].

Tonelli’s Theorem, which follows, can be viewed as a converse to
Fubini’s Theorem with the further hypothesis, f > 0. Equivalently,
we can think of Tonelli’s Theorem as giving conditions so that f is
integrable, thereby allowing us to use Fubini’s Theorem.

A.13 Theorem. TongLLl THEOREM (1909) |
Let f be nonnegative on the rectangle R defined in Theorem A.12.
Then ' :

fRf(:v,y)dmdy=fcd (/:f(a:,y)da:) dy:/ab (/cdf(m,y)dy) dz.

These equations mean that if any one of the expressions is infinite then
the other two are infinite, and if any one s finite then the other two
are finite and all three are equal.
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Fubini’s and Tonelli’s Theorems can be stated quite generally on
spaces of the form X x Y instead of R and for measures other than
Lebesgue measure. For converience we shall refer to one or the other
collectively as the Fubini-Tonelli Theorem; and we shall not discuss
product measure or go into any of the subtleties relating measurable
functions on X x Y with their restrictions to X or Y. For X =Y =R,
or for even more general sets X and Y, the Fubini-Tonelli Theorem is

A.14 Theorem. FuBinI-ToNELLI THEOREM
a. (Tonelli). Iff: X xY —C and

(A5) [ (L1t 0)1dy) da < oo,

then f is integrable, i.e., f € LH(X x Y).
b. (Fubini). Let f € L'(X xY), and define the function f : Y —
C, resp., fy : X = C, by

f=(y) = f(z,y), resp., fy(z) = f(z,y).

Then fr € LY(Y) a.e. inz, f, € L'(X) a.e. iny, the functions defined
a.e. by

fy fe(y)dy and fX fy(z) d=
are in LY X) and L)(Y), respectively, and

/XxY f(z,y)dzdy = ];}/;(fy(:c) drdy

:/Xfyfw(y)dyd:c.

c. If f: X xY — C and (A.5)is valid, then each of the integrals
in (A.6) is finite, and (A.6) is valid.

(A.6)
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A.15 Theorem. HOLDER INEQUALITY
Ifl1<p<oo and%—{-% =1, and if f € LP(R) and g € L?(R), then
fg € L'(R) and

(A7) 1fallzr @y < [1flze@llglizog)-

If1 < p < oo, there is equality in (A.7) if and only if there are constants
A, B >0, not both 0, such that A|f|F = Blg|? a.e.

A.16 Theorem. MINKOWSKI INEQUALITY
Let p > 1 and let f be a complez-valued function defined on R x R.
Then

(A.8) ( [1f f(t,u)dt]”du)lfp </ ( / |f(t,u)1pdu)”p d&,

i.e., the LP-norm of ¢ “sum” is less than or equal to the “sum” of the
L?-norms.

A.17 Remark. ConsEqQuENcEs oF HOLDER'S AND MINKOWSKI'S INEQUALITIES

a. Minkowski’s Inequality is true for many spaces X besides R
and for measures, other than Lebesgue measure, on these spaces, cf,,
[HLP52, pages 146-150], [Zyg59, pages 18-19]. In particular, if

fls'”af'n € LP(R)

then
(A.9) 122 Filleey < D W fillzee)
=1 i=1

for 1 < p < 003 and thus L?(R) is a vector space. It is easy to see that
L}(R) and L*(R) are vector spaces.
b. Because of Holder’s Inequality, if 1 < p <r < co then

(A.10) VX CR, for which |X| < oo, L'(X)C LP(X).

Using Fatou’s Lemma and Minkowski’s Inequality we can prove the
following result for 1 < p < 0. The p = oo case is more elementary.
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A.18 Theorem. CoMPLETENESS oF L

Let 1 < p < oo. LP(R) is complete, i.e., every Cauchy sequence
in LP(R) converges in LP-norm to an element of L?(R). (Recall that
{fn} C L*(R) is a Cauchy sequence if

Ye> 0 3N, suchthat Vm,n >N, ||fn — fallrem) <€)

We defined bounded variation in Definition 1.1.5. The following
notion is a special case of both continuity and bounded variation.

A.19 Definition. AssorLuTE CONTINUITY

a. A function F : [a,b] — C is absolutely continvous on [a,b],
written F' € ACfa,b], if

VYe>0, 3§=26(¢) suchthat V{(z;y;) C[a,d]:j=1,--+,n},

a finite disjoint family of intervals, we can conclude that

i(yg‘ — ;) <4 implies i |F(y;) — Fz;)| < e

i=1 i=1

We define AC(R) similarly.
b. A function F : R — C is locally absolutely continuous, written
F € AC,(R), if F' € AC]a,b] for each interval [a,d] C R.

A .20 Theorem. FUNDAMENTAL THEOREM OF CALCULUS
a. Let f € L'a,b] and let r € R. Define

t
WEMM,Fm:rg[ﬂ@@
so that F(a) =r. Then F € AC|a,b] and
F'=f a.e

b. A function F : [a,b] = C is absolutely continuous on [a,b] if and
only if there is f € L'[a,b] such that

(A1) WEMH,F@—F@:L%@M%
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A.21 Remark. PERSPECTIVE oN FTC

Theorem A.20 is denoted by FTC. Theorern A.20a, denoted by
FTCI, asserts that the derivative of the integral is the identity map.
Theorem A.20b, denoted by FTCII, shows the importance of absolute
continuity and asserts that the integral of the derivative is the identily
map.

If F € ACl[a,b], then F' exists a.e., F' € L'[a,b], and (A.11) asserts
that

t
Hﬂ—ﬂ@:fF@Mw
A.22 Theorem. INTEGRATION BY PARTS

Let f,g € L'a,b], let r,s € C, and define the (absolutely continu-
ous) functions

Ft)=r+ fat f(w)du and G(t)=s+ /atg(u) du
on [a,b]. Then

ﬁfmqnﬁ+L}mF@a:F@G@—me@y
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Appendix B

|

Functional Analysis

This appendix lists results from functional analysis that are used
in the book. There are many excellent texts and expositions including
[Die81], [GG81], [Hor66], [RN55], [Rud73], and [Tay58].

B.1 Definition. CompacT SET
A set § C R is compact if, whenever

SCUN.

for a collection of open intervals N,, there is a finite subcollection

{Nuys+++ s Na, } for which

$C | Na,.

j=1
This definition generalizes to topological spaces. In the case of R,
compact sets S C R are precisely the closed bounded subsets of R, e.g.,
[Apo57, Chapter 3].

B.2 Definition. METRIC SPACE
a. A metric space is a nonempty set M and a function p : M x M —
[0, co) satisfying the following properties:

Vz,y € M, p(z,y) >0,
Vi, y € M, p(z,y) =0 ifandonlyif z=y,
Vm,yEM, P($ay)zp(y:m)v

Vz,y,z€ M,  p(z,2) < p(z,y) + p(y, 2)-

349
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The last property is the triangle inequality, and the function p is a
metric. An excellent reference for metric spaces is [Gle91}.

b. A sequence {z, : n = 1,...}, contained in a metric space M
(with metric p), is a Cauchy sequence if

Ve >0 3N such that Vm,n > N, p(zn,z,) <e

If M is a metric space in which every Cauchy sequence {z,} converges
to some element x € M, i.e., My 00 p{Zn, ) = 0, then M is a complete
metric space.

c. Two metric spaces M; and M;, with metrics p; and p,, respec-
tively, are isomnetric if there is a bijection f : My — M, such that

Vz,ye My, pi(z,y) = p2(f(2), f(¥)).

In this case, f is an isometry. (Recall that a function f : X; = X,
is bijective if it is injective and surjective, i.e., if it is one-to-one and
onto.)

d. Let M be a metric space with metric p. A subset V C M is closed
if, whenever {z,} C V and lim, 4o p(2n, 2} = 0 for some z € M, we
can conclude that z € V. The closure X of a subset X C M is the
set of all elements € M for which there is a sequence {z,} C X such

that lim,—eo p(2a,2) = 0.

B.3 Definition. BanacH Space
a. A vector space B # {0} over C is a normed vector space if there

is a function |}...|| : B — [0, 00) such that
Vz € B, |z|| =0 if and only if z =0,

Va,y € B, Iz +yll < llzll + lyll;

Vee C and Vz € B, ez =|c| z].

The function |]...|| is a norm.
b. A normed vector space is a metric space with metric p defined by
p(z,y) = ||z — y||. A complete normed vector space is a Banach space.
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Let 1 < p < co. LP(R), with LP-norm defined in Definition A.10, is a
Banach space. This is a restatement of Theorem A.18.

c. Let B be a normed vector space and let {z, : n =1,...} C B.
Sz, converges to z € B if limuoe ||z — 1 z;|| = 0; and Yz, is
absolutely convergent if 3 ||z, || < oo. It is straightforward to prove that
a normed vector space is a Banach space if and only if every absolutely
convergent series is convergent, e.g., [Ben76, page 232].

B.4 Definition. HiLBerr SpacE
a. A Hilbert space H # {0} is a Banach space for which there is a

function (... ,...) : H x H — C such that
Vz,y € H, (Z,v) =),
Vo,y,2€ H (&+y,2) =(,2)+ (v,2)
Vee C and Vz,y€ H, (cz,y) = c(z,y),
Vz € H, Il = (z, )/,
where || .. .|| is the Banach space norm. {...,...} is an inner product.

b. L:(R) is a Hilbert space with inner product defined by {f,g) =
[ f@®)g(t)dt, cf., [BenT6, Example 1.2.4, page 234] for a structural con-
verse of the form that every Hilbert space is some type of L? space.
The integral is well-defined by Holder’s Inequality (Theorem A.15).

c. If H is a Hilbert space (actually, completeness is not required)
then the properties of part a can be used to give simple proofs of the

following facts:

(B.1) Kz, )] < Ml=]) Iyl
and
(B.2) Iz +yll* + e — gl = 2()|=]* + lly]l*).

(B.1) is the Schwarz Inequality, which in the case H = L*(R) is
Hélder’s Inequality. Of course, this does not mean there is a simple
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proof of Holder’s Inequality since Schwarz’ Inequality assumes the ex-
istence of an inner product, and Hélder’s Inequality shows the existence
of an inner product for H = L*(R).

(B.2) is the parallelogram law. 1t can be shown that « Banach space
is a Hilbert space, i.e., there is an inner product with the required
properties, if and only if the parallelogram law is valid.

B.5 Theorem. MoorE-SMITH THEOREM
Let M be a complete metric space with metric p, and let {z,, , :
m,n € N} be given. Assume there are sequences {yn}, {z.} C M such
that
Jim (T s ym) = 0 uniformly in m

and
Vn €N, A%P(mmma zﬂ) = 0.

Then there is ¢ € M such that the limits,

i i Tmm,Z), NI i T 1
A, fim p(amn, @), lim Yim p(@mm o), and  Hmp(2mn, o),

all exist and are equal to 0. The last limit signifies that

Ye> 0, IN > 0, such that Ym,n > N,
pEmn, ) <€

The Moore-Smith Theorem is elementary to prove, e.g., [BenT6,
pages 235-237], and should be compared with LDC and its refinements,
e.g., [Ben76, Chapter 6].

B.6 Definition. CoNTINUoUs LINEAR FUNCTIONS

a. Let By and B, be non-zero normed vector spaces with norms
I-..ll, and ||...||B,, respectively. The norm of a linear function L :
By — By is '

(B.3) | Z|| = sup{||L=||B, : ¢ € By and ||z||5, < 1}.

Thus, ||L]| is the smallest constant C' > 0 such that ||Lz||s, < C||z|5,
for all z € B;.
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b. Clearly, if ||L|| < cc then L is continuous. The space of contin-
uous linear functions L : B, — B; is denoted by £(B;, B2). It is not
difficult to show that if B, is a Banach space then L(B1, By) is a Ba-
nach space, where L = ¢ Ly +cy Ly is defined by Lz = e1Ly(z) +coLa(z),
and where ||L|| is defined by (B.3).

'If B = B, = By we denote L(B,B) by £L(B). f B = B, and
By = C we denote L{B,C) by B'. B'is the space of continuous linear
functionals on B and is called the dual space of B.

c. Let B; and B; be Banach spaces, with duals B and Bj, and let
L € L(By, B;). The adjoint of L is the linear function

L*: B, — Bj
y — L'y
where (L*y)(z) is defined to be y(Lz) for all z € By. It is easy to see
that L* € L(By, By).
In the case of Hilbert spaces H; and H;, we write

(B.4) V€ Hyand Yy € Hy, (Lz,y)m, = (z, L*y)n,

to define the adjoint. In (B.4), we have used the fact that Hilbert spaces
H are reflexive, ie., H = H, cf., Theorem B.14b.

Let M, and M, be metric spaces with metrics p; and p;, respectively.
A function f : M; = M, is uniformly continuous if

Ye > 0, 36 > 0 such that py(z,y) < & implies p2(f(z), f(y)) < e.

B.7 Theorem. UnirorMLY CONTINUOUS EXTENSIONS

a. Let My be a metric space, let My be a complete metric space,
and let V be a subset of My. Assume that f : V — M, is uniformly
continuous. Then f has a unique uniformly continuous extension to
V C M.

b. Let B, and B; be Banach spaces, and let L € L(By, B;). Then
L is uniformly continuous.

c. Let By and B, be Banach spaces, let V be a subspace of B;.
If L : V = B, is a continuous linear function, then L has a unique
continuous linear extension to V.
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The following result is also called the Banach-Steinhaus Theorem.

B.8 Theorem. UNIFORM BOUNDEDKESS PRINCIPLE

a. Let M be a complete metric space with metric p, and let C be a
set of continuous functions f : M — C. Assume

Yz e M, 3C, >0 suchthat VfecC, |f(z)]<C,.

Then there is a constant C > 0 and a nonempty open ball U, i.e.,
U={zeM:plz,zg) <r} for some zo0 € M and r > 0, such that

VrelU and YfelC, |f(z)|<C.

b. Let By be a Banach space, let By be a normed vector space, and
let C C L(By, Bz). Then one of the following is true:
i. 3C such that VL € C, ||L|| £C,

or
ii. There is a nonempty set V C B; such that V = By and

Vz €V, sup|Llz|| = 0.
Lec

(V' is also the inlersection of a countable family of open sets.)

¢. Let By be a Banach space, let By be a normed vector space, and
let {L.} C L(B1, Bz) have the property that

Vz € By, 3Lz € By such that lim ||L,z — Le| = 0.
Then L € L(B1, By).

B.9 Theorem. OPEN MAPPING THEOREM
Let By and B, be Banach spaces and let I € L{By, Bz) be bijective.
Then L™ exists and L™ € L(Bg, By).

B.10 Remark. Baire CATEGORY THEOREM

The Uniform Boundedness Principle and the Open Mapping Theo-
rem both depend on completeness. In particular, they can be proved
using the Baire Category Theorem which asserts that if M is a com-
plete metric space then the intersection of any countable family of dense
open subsets of M is dense in M.
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Combining the Open Mapping Theorem with g@m’ Theorem

[Ben76, pages 246-247], we have the following result.

B.11 Theorem. INJECTIVITY, SURJECTIVITY, AND CONTINUITY For L, L*, L™, anp (L*)7!

Let By and B; be normed vector spaces with dual Banach spaces Bj
and B} , and let L € L(By, B,).

a. L*(BL) = B} if and only if L™ ezists and L™' € L(L(B), B1).

b. Let By, and B, be Banach spaces. L(B:) = B, if and only if
(L*)7* ezists and (L*)! € L(L*(B}), B). Further, if L™! exists, then
it is in ﬁ(L(Bl), Bl)

c. Let B, and By be Banach spaces, let L be injective, and assume
L(B1) = B;. The following are equivalent:

i. L(By) = By;

ii. There is C > 0 such that for all y € By, |y|lp; < C||L*yl|5:,
i.e., L* is an open mapping;

iii. L*(B) = B!.

Let B; and B; be vector spaces, let V C By be a subspace, and let
K : V — B; be a linear function. Using the Axiom of Choice, it can be
shown that there is a linear function L : B, — B; for which Lz = Kz
forall z € V, e.g., [Tay58, pages 40-41]. If B, is a normed vector space,
B; = C, and K is continuous, then the following theorem provides a
continuous norm preserving extension L : By — C of K, e.g., [BenT§,
pages 244-246]. Completeness is not required as it is for Theorems B.8
and B.9.

B.12 Theorem. HAuN-BANACH THEOREM
Let V C B be a subspace of the normed vector space B. If K : V —
C is linear and continuous, then there is L € B’ such that L = K on

Vand || = K]l

B.13 Corollary. ExisTENCE oF CONTINUOUS LINEAR FUNCTIONALS
Let B be a normed vector space.
a. If 2,y € B and = # y, then there is L € B’ such that Lz # Ly.
b. Let V be a closed subspace of B and let y € B\V. There is
Le B suchthat Ly=1and Le =0 forallz € V.
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Proof. Let V be the subspace of B generated by z — y, and define a
linear function K on V by the rule K{c(z —y)) = ¢|lz — y| for c € C.
Note that ||K]| = 1 so that K is continuous. Apply Theorem B.12 to
obtain an extension L € B'. Then 0 < ||lz—y|| = L(z—y) = L(z)—L(y).
This completes part a.

b. Let d > 0 have the property that ||z —y|| > d for all z € V, and
let V; = { +cy:z € V and ¢ € C}. Define the linear function X on
V, by the rule K(z + cy) = ¢. Thus, K =0o0n V and K(y) = 1. Also,
K is continuous on V, since |K (z +cy)| = d7*|c]d < d™el||le rz 4yl =
d~!|z + eyl|. The result follows from Theorem B.12. 7 O

B.14 Theorem. LP-DuaLiTY THEOREM

a. LMR) = L®(R), where g : LY(R) = C is well-defined by g(f) =
Tg@)f(t)dt for all f € L*(R).

b. Let1 < p < oo and define p' by 1+ = 1. Then LP(R)' = IY(R),
where g : LP(R) — C is well-defined by g(f) = [g(t)f{t)dt for all
f € L*(R). In particular, the Hilbert space H = L*(R) has the property
that L*(R)Y = L*R).

c. L®(R)Y is the space of finitely additive bounded measures on the
Borel algebra B(R), e.g., Chapter IV of N. Dunford and J. T. Schwartz,
Linear Operators, Part 1, John Wiley and Sons, New York, 1957. (B(R)
was defined in Remark 2.7.4.)

B.15 Remark. Riesz, HELLY, AND HAHN-BANACH THEOREMS

a. F. Riesz introduced the L? spaces, p # 2, in 1910, and proved the
L?P-Duality Theorem ( Theorem B.1{b). Using a complicated argument
with Lagrange multipliers, he then proved the following theorem. Let
p>1, and let {f.} C LP(R) and {c,} C C be given sequences; then

(B.5) 37 € L7 (R) such that Vn, ¢, = [ F(8) fo(t)dt
if and only if there is C > 0 such that for all finite sequences {A,} C C,

(Bﬁ) | z '\ncn| S C” Z ’\nfn”LP(R)-

The proof that (B.5) implies (B.6) is clear. If p = 2 and {f,} is or-
thonormal then Riesz’ Theorem is equivalent to the Riesz-Fischer The-
orem (Remark 3.4.11c).
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b. In 1912, the Austrian mathematician E. Helly (1884-1943) (who
spent his last years in the USA as an actuary) gave an elementary proof
that (B.6) is a sufficient condition for the validity of (B.5). In so doing,
he proved a result which is equivalent to the Hahn-Banach Theorem
[Die81].

c. The proof of (B.5) from (B.6) is a consequence of the Hahn-
Banach Theorem as follows. Assume (B.6) and let V = span{f.} C
L?(R). (The span of a set X contained in a vector space B is the set of
all finite linear combinations z = ¥ A\ z,, where A, € C and z, € X.)
Define K : V — C by the rule that K(3 A, fs) = 2 Auc, for any finite
sequence {A,} C C. Clearly, K is linear, and it is continuous on V' by
(B.6). Thus, by Theorem B.12, there is L € L”(R) for which L = K
on V. Hence, ¢, = f(f.) = [ f(t)fa(t)dt for each n, where we have
denoted L by f.

B.16 Remark. EMBEDDINGS OF DUAL SPACES
a. Let By C By, where B; and B; are normed vector spaces and let
I : By = Bj be the identity mapping with adjoint [* : B} — Bj. By
definition,
Yz € By and Vy € B;,, (I"y)(z) = y(z),

ie, Yy =yon By CB,.

b. Assume I, and hence I*, are continuous. Note that if y € Bj
then y|p,, the restriction of y to By, is an element of B]. To see this
first note that since By C B, and y € B}, then y|p, is linear on B;.
y|p, is also continuous on B; because of the continuity of I. In fact,
since y is continuous on B, with the induced topology from B,, then
it is continuous on B; with its given norm convergence because this
latter topology is stronger (finer) than the B, criterion. {(Continuity of
a function for a given topology on its domain implies contmulty for any
stronger topology on that domain.) :

c. To say that B} is embedded in By, in which case we write B} C By,
we mean that /* is a continuous injection. This means that whenever
I'y=0¢€ B} then y =0, i.e., y(z) = 0 for all z € B,.

d. In the setting of parts ¢ and b, we further assume B, = B,. Let
y € B} have the property that I*y = 0 € B]. Suppose ¢ € B; and
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lim, o0 |27 — 2|5, = 0, where {z,} C By. Then lim, ., y(z.) = y(z),
and y(z,) = (I"y)(x,) = 0. Thus, y(z) = 0, and so y € Bj is the
0-element. Hence, I* is a continuous injection. I* is also the identity
function, i.e., for all y € Bj, I*y = y on a dense subspace of B,.

e. We can summarize parts a—d by the following Embedding Theo-
rem: let By and By be normed vector spaces; if By C By in the sense
that the identity map I : By = B, is continuous, end if By = B,
then B C Bj. Several embeddings are listed in Definition 2.4.5¢ and
Ezample 2.4.6b,d,f. Some of these involve topological structures more
general than Banach spaces. This generality does not give rise to any
problems, since the Embedding Theorem is true quite generally.

B.17 Example. C3(R), My(R), anp Duarity

a. Let Cy(R) be the Banach space of continuous bounded func-
tions on R taken with the L*-norm ||... | p~®); and let Co(R) be the
closed subspace of Cy(R) whose elements f satisfy the condition that
limp—e f(t) = 0. Recall from Theorem 2.7.8 (RRT) that Co(R) =
My(R). Cy(R)is a closed subspace of L*°(R), and C3(R)" is the space of
finitely additive bounded regular measures on the Borel algebra B(R),
cf., Theorem B.14c and the reference given there.

b. Since the continuous inclusion map I : Co(R) — C3(R) is not
dense, we can not conclude that C3(R) C M,(R), as is apparent from
the characterizations of Co(R) and C(R) in part «, cf., Remark B.16.

c. The characterizations of Co(R)’ and Cy(R)’ in part a do imply
that

(B.7) My(R) C Gy(RY.

In this regard, if 4 € Co(R) then p extends to an element u, €
Cy(R)' by the Hahn-Banach Theorem. Of course, there is no apriori
guarantee of a unique extension.

On the other hand, and without invoking the characterization of
Cy(R)' stated in part a, we can see the validity of (B.7) in the following
way.

If f € Cy(R) we can choose {f.} C Co(R) for which lim, oo fn = f
pointwise on R and sup,, || fullz=®) = [|fllz=®) < c0. Then we apply a
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form of LDC for L} (R) which allows us to assert that f € L}, (R) and

limy, e || fn — f||LI1 (R) = 0, e.g., [Ben76, Chapter 3]. The integral u(f)
m

is well-defined, i.e., it is independent of the sequence {f.} C Co(R).

Further, u : Cy(R) — C is linear. To prove the continuity of , let
f € Cy(R), let € > 0, and choose {f.} as above. Then

IN > 0such that Vn > N, |p(f - fu)l < ¢

and so, for such n,

()] < e+ [u(fa)l < e+ ullllF]] o).

This is true for all € > 0, and so p € Cp(R). We designate y so defined
on Cp(R) by p*.

The inclusion (B.7) is accomplished by the mapping i —+ u*. The
fact that many extensions u. of u exist does not contradict (B.7). In
fact, v, = p.—p* € Cp(R) vanishes on Co(R); and if v, is not identically
0 on Cy(R), then . is not countably additive on B(R) and so it does
not correspond to an element of My(R).
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Appendix C

Fourier Analysis Formulas

[ F,
F(y)=f(v) = f f@em™at,  f(t) = f F(7)e™™ dy.
Al =2(), Al AF(3), reR\{0}.
f — F implies F(t) <— f(—7).
ruf(t) = F{t—=u), (ruf) ¢ e F(y), €™ f(t) «— F (v — 7).
fu* fo — FiFy,  fifa +— Fix P

[ 1A dt= [ F-nF) dv, [ 1@FD dt = [ BEFD
Mlew = Flug
F1(#) ¢ 2mivF(y),  fO(t) +— @riy)"F(7),
—2mitf(t) «— F'(y), (=2mit)"f(t) +— FP(y).
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ff(at — b)e”z’"‘f”’ di = ie—z"""(b/“hF (}) , a>0.

Poisson Summation Formula

a. A f(A) =3 F(n/}), A>0,
b (Xbur) = W/T) bz, T>0.

i 1 (sin(t/2)\
Dirichlet  d(t) = E]}nTt Fejér  w(t) = o- (SH;(/ 2/ )) ’
1 g . 1
Gauss g(l) = ——\/7_1'6 , Poisson p(t) = m’

Triangle A(t) = max(1 — |¢,0).

[ di=[w®yd=[a@d=[mnE)d=1,

2

'w,\(t) —_ ,\

dAlg(t)z.

lrr) = donr,  dn = Loa/2m) 0 /(27))

TA]/T —F WarT, W) — max (1 - Jﬁ;_ﬂ’ 0) y

- __2xyl/2
e My pip,  pr eI,

—rri?

JFINY
e (—-->g\/;/—r, g,\<—)e('7/)‘),
T, r>0.
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Heaviside Function H:
a.  H(t) & s-pv (%) + 126(%),

b 30— 5w (3) e H),

c. H{t)—1+— %pv (%)
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Appendix D

Contributors to Fourier
Analysis

Abel, Niels Henrik 1802-1829 Norway

Akhiezer (Achieser), Naum Ilich 1901-1980 Ukraine

Alembert, Jean Le Rond D’ 1717-1783 France

Archimedes c. 287-212B.C. Greece
(Syracusa,
Sicilia, Italy)

Arzela, Cesare 1847-1912 Italy

Ascoli, Giulio 1843-1896 Italy

Obviously this is an incomplete list of past contributors to Fourier analysis.
With the complexity of history’s chaotic paths through time, it is impossible to
draw any serious conclusions from nationalistic labelling. Our listing of countries

should be read in this spirit, viz., as a superficial crganizational device. Further,

_ many contributors made significant contributions in several countries, e.g., Erdélyi,

Euler, Pdlya, and Reiter, Others have a labyrinthine heritage, e.g., Cantor. Dirich-
let, one of the protagonisis of this book, succeeded Gauss at Gottingen; and was,
indeed, German born (at Diiren between Aachen and Kéln). On the other hand,
his grandfather lived in Verviers, Belgium; and several generations of the Dirichlet
family lived in the Province of Ligge. In fact, the family name originated from the
Belgian village of Richelette, not so far from Maastricht in The Netherlands.
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Babenko, Konstantin Ivanovich
Banach, Stefan

Bary, Nina Karlovna

Bernoulli, Daniel

Bernstein, Sergei Natanovich
Besicovitch, Abram Samoilovitch

Bessel, Friedrich Wilhelm
Beurling, Arne Karl-August
Boas, Ralph Philip

Bo6cher, Maxime

Bochner, Salomon

Bois-Reymond, Paul David Gustav du

Bohr, Harald

Bolzano, Bernhard

Bosanquet, Lancelot Stephen
Bromwich, Thomas John I’Anson

Burkill, John Charles

Cantor, Georg Ferdinand Ludwig
Philip

Carleman, Torsten

Carlini, Francesco

Carlson, Fritz David

Carslaw, Horatio Scott

Cauchy, Augustin Louis
Cesaro, Ernesto
Cooper, Jacob Lionel Bakst

Cornu, Marie Alfred

Cramér, Harald

De Moivre, Abraham
De Morgan, Augustus

Darboux, Jean Gaston
Dedekind, Julius Wilkhelm Richard
Denjoy, Arnaud

1919-1987
1892-1945
1901-1962
1700-1782
1880-1968
1891-1970

1784-1846
1905-1986
1912-1992
1867-1918
1899-1982
1831-1889
1887-1951
1781-1848

1903-1984
1875-1929

1845-1918

1892-1949
1783-1862
1888-1952
1870-1954

1789-1857
1859-1906
1915-1979

1841-1902
1893-1985

1667-1754
1806-1871

1842-1917
1831-1916
1884~
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Russia

Poland

Russia
Switzerland
Russia
Berdjansk,
Russia, Engl: nd
Germany
Sweden

USA

USA

USA

Germany
Denmark
Czechoslovak a
(Bohemia)
England
England
England

(Germany

Sweden
Italy
Sweden
Scotland,
Australia
France
Ttaly
South Africa
England
France
Sweden

France, Engl .nd
India (Maduw a),
England

France
Germany
France
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Dini, Ulisse

Dirichlet, Johann Peter Gustav Lejeune
(Lejeune-Dirichlet)

Ditkin, V.

Doetsch, Gustav

Doss, Raouff

Eberlein, William F.

Erdélyi, Arthur

Euler, Leonhard

Fatou, Pierre Joseph Louis
Fejér, Lipét
(b. Weisz. In Hungarian,
“white” is “fehér”)
Fermat, Pierre de
Fischer, Ernst
Flett, Thomas Muirhead
Fourier, Jean Baptiste Joseph
Fréchet, Maurice René
Fredholm, Erik Ivar
Fresnel, Augustin
Fubini, Guido

Gabor, Dennis

Gauss, Carl Friedrich ~
Gibbs, Josiah Willard

Glicksberg, Irving Leonard

(Green, George F.

Hankel, Hermann
Hardy, Godfrey Harold
Hausdorff, Felix
Heaviside, Oliver

Heine, Heinrich Eduard
Heisenberg, Werner
Herglotz, Gustav
Hermite, Charles
Herrero, Domingo A.

~/56s"

1845-1918
1805-1859

1892-18977

-1988
1917-1986
1908-1977

1707-1783

1878-1929
1880-1959

16011665
1875-1954
1923-1976
1768-1830
1878-1973
1866-1927
1788-1827
1879-1943

1900-1979
17771855
1839-1903
1925~

1793-1841

1839-1873
1877-1947
1868-1942
18501925
1821-1881
1901-1976
1881-1953
1822-1905

-1991
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Ttaly
Germany

Germany

USA

USA

Hungary, Scotland,
USA, Scotland

Switzerland, Russia

France
Hungary

France
Germany
England
France
France
Sweden
France
Italy

Hungary, England
Germany

USA

USA

England

Germany
England
Germany
England
Germany
Germany
Germany
France

USA
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Herz, Carl Samuel

Hilbert, David

Hille, Einar

Hirschman, Jr., Isadore Isaac
Hobson, Ernest William
Hélder, (Ludwig) Otto

Ingham, Albert Edward

~lzrra- S

Jackson, Dunham

Jacobi, Karl Gustav Jacob

Jensen, Johan Ludvig William Valdemar
Jordan, (Marie-Ennemond) Camille

Kac, Mark

Lord Kelvin (William Thomson)
Kennedy, Patrick Brendan
Kirchhoff, Gustav Robert
Kluvanek, Igor

Kolmogorov, Andrei Nikolaevich
Kothe, Gottfried

Kozlov, V. Ya

Krein, Mark Grigorivich
Kronecker, Leopold

Kuttner, B.

Kuzmin, Rodion Osieviz

Lagrange, Joseph-Louis
(Lagrangia)

Landau, Edmund

Laplace, Pierre Simon de

Legendre, Adrien Marie

Lebesgue, Henri-Léon

Leibenzon, Leonid Samuilovich

Levi, Beppo

Levinson, Norman

Leeuw, Kare/ ode

1930-1995

1862-1943

1894--1980
1922-1990
1856-1933
1859-1937

1900-1967

1888-1946
1804-1851
1859-1925
1838-1922

19141984
1824-1907
1929-1966
1824-1887
1931-1993
1903-1987
1905-1989

1907-1989
1823-1891

1891-1949

1736-1813

1877-1938
1749-1827
1752-1833
1875-1941
1879-1951
1875-1928
1912-1975

USA, Canad:
Germany
Sweden, US/
USA
England
Germany

England
~Japan— —

USA
Germany
Denmmark
France

Poland, USA
Ireland, Scot and
Ireland

Germany
Slovakia, Au: tralia
Russia

Austria, Ger nany
Russia

Odessa (Ukr: ine)

Germany
Russia

Italy (Torino1,
France
Germany
France

France

France

Russia

Italy

USA

~/97% LSA
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Lévy, Paul P,

Lewy, Hans

Lindel6f, Ernst

Liouville, Joseph

Lipschitz, Rudolf Otto Sigismund
Littlewood, John Edensor
Loomis, Lynn Harold
Lowdenslager, David 3 .

1886-1971
1904-1988
1870-1946
1809-1882
1832-1903
1885-1977

1915-1994
~/563

Leeuw, Karel de [oa PREVIOWs PACE )

Lozinskii, Sergei Mikhailovich
Lusin, Nikolai Nikolaevich

Maclaurin, Colin
Mandelbrojt, Szolem
Marcinkiewicz, Josef

Mellin, Hjalnar

Mengoli, Pietro

Mensov, Dimitrii Egven’evich
Mertens, Franz

Michelson, Albert Abraham
Minkowski, Hermann

Osgood, William Fogg

Paley, Raymond Edward Alan Christopher

Parseval (des Chénes), Marc-Antoine
Peano, Giuseppe

Pichorides, Stylianos K.

Pitt, H. R.

Plancherel, Michel

Plessner, Abram lezekiilovich
Poisson, Siméon Denis

Pollard, Harry

Pollard, Samuel

Pélya, George (Gyorgy)

1914-1985
1883-1950

1698-1746
1899-1983
1910-1940
1854-1933
1626-1686
1892-1988
1840-1927
1852-1931
1864-1909

1864-1943

1907-1933
1755-1836
1858-1932
1940-1992

1885-1967
1900~

1781-1840
1919-1985
1894-1945
1887-1985
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France
Germany, USA
Finland

France
Germany
England

USA |
wsA4 T

Russia
Russia

Scotland
Poland, France
Poland
Finland
Italy

Russia
Austria
USA

Russia,
Switzerland,
Germany

USA

England
PFrance
Italy
Greece

Switzerland
Russia

France

USA (Boston)
China, England
Hungary,
Switzerland,
USA
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Pringsheim, Alfred
Pythagoras

Rademacher, Hans

Radon, Johann

Rajchman, Aleksander

Lord Rayleigh (Strutt, John William)
Reiter, Hans Jakob

Riemann, Georg Friedrich Bernhard
Riesz, Frigyes

Riesz, Marcel

Riviére, Nestor M.

Rogosinski, Werner W.

Rubio de Francia, José Luis

Salem, Raphaél
Schaeffer, A. C.

Schmidt, Erhard
Schmidt, Robert
Schoenberg, Isaac J.
Schrédinger, Edwin
Schuster, Sir Arthur R.
Seliverstov

Silov, G. E.

Smith, Henry John Stephen
Stechkin, S. B.
Steinhaus, Hugo _
Stieltjes, Thomas Jan
Stirling, James
Stromberg, Karl Robert

~—Sunocuchi—G-

Szasz, Otto
Szegd, Gabor
Szidon, S.

1850-1941

c. 570-500B.C.

1892-1969
1887-1956

-1940
1842-1919
1921-1992

1826-1866
1880~1956
18861969

German ,
Switzer] ind
Greece

German », USA
Czechos ovakia
Poland
England
Austria. USA,
England, |
The Netherlands, .
Austria -
German ¢
Hungar:
Hungar:, Sweden .

/1%0-157¢ Argenting, USA

- 1964
1949-1988

1898-1963
- 1557
1876-1959

1903-1990

1887-1961
18511934

1826-1883

1856-1894
1692-1770

1031- /994 USA

1884--1952
1895-1985

Englan
Spain Y «

(Greece, France
LSA

German /

German s (Kiel)
Romani i, USA
Austria

German 7, England

England

Russia

The Net herlands
Scotlan«

Hungar:, USA
Hungars, USA
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Tamarkin, Jacob David
Taylor, Brook
Thomson, William (Lord Kelvin)

Titchmarsh, Edward Charles
Tonelli, Leonida

Ulyanov, P. L.

Vallée-Poussin, Charles Jean de la
van der Corput, Jan G.
van Vleck, Edward Burr
Verblunsky
Viete, Francois
Vinogradov, Ivan Matveevich
Vitali, Giuseppe
Volterra, Vito
von Neumann, John

(Jdnos Neumann)

Walsh, Joseph Leonard _
Weierstrass, Karl Theodor Wilhelm
Weiss, Mary

Weyl, Hermann

Widder, David Vernon

Wiener, Norbert

Wigner, Fugene Paul(Jend Pal)
Wilbraham

Williamson, John

Wintner, Aurel

Young, Grace Chisholm
Young, William Henry

Zygmund, Antoni

Z MCéer*man/ H.S.

1888-1945
1685-1731
1824-1907
18991963
1885-1946

1866-1962
1890-1975
1863-1943

1540-1603
1891-1983
1875-1932
1860-1940
1903-1957

1895-1973
1815-1897
1930-1966
1885-1955
1899-1990
1894-1964
1902-1995

1901-
1903-1958

1868-1944
1863-1942

1900-1992
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Russia, USA
England

Ireland, Scotland
England

Italy

Belgium
The Netherlands
USA

France

Russia

Italy

Italy

Hungary, USA

USA

Germany

USA

Germany, USA
USA

USA

Hungary, USA

England
Hungary, USA

England
England

Poland, USA

1§70 USA
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