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The Fourier transform

The Fourier transform of f € L} (R) is the function F defined as

(v) = / f(x)e™2™ dx, yeR=R.
R
Notationally, we write the pairing between f and F as:
f=F.
The space of Fourier transforms of L! (R) functions is

AR)={F:R—C: 3fe L (R)suchthat f = F}.

OPEN PROBLEM Give an intrinsic characterization of A(R).

Norbert Wlener Cemer
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The Fourier transform inversion formula

Let f € L},(R). The Fourier transform inversion formula is

f(x) = /AF('y)ez“"’” d.

R

F = f denotes this inversion.

There is a formal intuitive derivation of the Fourier transform inversion
formula using a form of the uncertainty principle. JB-HAA

Norbert Wiener Center
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Jordan pointwise inversion formula

Let f € L! (R). Assume that f € BV([xo — ¢, Xo + €]), for some x; € R
and € > 0. Then,

f(xo+) + f(Xo—)
e

M— oo

M
lim / Hy) & dby.
M

Example

f € L},(R) does not imply f € L!(R). In fact, if
f(x) = H(x)e 2™,

where r > 0 and H is the Heaviside function, i.e., H = 1|9 ), then

¢ Ln(R).

- 1
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Algebraic properties of Fourier transforms

a. Let fi, f, € L} (R), and assume ¢, ¢, € C. Then,

Vy€ER, (cifi +ch)(v) = cifi(7) + caho().
b. Let f € L1 (R) and assume F = f € L} (R). Then,
VXxeR, F(x)=f(—x).

c. Let f € L},(R). Then,

VyeR, f(y)=1x).

Norbert Wiener Center
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Translation and dilation

For a fixed v € R, we set
e,(x) = 2™,
Fort € Rand f: R — C, the translation operator, r;, is defined as
n(f)(x) = f(x - 1),

and, for a fixed A € R\ {0} and for a given function f : R — C, the
dilation operator is defined by the dilation formula,

f(x) = AF(AX).

Example
Dilation and the Poisson function
If f(x) = e2™"IXI, r > 0, then

s 11 -
f(v) = ;P1/r(7) = T 12/ € Lh(R),

where P(v) = 1/(x(1 + +?)) is the Poisson function. o




Geometric properties of Fourier transforms

Letfe L!(R),andfixt € R, £ €R, and A € R\ {0}. Then,

a.
(ecf)'(7) = (N (),
b. X
((H)) () = e—t(MH(),
C. A\
~ 30
(h)'(v) = B f(x)

Rotations play a major role in Fourier analysis on RY.

Norbert Wlener Center
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Formal properties of the Fourier transform

a. fisrealif and only if F() = F(—v). In this case,

F(y) = /R f(x) cos(2mx~y) dx — i/R f(x) sin(2wx~) dx,

f(x) = 2Re / F(v)e?™™ dr.
0
b. fis real and even if and only if F is real and even,. In this case,
F(v) = 2/ f(x)cos(2mxy) dx, f(x)= 2/ F(vy) cos(2rxy) dv.
0 0

c. fisreal and odd if and only if F is odd and imaginary. In this case,

F(y) = —ZI/OOO f(x)sin(2rxv) dx, f(x)= 2i/0Oo F(v)sin(2rx~) d~.




Fourier transform of the Gaussian

Let f(x) = e~ r > 0. We could calculate f by means of contour
integrals, but we choose Feller’s real approach.

(FY(v) = —27ri/R TS R e

Noting that
d

ax
integration by parts gives

_ a2
—(e e’ )= —2nrxe ™™,

ZFV?

= _27”/ 57 —rx? / —27rlx§ dx — (7)
Thus, 7 is a solution of F/(v) = —2™F(y); and so
i) = Fl) = @7 I~




Fourier transform of the Gaussian, continued

Example

Taking v = 0 and using the definition of the Fourier transform,
C=J; e~ dx. In order to calculate C we first evaluate
a= [ e v du.

a2—/ -st/ £t = / / e~ (*+1) dsdit
/2 .
/ / e~ rdrdd = —/ e Ydu= e

Thus, |5 eV du= /7. Consequently,

1 2 1
C:/ef’”’(zdt:—/e*” du=—.
R Vr Jr Vr

Therefore, f(v) = #e—”z/’.
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Analytic properties of Fourier transforms

Let f € L} (R).

a.¥veR, (K1)l < [Iflh.

b.Ve>0, 3> 0suchthatV~andV ¢, for which |¢| < J, we have
[f(v+ ¢) — f(7)| < e, i.e., fis uniformly continuous.

b. Note that [F(v + ¢) — F(7)| < Jx [f(x)] |e~27*¢ — 1] dx.
Let g¢(x) = |f(x)| |e=2™*¢ — 1]. Since lim¢_,0 g¢(x) = 0 for all x € R,
and since |g¢(x)| < 2|f(x)|, LDC implies

lim / gc(x) dx =0, independent of ~.
C*}O R

Thus,

Ve > Oa ElCO > 07 VC € (_CO7 CO) andey € ﬁz |?(’Y =+ C) - ?(7)| <€ “enter

This is the desired uniform continuiti. [ |




Analytic properties of Fourier transforms, continued

The following result for L} (R) has essentially the same proof as the
Riemann-Lebesgue lemma for L!.(T), see ahead.

Riemann—Lebesgue lemma. Assume f € L! (R). Then,

lim f(y)=0.

[v|—o0

Co(R) \ A(R) # 0. Define

1 o
F(y) = 159(7) if v> e,
X if0<y<e

e’

on [0,00) and as —F(—~) on (—oo, 0].

Also, A(R) is a set of first category in Cy(R). Even more, a Baire i
category argument can also be used to show the existence of Pcaions
F € C.(R) for which F ¢ A(R). JB-HAA.




Analytic properties of Fourier transforms, continued

Theorem

Differentiation of Fourier transforms.
a. Assume that f(", n > 1, exists everywhere and that

f(£o0) = ... = f™D(zo00) = 0.

Then, R
(AP () = (2miv)"H().
b. Assume that x"f(x) € L}.(R ( ), for some n > 1. Then,
xkf(x) e LL(R), k=1,...,n—1, (f),...,(F)" exist everywhere, and

Vk=0,...,n, ((—27ri~)kf(-)) () = FO ().

Smooth function and fast Fourier decay, and vice-versa.

Absolute continuity has spectacular and essential role. JB-HARAR::! Wierer Center



Convolution and Fourier transforms

The convolution f x g of f, g € L! (R) is

fx g /f X—1) dt:/Rf(x—t)g(t) dt

Letf,g € Ll(R). Then, fxg e L} (R) and

(f* 9 (7) = F(1)d()-

For the proof, f x g € L} (R) and Fubini~Tonelli give

(=) / / f(x — tyg(t)e 2m~D1e=2m11 gt ax
/ ( / f(x — t)e~2mite=n dx) g(t)e~2" ot
= [ Haate =" ot = 1)a().

Norbert Wlener Center

This innocent proposition is actually a raison d’étre for transfof -
methods, generally, and for the Fourier transform. JB-HAA



Approximate identity

Definition

An approximate identity is a family {K() : A > 0} C Ll (R) of functions
with the properties

iYA>0, [LKn(x)dx=1,

ii. 3 M > 0 such thatv A>0, [Kyllh <M,

i ¥ 6 >0, limy_o f|X|Z5 |Kny (x)] dx

I
S

Let K € L},(R) have the property that [, K(x) dx = 1. Then, the
family, {Ky : Ky(x) = AK(Ax), A > 0} C L} (R) of dilations of K is an
approximate identity.

Approximate identities in L} (R) C M,(R) approximate § € My(R),

where §(f) = £(0). ¢ is the multiplicative (under convolution) unit in the
Banach algebra M,(R). The Banach algebra L},(R) has no

multiplicative unit. e S



Examples of approximate identities

a. The Fejér function W is

W(x) = 21? (sin)g;(:f))z.

W is non-negative and [, W(x) dx = 1. Thus, the Fejér kernel
{W, : X >0} C L} (R) is an approximate identity.
b. The Dirichlet function D is

D(x) = sm(x).

X

Although [, D(t) dt =1, we have D ¢ L} (R). Thus, the Dirichlet
kernel {D, : A\ > 0} is not an approximate identity.
c. The Poisson kernel P, and the Gauss kernel G, defined by

P(x) = m and G(x) = ﬁe"‘z, are approximate identities.




Approximate identity theorem and uniqueness

Let f € L}(R).
a. If {Ky : A >0} C LI (R) is an approximate identity, then

Jim [[f — 5 Kylls = 0.

b. We have

lim
A—00 R

c.lff=0o0n ﬁ, then f is the 0 function.

Theorem

Let f € L35 (R) be continuous on R. Then,

A/2m R )
£(x) 7/ <1 _ 2”'”') F(y) €271 d§| dx = 0.
—\/2rm A

VXxe R, lim fx ’<(A)(X) = f(X) Senter
A—00

<




Approximate identity theorem and uniqueness, cont.

Part c. follows from b., and b. follows from a. For a., compute

||ff*K(>\)|1—/‘/K()\) dt*/K Xtdt‘dX
/|KA) </|f ) — f(x —t)|dx>dt

Let e > 0. 30 > 0 such that, for ||Kiy)[l1 < M,

vt <o, /|f )~ f(x ~ ) dx <+ andso

If = £ % Koyl gzuf\m/
[t|>0

<2|fls [ IKy()l dt e
[t|>0

€
|Ky(1)] dt + M/ |Kxy ()] dt
[t|<o

Definition of a.i., e > 0 arbitrary, and lim give resuilt. |
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Inversion formula for L (R) N A(R)

If f € L' (R) and f € L! (R), we can use the Approximate Identity
Theorem to prove the following pointwise inversion theorem. What we
explicitly mean in its statement is that if f € L!,(R) and 7 € L!(R), then
the inversion formula is true m-a.e.; and that if f is continuous then it
is true for all x € R. Compare the proof in JB-HAA, pages 38-39.

Let f € L},(R) N A(R). Then,

VxeR, f(x)= [ (7)™ dy.
R

a.m-a.e. proofs such as the following lead to convergence in larger

sets, so called Lebesgue sets. JB-HAA

b. The assumptions on the approximate identity in the proof are easily
satisfied, e.g., by K») = Wy Norbert Wiener Certer



Proof of inversion formula for L! (R) N A(R)

Proof.

The statement of the theorem follows from two observations. First, if
{K : A > 0} C LT (R) is an approximate identity, then there exists a
subsequence {\,: n=1,...} such that

lim f+ Ky, =f m-ae.

n—oo

This fact is a consequence of the Aproximate Identity Theorem.
Second, assume that f € L},(R), that (K(»))" € L},(R), and

VxeR, ’(()\)(X) = /A(K(A))A(v)ezmm d~.
R

Then,
=0.

oo

lim

A—00

/A?(g)e%"” Ay — f x Koy (X)
R




The L2,(R) theory of Fourier transforms

We have defined the Fourier transform of f € L! (R). Now our goal
is to define it for f € L2,(R). Clearly, L2,(R) Z L} (R), and so we cannot
use the integral formula, that defines  f of f € L1 (R), since the
function under the integral sign may not be integrable.

Plancherel theorem. 3 unique linear bijection F : L2,(R) — L2 (R) :
a.vfell (RyNL2(R)andV vy €R, f(y) = F(H();
b. v f € L3(R), ||fl2 = [|F(F)ll2-

a.Because of the translation invariance of Lebesgue measure
(and the time-invariance required for most physical experiments), it is
natural to extend Fourier analysis to all groups, not only R. Limitations
and difficulties arise immediately even though there are invariant
measures on locally compact groups, i.e., Haar measures. For some
of these groups, the L? theory is still state of the art!

b. Compute F(f).

c. Compare L' and L2 theories — remember the A(R) openigpert Wiener Center
problem!



A lemma for the L2 (R) theory

Letf € C,(R). Then, f € L2,(R) and ||f|j2 = ||||2.

Let 7(t) = f(—t). f € A(R), since C,(R) C L} (R). Define g = f = f. g is
continuous, g € L!(R) N Li9(R), and g(0) = ||f|2.
Fubini and the translation invariance of Lebesgue measure imply

VyeR, §(v) =)

Since g is continuous, we deduce that

g(0) = lim /A/Zﬂ (1 27;'”') #()? d

A—o0 7)\/271_

Finally, Levi-Lebesgue (LDC) allows us to assert that f € 2,(R) and

1715 = 9(0) = |If1]3.
I




Proof of the Plancherel theorem

i. We define the action of 7 on C.(R) by F(f) = f. The Lemma
implies F(f) € L;(R) for f € Co(R), ~

ii. We prove that F(C.(R)) C A(R) N L2,(R) is a dense subspace of
L2 (R). Indeed, let g € L2 (R) and suppose that

VreCR). [ T0)ah) o =o. (1)
If f € C;(R), then 7,(f) € Cc(R), and so
Vfe CoR)andV u R, / H(y)9()e 2" dvy = 0.
R

By Holder, fg € L!(R), and so fg = 0 m-a.e. for each f € C,(R). Also,
Vfe Co(R)andV v €R, €™ f(x) € Co(R).

Thus, F(C¢(R)) is translation invariant, i.e.,
Ve CoR)andV v e R, 74(f) € F(Co(R)).

From this we claim that, V1o € R, 3f € C¢(R) for which |7 S@ranre Conter
some interval centered about ~g.



Proof of the Plancherel theorem, continued

To verify this claim, suppose 3vo such that Vf € C,(R) and interval
I centered at o, f has a zero in /. -, (o) = O for each f € C¢(R). By
the translation invariance of F(C¢(R)), T,,()A‘) € F(C.(R)) for each
n € R, and so

Vfe Ci(R)andVneR, 7,(f)(10)=0,

i.e., f=0o0n R for each f € C¢(R). This contradicts the uniqueness
theorem, and the claim is proved.

.. by the claim, (1) implies g = 0 m-a.e. R

.. by the Hahn-Banach theorem and since L2,(R) is self-dual, we
have 7(C(R)) = L2,(R).

iii. We have shown that 7 is a continuous linear injection
Cc(R) — L2(R), when C,(R) has the L2 (R) norm, and so F has a
unique linear injective extension to L2 (R). Also, F(C.(R)) is closed
and dense in L2,(R) by the Lemma and by part ii.. Thus, F is also
surjective.

a. follows since C;(R) = L} (R), when equipped with L} (R)porrzner Center
and b. follows from the continuity of F.



Parseval formula

Parseval formula. Let f, g € L2(R). Then, the following formulas hold:

/ f(x)g(x) dx = / f(M9(y) d
| 100900 @ = [ ia(=) o

The first formula follows from the Plancherel theorem and the fact that

and

fg=\f+g*—|f—gf* +ilf + ig/® — i|f — ig|>.




Parseval and beyond

a.Parseval was a French engineer, who gave his formula in 1799
(published in1805).

b. Weak solutions in physics, and test functions for unseen
solutions.

c. Creative formulas. From Pythagoras to defining the length of
curves by calculus to Hilbert space. JB-HAA

d. Duality formalism. Little spaces and their big dual spaces.

e. Distribution theory. To define the Fourier transform on large
spaces of objects (distributions), originally arising in applications,
in terms of their precise definition on small spaces such as
C:(R).

Norbert Wiener Center
for Harmonic Analysis an Applications



Hilbert transform

a.The Hilbert transform #H(f) of f : R — C is the convolution,

H(F)(D) —m;/t_xp tf(_xz( dx.

The Hilbert transform opens the door to a profound area of harmonic
analysis associated with the theory, relevance, and importance of
singular integrals, e.g., the books of Stein and of Garcia-Cueva and
Rubio de Francia, cf., Neri’'s SLN for a magnificent introduction.

b.H € L(L2(R)), H is unitary on L2 (R),HoH = —Id on L2,(R), and

H = F'o(H)F, where o (H)(7) = —isgn (7).

c. Let f: R — C satisfy supp ( ) C [O oo) and define the unilateral
Laplace transform of f as L(f)(t) = [;* f(x)e~™ dx. A formal
calculation, which is valid under m|Id hypotheses, shows that

V>0, L(L(H)(E) = —mH(F)(~1).

d. See JB-HAA, Problem 2.57, for a role of # in signal processing,
in particular, wavelet auditory modeling, as related to the e e et
Paley-Wiener logarithmic integral theorem.



Fourier series

a.Let F € L} (R) be 2Q-periodic. The Fourier series of F is

S(F)() = 3 flrle~2mm /e,

nez

with Fourier coefficients
Q
vnez, fl]=— / F(7)e2mm/C2) gy,
20/ ¢

b. If f € £1(Z), then the Fourier series of F is well-defined, and F
is the Fourier transform of f.

GOAL Find conditions on F so that S(F) = F. In fact, if
S(F) = F, then the integral formula for f can be formally verified.
JB-HAA, Section 3.2, for the history of Fourier series. Norbert Wiener Center
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If Q> 0and F e L] (R) is 2Q-periodic, we write F € L'(Tzq),
where Taq = R/(2QZ). The L'-normof F € L'(Tzq) is

1P ey = g [ DI

If Fis a 2Q-periodic, Lebesgue measurable function, and
F2 € L' (Taq), we write F € L2(Taq). The L2-norm of F € L?(Taq) is

1 1/2
1y = (29 / FO)2 dv) .

[3(T2q) C LY (T2q), and [|F|l11(1,0) < IIFlli2(Tsn) F € L2(T2q).

Definition

The Fourier transform of F € L'(Taq) is f = {f[n] : n € Z}, where

1 [ .
VneZ, f[n] = E /Q F(’Y)G_Zﬂ—”w/(zg) d’y “enter




The great books (that | know)

e Werner W. Rogosinski, Fourier Series (Ger.), 1930.

o Norbert Wiener, The Fourier Integral and Certain of its Applications,
1933.

e Raymond E. A. C. Paley and Norbert Wiener, Fourier Transforms in
the Complex Domain, 1934.

e Antoni Zygmund, Trigonometric Series, 1935, 1959 (2 volumes).

e E. C. Titchmarsh, Theory Fourier Integrals, 1937 (2nd ed. 1948).

e Solomon Bochner and K. Chandrasekharan, Fourier
Transforms,1949.

e G. H. Hardy and Werner W. Rogosinski, Fourier Series, 1956.

¢ Nina Bari, A Treatise on Trigonometric Series, 1961 (2 volumes).

o Walter Rudin, Fourier Analysis on Groups, 1962.

¢ Jean-Pierre Kahane and Raphaél Salem, Perfect Sets and
Trigonometric Series (Fr.),1963.

e Edwin Hewitt and Kenneth A. Ross, Abstract Harmonic Analysis,
Volumes 1 (1963) and 2 (1970).

Norben Wlener Center
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The great books (that | know), continued

e Torsten Carleman, LIntégrale de Fourier,1967.

e Robert E. Edwards, Fourier Series, 1967 (2 volumes)..

¢ Yitzhak Katznelson, Harmonic Analysis, 1968.

o William F. Donoghue, Distributions and Fourier Transforms, 1969.
¢ Jean-Pierre Kahane, Absolutely Convergent Fourier Series, 1970.
e Elias M. Stein and Guido Weiss, Fourier Analysis on RY, 1971.

e Harry Dym and Henry P. McKean, Fourier Series and Integrals,
Volumes 1 (1972) and 2 (1976).

e Henry Helson, Harmonic Analysis, 1983.

e Thomas W. Kérner, Fourier Analysis, 1988.

e Wavelet and Time-Frequency Analysis literature initiated by Yves
Meyer, Ingrid Daubechies, Stéphane Mallat, Hans Feichtinger,
Karlheinz Gréchenig., late 1980s until the present.

e Hugh L. Montgomery, Early Fourier Analysis, 2014.

Norbert Wiener Center
for Harmonic Analysis an Applications



Riemann-Lebesgue lemma

If F e L'(T2q), then limy,_, f[n] = 0, where f = {f[n]} is the
sequence of Fourier coefficients of F| i.e., f=F.

<

a. Assume F € C'(Taq). .. G= F' € L' (Taq), /%, G =0, and

2l
¥y e[, F() :/ G+ F(—Q).
-Q
Definition of f[n] and integration by parts gives
Q
vn#0, |fln]| < =l |Gl (Ta0)-

b. C" approximations to F € L'(Taq), €.9., using an a.i., plus a lim N
argument does it! [

4




Dirichlet theorem

We shall use the Riemann—Lebesgue lemma to verify Johann Peter
Gustav Lejeune Dirichlet’s (1805—-1859) fundamental theorem, which
provides sufficient conditions on a function F e L' (T2q) so that
S(F)(v0) = F(yo0) for a given 7. The following ingenious proof is due
to Paul R. Chernoff. The Dirichlet theorem for Fourier series naturally
preceded the analogous inversion theorem for Fourier transforms, as
formulated and proved by Jordan for R, and stated above.

Theorem

If F e L'(Taq) and F is differentiable at o, then S(F)(10) = F(y0) in
the sense that

N

lim cne 2mimo/(29) — F
M,N— oo n;M n (70),

where ¢ = {c, : n € Z} is the sequence of Fourier coefficients of F.

Tvoioit vnaoiior Center

for Harmonic Analysis s Applications




Proof of Dirichlet theorem

i. Without loss of generality, assume v = 0 and F(p) = 0. In fact, if
F(~0) # 0, then consider the function F — F(v) instead of F, which is
also an element of L'(T2q), and then translate this function to the
origin.

ii. Since F(0) = 0 and F’(0) exists, we can verify that

_ F(v)
G(v) = o—2r/(29) _ 4
is bounded in some interval centered at the origin. To see this note
that i) ]
~y
G(v) = = - —
) = = iy i)y

and, hence, G(v) is close to —QF’(0)/(=i) in a neighborhood of the
origin.

Norbert Wiener Center
for Harmonic Analysis an Applications



Proof of Dirichlet theorem, continued

The boundedness near the origin, coupled with integrability of F on
Toq, yields the integrability of G on Toq. Therefore, since

F(v) = G(v)(e~2™"/(D — 1), we compute ¢, = dyy1 — dy, where
d = {d,: n € Z} is the sequence of Fourier coefficients of G. Thus,
the partial sum Zﬁ}M c,e—2mime/(29) js the telescoping series

N
Z (dni1 = ah) = dny1 — d_m-
n=—M

Consequently, we can apply the Riemann—-Lebesgue lemma to the
sequence of Fourier coefficients of G to obtain

N
lim § c,e M/ =0,
M,N— oo
n=—M
Norbert Wiener Center
for Harmonic Analysis an Applications



Bounded variation

e With regard to Dirichlet’s theorem, one can assert that if
F € BVio(R), F is 2Q-periodic, and F is continuous on a closed
subinterval | C Toq, then

N
Z ,’;—[n] e—27r/nx/(2§2)
n=—N

converges uniformly to F on |I.

e If f € BV(R), then f € L] .(R) and f' € M,(R) distributionally, and
every u € Mp(R) can be written this way. This is the Riesz
representation theorem!

e BV in R% is really exciting, e.g., JB-WC’s Integration and Modern

Analysis, Chapter 8 for starters.
Ngrbept Z/\l}ener Center
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Up, up, and away

1. Poisson summation and classical sampling, periodization,
computation of Fourier transforms using the DFT, the FFT, and
DFT frames.

2. Haar measure on LCGs and harmonic analysis on LCAGs G.
3. Uncertainty principle theory

4. Fourier analysis of M,(G), Herglotz-Bochner theorem, Levy
continuity theorem, Cohen idempotent theorem, homomorphism
theory Ideal structure of Banach algebras including L'(G) and

My(G).

5. Distribution theory and Wiener's Generalized Harmonic

Analysis.

6. Radial and geometric Fourier analysis.

7. Wavelet theory.

8. Applied and number theoretic harmonic analysis.

9. - oo e ol

Applications



The Poisson summation formula

a. Formally, we have

T> f(t+nT)=> F(n/T)e? /T,

nezZ nezZ

b.Let T >0.Then T} ., dnr € S'(R)N M(R), and

(TD 0ar) = b7

nez nez

distributionally.

V.

e 3f € L'(R), such that f icontinuous on R, f(n) =0 all n € Z, ¥(n) = 0

for every n # 0, and #(0) = 1, (Katznelson) - fantastic.

e arequires hypotheses, e.g., f € S(R) suffices. b follows from a, see
JB-HAA, Section 3.10. See JFAA 3 (1997), 505-523 for intricagieS yine: conter



The classical sampling theorem

e The Paley-Wiener space:
PWq = {f € L3(R) : suppf C [Q,Q]}.

e The PSF is equivalent to the classical sampling theorem.
e The classical sampling theorem goes back to Cauchy (1840s).

Theorem

Let T,Q > 0 satisfy the condition that 0 < 27Q < 1, and let s be an
element of the Paley-Wiener space PW, o1 satisfying the conditions

~

thats=S=10n[-Q,Q]and S € L>(R). Then

Vfe PWo, f=TY f(nT)mrs,

neZ

where the convergence is in the L2(R) norm and uniformly in R. One
possible sampling function s is

sin(27Qt) o
s()=——




Wavelets and sampling functions

e Let2TQ =1 and sq(t) = dbra(t) = sin(2rQ2t)/wt. Recall that the
inverse Fourier transform of 1;_q g is sq.

e Set ¢(t) = sq(t)/v/29, and let Vy = span{r,r ¢}. Defining spaces
such as V; leads to the fundamental idea of a multi-resolution
analysis MRA in wavelet theory. Let

W(t) = (1/V29Q) (s2a(t) — sa(t)).

¢ is the Shannon wavelet or Littlewood-Paley wavelet.
o Let
Ym.n(t) = 2M2 (2"t — n).

Then v » is a dyadic wavelet ONB for L?(R).

e The classical sampling theorem had a significant impact on various
topics in mathematics, including number theory and interpolation
theory, long before Shannon’s application of it in communications.

o Today we are in the sampling age.

Norbert Wiener Center
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Potpourri and titillation for PSF and sampling

1.

The formula,
1 o
F X dur) = Yo
neZ nezZ
is false, meaningful, and a beautiful source of exercises.

Classical sampling theorem and relations to locally compact
Abelian groups.

3. Euler-MacLaurin formula: T Y-5° f(nT) = [~ f(t)dt + error.
4. Jacobi formula: 6(t) = 3. e~ """

o

©©0oNOo

vt >0, 6(t) = 5; 6(}), leading to basic analytic continuation
formulas in analytic number theory.

Diffusion equations.

Statistical mechanics.

Automorphic forms and elliptic functions.

Deligne’s proof of the Ramanujan conjecture.

The Selberg trace formula can be considered to be a versjg;kggrgiflene, Center
the PSF in a number theoretic, non-abelian setting.



The discrete Fourier transform (DFT)

Given Z/NZ. The discrete Fourier transform DFT of f: Z/NZ — C as
F:Z/NZ — C, where

Vnez/NZ, Flnj= Y_ f[mle2mm™/N.
meZ/NZ

The Fourier inversion theorem and formula for the DFT is elementary:

Given f: Z/nZ — C with DFT F. Then,

vm e Z/nZ f[m]:1N S Flnjerimn,
nez/Nz

Substitute the definition of the DFT into the right side of the claim,
and use the fact that >N ' 2m/N — ]




Computation of Fourier transforms

Theorem

Let T,Q > 0 satisfy the property that 2TQ =1, let N > 2 be an even
integer, and let f € PWq N L'(R). (In particular, f can be considered
as a continuous function on R.) Consider the dilation fr(t) = Tf(Tf)
as a continuous function on R, as well as a function on Z defined by
m — fr[m], where fr[m] = fr(m). Assume that fr € ¢'(Z).

Set Wy = e 2™/N_Then,

vne [-N/2,N/2], F (22”) =5 (%) - :Z::)(fr)?\,[m] W,

where
(fUmM =T f(m+kN)T).

kez

e The FT in terms of the DFT with error manageable coefficients! Wi Contr
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The proof of the computation of FTs theorem

By the Classical Sampling Theorem, we have
f=TY f(kT)krterg

in L2(R) and uniformly on R. By the continuity of the Fourier transform

e 12(R) — L2(R),

f= TZ(f(kT) Tkt tera) (7) = TZ(f(kT) e 2D 110 g)(7)
P K

in L2(R). However, f is continuous on R and the right side converges
absolutely to a continuous function since fr € ¢'(Z). Therefore, the

equation is valid for every v € R.

Norbert Wiener Center
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The proof of the computation of FTs theorem, cont.

Letting v = 2Qn/N and using the fact that 27Q = 1, we obtain

5 (2Qn o-2n 2Qn
1(5F) = T e (3F).

If |[n] < N/2, then this equation gives 1iq o;(2Q2n/N) = 1, and so

N . [29n o
< — ) = 7rlkn/N.
vinl < 3, f( N > §k: TH(kT)e

By the absolute convergence, we rearrange summation. Thus,

N 2Qn —2mi(kN N
vinl < 5, ( ) ZZT;‘ (kN + m)T) g 2mi(kN-+m)n/

k m=0

2

Z TI(KN+m)T)e g—2mikNn/N g—2mimn/N
k

3

=
- o

—2rimn/N

(fr)i[ml e

Norbert Wiener Center
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Comments on the L'(Toq) theory of Fourier series

e A(T2q) and A(Z) are as complicated as A(R).

e A(T2q) C C(T2q) C L>®(Taq) C L3(T2q) C L'(T2q).

o (2(Z2) C A(2).

e R-Limplies: if F € L'(Taq), then lim,_, 1, f[n] = 0.

o If T(7y) =3 cre 27mM/22 and ¢, — 0, it is not necessarily true that
T is the Fourier series of F € L'(T,q). (Riemann sets of uniqueness,
Menshov and strict multiplicity, continuous pseudo measures.) Set

o~ sin(mnx/Q)
T(v) = nz:; “og(n)

converges uniformly on Rto F € C(Tzq) \ A(T2q).

Norbert Wiener Center
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Convergence of Fourier series

olf F e L'(Taq) and Sy(F)(7) = 32N flnje=2"™/(@2)  does

Nllnoo [SN(F) = Fllii(r,0) = 07 NO.
e{Fy,:n=1,...} CL'(Taq) converges to F € L'(Taq) weakly, i.e.,
VG e Ll*(Te), lim 5o (Fn(’Y) - F(v))G(n) dv =0,

if and only if
lim / (Fa(7) — F(7)) dy = 0
A

n—oo

for every Lebesgue measurable set A C Toq.

o If weak convergence, then norm convergence (first bullet) is true for
Sn(F) = Fnif {F,: n € N} converges to F in measure.

e Dieudonné-Grothendieck for open A and measures.

Norbert Wiener Center
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L?(Toq) convergence and the Parseval formula

If F e LZ(TQQ), then

Jim [F = Sn(f)lliz(rza) = 0.

Using this theorem we can prove

Theorem

Let F, G € L?(Taq) with sequences ¢ = {c,: n€ Z},d ={d,: nc Z}
of Fourier coefficients of F and G. Then, ¢, d € ¢3(Z) and

1 % S —
2 [, FOYGE) &= 3 ond
and, in particular,

1 “ 2 2
E/ﬂ |F(7)‘ d'Y:Z|Cn| . Zenter

neZ




The Lusin conjecture and Carleson’s theorem

Norbert Wlener Center
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Haar measure

e An additive group G with a locally compact Hausdorff topology is a
locally compact group if G x G — G, (x,y) — x — y, is continuous.

e For significant, classical treatises on locally compact groups, that
were begun in the 1930s, see the works of Lev Semenovich
Pontryagin (1908 - 1988) and André Weil (1906 - 1998).

Theorem

If Gis a locally compact group, then there is a Borel measure mg on
G such that

VBeB(G)andV x € G, mg(B) = mg(B+ x),

where B+ x = {y + x : y € B}. In this case mg is a right Haar
measure on G; and, when B + x is replaced by x + B, then mg is a
left Haar measure on G. (Translation invariant like Lebesgue on R.)

o If every right Haar measure is a left Haar measure on a locally
compact group G, and vice-versa, then G is unimodular. CO”lPr%erlener Conter
and LCAGs are unimodular. ~ crmelcmsiseiei



Markov—Kakutani fixed point theorem

We prove the existence of a Haar measure on G compact and
Abelian using the Markov—Kakutani fixed point theorem by
Varopoulos, see JB-WC IMA.

Theorem

Let X be a Hausdorff topological vector space, take a compact and
convex set K C X, and let {T,} be a family of continuous linear maps
T, : X — X, that satisfies

and
Va,B TooTg=TgoT,.

Then, there is k € K such that

Va, Ta(k)=k.

NOYD@H W 1ener CQI’ITEI
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Proof of the existence of Haar measure

Proof

Let Mi(G) = {p € Mp(G) : |||l1 < 1}. By the Banach—Alaoglu
theorem, M, (G) is weak * compact in Mp(G).

Let M{"(G) = {n € My(G) : p(1) = 1}.

Note that y is positive if 4 € M;"(G); to prove this we assume the
opposite and obtain a contradiction using the fact that ||u|1 = p(1).

If Mp(G) is taken with the weak * topology, then the map
Mp(G) — C, p— u(1), is continuous. Hence, {u € Mp(G) : p(1) =1}
is weak * closed. Thus, M, (G) is weak * compact. It is easy to check
that M;"(G) is convex.

For x € G and i € Mp(G) we define the translation 7, (u) as

Tx(,U /fy X d,u

where f € C(G). [ |
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Proof of the existence of Haar measure, cont.

Proof
Then, for each x € G we define the map Ty : Mp(G) — Mp(G),

u— 7x(p). Note that Ty is continuous with the weak * topology on
both domain and range, linear, and

Vx,yeG, TioT,=Twy=T,0T,,

since G is Abelian.
It is also elementary to check that, for each x € G,

T«(M{(G)) € M (G).

Therefore, by Markov—Kakutani, there is mg € M, (G) such that
Tx(Mg) = mg, for all x € G, the required translation invariance.
Further, |mgl|l1 = 1, mg(1) = 1, and mg is positive. [

Norbert Wlener Cemer
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History of Haar measure

e The question of existence of Haar measures goes back to Sophus
Lie (1842-1899). Alfred Haar (1885-1933), of wavelet fame!, proved
the existence of translation invariant measures on separable compact
groups. As a matter of fact, Haar credits Adolf Hurwitz (1859-1919)
for a remark, which is essential for proving the existence of a Haar
measure on a Lie group. Existence of a Haar measure on a general
locally compact group was first proved by Weil and, later the same
year, by Henri Cartan.

o Besides the existence, it is natural to ask about the uniqueness of
Haar measure on locally compact groups. This question was first
answered by von Neumann (1903-1957) for compact groups, who
later extended his own result to second countable locally compact
groups (employing a different technique). Here we prove the
uniqueness of Haar measure in the simple context of a LCAG. We
follow the proof in Rudin’s Fourier Analysis on Groups book, see also
the books of Bourbaki, Loomis, Nachbin, Sally, and Weil. For a short
proof in the non-Abelian case, which uses a notion of an approximate
identity, we refer to Johnson (1976). e e



Uniqueness of Haar measure

Theorem

Let G be a LCAG. Let m}, and m be two Haar measures on G.
Then, there exists C > 0 such that mf; = CmZ,.

Proof.

Let g1 € C{(G) be chosen so that [;; g1 dm}, = 1, and let
C = [591(—x) dm%(x). Then, for all g € C(G), we have

/ G dm?, = / g1(x1) dmb(x1) / 95(%) O (x2)

G G G
-/ ( [ et dmé(xZ)) g1 (x1) dm(x)
-/ ( [ e+ dmé(xQ)) g1 (xr) dmb(x,)
— /G /G 91061)92 (%1 + Xo) dmA(x2) dmls(x1)




Proof of uniqueness, continued

This equals

= [ [ 911 + x0) dm ) o)

= /G /G g1(y1 — y2)@2(y1) dmgs(y1) dm(ye)

= [ [ o1~ ye)aalon) o ye) o)

= /G ( /G ai(y1 — ¥2) dmé(}/z)) 92(y1) dmis(y1)

— (o3 am2) [ ut) ambtyn) = | gz o
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